Int. J. Math. And Appl., 6(4)(2018), 149-155
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Wathematics ud cts #pplications

On Multiplication Groups of Middle Bol Loop Related to
Left Bol Loop

B. Osoba®* and T. Y. Oyebo

1 Department of Physical Science, College of Natural Sciences, Bells University of Technology, Ota, Nigeria.

2 Department of Mathematics, Lagos State University, Ojo, Lagos, Nigeria.
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MSC: 20N02, 20N05.

Keywords: Quasigroup, Loop, Bryant-Schneider group, middle Bol loop.
© JS Publication. Accepted on: 04.12.2018

1. Introduction

A non-empty set Q with binary operation 'A is called a groupoid (Q, A). Let (Q, A) be a groupoid and a be fixed element
in @ then the translation maps L, and R, are defined by L, = az and xR, = za for all z € Q. A groupoid (Q, A) is
called quasigroup (Q,-) if the maps L(a) : G — G and R(a) : G — G are bijections for all a € @ and if the equations
ar = b and ya = b have respectively unique solutions z = a \ b and y = b/a for all a,b € Q. A quasigroup (Q,-) is
called a loop if a1 =a = 1-a, for all a € Q. The group generated by these mappings are called multiplication group
Mlip(Q,-) . We donate the groups generated by left (right and middle translations) of a quasigroup (@,-) by LM(Q, ),
RM(Q,-) and PM(Q,-) respectively [4]. A loop (Q,-) is called a middle Bol loop if every isotope of (Q,-) satisfies the
identity (z-y)™' =y~ -z~ .(that is if the anti-automorphic inverse property is universal in (Q, ) [3]. A loop (@Q, -) is called
a middle Bol loop if is satisfies the identity z(yz \ ) = (z/2)(y \ z). In [5] Gvaramiya proved that a loop (Q, o) is middle
Bol if there exist a right Bol loop (Q,-) such that z oy = (y - zy~')y. This imply that if (Q, o) is a middle Bol loop and
(Q,-) is the corresponding right Bol loop then z oy = ™'\ y and « -y = y//2~", where ’/’(’//’) is the right division in
(Q,0). If (Q,0) is a middle Bol loop and (Q,-) is the corresponding left Bol loop then z oy = x/y~ " and z -y = x//y ™"
where (\") ’//’ is the left right division in (Q, o) (respectively, in (Q,0)). Let (Q,-) be a loop and the set of autotopisms

are defined as follow:
e (a,i,7) of (Q,) is called left autotopy nucleus (left A-nucleus).

e (i,53,7) of (Q,-) is called right autotopy nucleus (right A-nucleus).
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e (a,p,1) of (Q,-) is called middle autotopy nucleus (middle A-nucleus).

Nyx=a€Q|ax-y=a-zy V 2,y €Q
N,=a€Q|za-y=z-ay V x,y €Q
Ny=a€Q|zy-a=z-ya V z,y€Q

Z=NNC=a-x=x-a, whereiis an identity mapping.

Let (Q,-) be a loop, a bijection o € @ is called pseudo-automorphism such that (o, aR4, ®Ry) is an autotopism where g is

a companion in Q. Let (Q,-) be a loop. We donate the following translations RM(Q,:) = xR, |a € Q = (z-a |z € Q).

LM(Q,)=zLs|la€Q=(a-z|z€Q).

PM(Q,)=aPs|lacQ=(z-s=al|z,s€Q),

where Lq, R, and P, are permutations of the set Q. Let (Q,-) be a groupoid (quasigroup, loop) and «, 3, and v be three
bijections that map Q onto Q. The triple ® = («, 3,7) is called an autotopism of (@, -) if and only if azx - By = v(z - y) for
allr,y € Q. If « = B =+, then ® is called the automorpism of (@, -). Let (@, ) aloop and BS(Q, -) be the set of all bijections
a of @ such that < aR,-1,al,-1,a > is an autotopism of @ for all f,g € @, then BS(Q,-) is called Bryant-Schneider

group of the loop (Q,-).

2. Preliminaries

Lemma 2.1 ([2]). Let (Q,-) left Bol loop and (Q,0) be the corresponding middle Bol loop. Then(a,B,v) € 5§ is an

autotopism of (Q,-) if and only if (v, 18I, «) autotopism (Q,0).

Lemma 2.2 ([6]). Let (Q,-) be any loop. Then (Q,-) is a middle Bol loop if and only if (IP; ', IP,, IP,L;) is an autotopism
of Q.

Lemma 2.3 ([6]). Let (Q,) be a middle Bol loop. Then (A, B,C) € Atp(Q,) if and only if (ICI,I1BI,IAI) € Atp(Q,-).

3. Main Results

Theorem 3.1. Let (Q,-) be a symmetric entropy middle Bol loop with o € BS(Q, ) such that A = (aR,-1,aL,-1,q) is an

autotopism of Q for some g € Q. Then a™' is an automorphism of Q if Q is of exponent two and g € Z the center of Q.

Proof. In symmetric entropy of middle Bol loop, (IP,*,IP,,IP,L,) = B = (IL;,IR;,IR,L;) is an autotopism
of @ for all z € Q. And A = (aR,-1,aL,-1,a) is an autotopism of BS(Q,-) for some g € Q. Consider AB =
<04R9717aqu,a)((ILDIRI,IRZLZ))) = <OéRg—1_[Lz,OéLg—IIRz,aIRsz> is also an autotopism of Q. Here, aR,-11L, =
a 'RyL,. So, AB = (a 'RyLs,a "LyRs,a 'R, L,,) if we set g = x, we have AB = (o 'R,2,0 'Ry2,a 'R,2) €
Atp(Q,-) , since z € Z (center of Q) that is Ly = Ry. And R,2 = 1 (that is of exponent 2) for all x € Q, this imply that,
AB = (o' a7 a™h) € Atp(Q,-), now for all € Q is of exponent 2, R,2 = L,» = I the identity mapping. Therefor,

AB = (o~ o™ a™!) is also an autotopism of Q. This means that a™! is an automorphism. O

Theorem 3.2. Let (Q,-) be a middle Bol loop and (Q,0) be the corresponding right Bol loop, if o € BS(Q,0) and B =

(aRg,aL,-1,0) € Atp(Q,0) for some g € Q. Then IP; '« is a pseudo-automorphism with companion g.
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Proof.  Suppose that (Q, -) is a middle Bol loop and B = (aRy,aL,-1,a) € BS(Q,0) is an autotopism of BS(Q, o). From
the Lemma 2.2, A = (IP; ', IP,,IP,L,) is an autotopism of (Q,-). And B = (aR,, aL,-1,a), from Proposition 1.2 imply
that B = (a,laL_4I,aR,) is an autotopism of BS(Q,0). Here, let’s consider AB = (IP; ‘o, IP.IaL,~11,1P;LyaRy)
which is also an autotopism of Q. Using AB, we have (a)IP; 'a - (b)IPeloL,—11 = (ab)I P LzaR, for all a,b € Q, and for
some z € @, this imply that (a)IP; 'a- (b"' \ z)laLl, '] = (ab)IP;L,aR,. If b = e, we have (a)IP; 'a- (v -z ")alL, =
(a)IP;LsaR,, this imply that (a)IP; '« - g = (a)IP,LsaR, this follow from last equality (a)IP, 'aR, = (a)IP;LsaR,,
hence, IP, 'aR, = IP,L,aRy; AC = (IP;'a, IP; 'aR,, IP; 'aR,) is an autotopism of Q for all z € Q. Therefor, IP; '«

is a right pseudo-automorphism with companion g. O

Lemma 3.3. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding left Bol loop. If (a, 8,%) is an autotopism of

the middle Bol loop (Q,0), then the following equalities hold
(i). P = BLY o,

(ii). P = BR) ' Tt

(iii). L) = RV)7'L

(iv). PM(Q,0)> RM(Q,-.
(v). PM(Q,0)> LM(Q,").

Proof. (i). Suppose («, 8,1) € Atp(Q, o), then

arofy=xzoy==2 (1)

for any =,y € Q and a fixed element z € Q. xoy = z = x/Iy = z where / is a right division in the left Bol loop (Q, -)

this follow from last equality z =z - [y = z \z = Iy =
LO e =1y (2)
From (1), ax o By = z for any fixed element z € Q, azx \° z = fy = P = By =
y=p"Pz (3)

Using (2) and (3), we have Lg%l = Iﬁfle(o)a = 5711__,2(0)& = IL<Z‘>71 — L<z‘> = PZ<°) = ﬂLQofl.

(ii). Also, recall the equality above x =z - [y = Iz =y - [z = Ix/lz =y =
Ry 'Te=y )

Using equality (3) and (4), we have 8~ P{a = RY) ™1 = P! = BR{) "' Ta™", P = BR{) a7,
(iii). From (¢) and(éi) we have LY = RO

(iv). Using (3) and (4), PPz = ,BRE,’Z)_IIx. Here, if we set Iz = z, we obtain P{”a = ,BRSZ)_I = B'Pa = Rg‘z)_l =

RO =PI o (5)
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Setting a = B in the last equality, we obtain
RY) = aP};)71a71 = RO = oflP}z)a (6)
Also from equality (1), z oy = z this imply that z \° z = y that is
POz =y (7)
Using also (3) and (7) gives Pz(o)oa: = aPZ(O):c = PZ(O) = aPz(O)oz_l,
P = qPq ! = pTt = o1 pl)Tlg (8)

Let e € @ be the unit element of the middle Bol loop (Q, o) and any fixed element z € @, then z = zoe = a(z) o fe =
z=ua(z)/If(e) = a(z) = z-1B(e) = a(z)/IB(e) = z = Rgi(;l)a(z) = z thus

g‘a(e) (9)

Since we set o = 3. Here, equality (6) become R{) = R(Ig(e)P§j)_1R§g;1). Now, for any fixed element 2 € Q, using (6)
and (8), we want to show that for every RV € RM(Q,-) and P e PM(Q, o), we have ROPCIRO ¢ PM(Q,o0):

ROPEORO™ = b9 0™ PO PfYa = B PO R PO RO R ) = PR PP € PMIQ.0)

and using (6) and (8), we also show that for every R(Z‘) € RM(Q,-) and Pz(O> € PM(Q,o) we have Rg)_lPéo)R,(z') e
PM(Q, o)

) — . — -1 — =1 . . —1 )—1 -1
ROTPORY — 0  PRapap "t < R PERE) PRSP R < POPEIRE € Par(Q.o)

Also as

RO PR = (ROTPLIRY) ™ = (PP PEPIY T € PM(Q,0)

and

ROTIPIOTIRY = (ROPIRO ™™ = (P PO PI) T € PM(Q o).

Here, we obtained that ¢pP ¢! ¢ 1P, ¢PL 1=t ¢~ P g € PM(Q,0) for each ¢ € RM(Q,0) we have
show that RM(Q, ) <« PM(Q, o).

. Here, using equalities (2) and (3) with setting Iy = y we obtain LY = ﬁflpz(o)a =L = 571Pz(°)a since a = f3,

gives

LY = PPt (10)

Let e € @ be the unit element of the middle Bol loop (@, o) and any fixed element z € @, then z = eoz = a(e) o Sz =
z=oa(e)/IB(z) = ale) = z-IB(z) = ale) \ z = 15(z) = ng;lz = If3(z) thus

a=L{, (11)
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Since we set a = 3. Here, equality (10) become LY = nge)Péo)_ngzg)l. Now, for any fixed element z € Q, using (8)

and (10), we want to show that for every LY e LM(Q,-) and P e PM(Q,0),we have LOPO LIt ¢ PM(Q,o0):

LOPE O — o)1y 1 pe) 1 plo) g — Lg(g)Pz(o)—lnge—)lpz(omgge—)lpz(o)nge) = p-1pe) ple) ¢ PM(Q, o).

Also, for any fixed element z € @, using (8) and (10), we want to show that for every LY e LM(Q,-) and P e
PM(Q,0), we have LY PO LY ¢ PM(Q,0):

LOTPOLY = a7 PP apP o™ = L) PEOLE)  POLE) PO = PO PO PO e PM(Q, o).
Also as
LOPOTLO™ = (LOTPPLY) ™ = (PP PO e PM(Q,0)

and

LOTPEOTILY = (O P LY ) = (PP P T e PM(Q, o).

Here, we obtained that ®P{? &1 &~ P)d, &P e~ &P ® € PM(Q, 0) for each ¢ € LM(Q,0) we have
show that LM (Q,-) < PM(Q, o). O

Corollary 3.4. Let (Q,0) be a middle Bol loop and (Q,.) be the corresponding left Bol loop. If (o, B8,1) is an autotopism of
the middle Bol loop (Q,0), then PM(Q,0) = RM(Q,.).

Proof. Suppose that (a,8,i) € Aut(Q,o). recalling the equality (5) and (6) in Proposition 1, R = aPl(g)_la_l €
RM(Q,-), this imply that PM(Q,0) C RM(Q, ). Also, using (5) and (6), we have Pz(o) = aRg'z)_lafl € PM(Q,o) this
imply that RM(Q, ) € PM(Q,o), so PM(Q,-) = PM(Q, o). O

Corollary 3.5. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding left Bol loop. If (o, B8,1) is an autotopism of
the middle Bol loop (Q,0), then PM(Q,0) = LM(Q,.).

Proof. Suppose that (a, 3,1) € Aut(Q, o). Using this equality from Proposition 1, P = BL,(;)a_l € PM(Q,0) and using

(10) with Corollary 3.1, gives the desire result. O

Corollary 3.6. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding left Bol loop. If (o, B8,1) is an autotopism of
the middle Bol loop (Q,0), then (Q,-) is an indexed two.

Proof. Using Lemma 3.1, LY = Rgz)*ll’ = LVa = Rg'z)*lfa for any a € @ this follow the last equality z - a = Ia/Iz =
Ia = (z-a) Iz settinga =y -z gives I(y-z) = (z-yz)- Iz = I(y-z) = (2 (y-x)) - [z setting z = 1 gives the desire

result. O

Proposition 3.7. Let (Q,0) be a middle Bol loop and (Q,.) be the corresponding left Bol loop. If ® is an automorphism of
the middle Bol loop (Q,0), then, the following equalities hold:

(i). P = oLl &'
(ii). P = ®R{) 1ot
(iii). L) = R)'L

(w). PM(Q,o)> RM(Q,-.
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(v).

PM(Q,0) > LM(Q, ).

Proof. (i). Suppose @ is an automorphism of the middle Bol loop, then ®z o ®y = ®(z o y) for all z,y € Q. Let
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dx o Py = P(x oy) = z for any fixed element z € Q. This follow from last equality Pz o Py = z = Pz \ z = Py this
imply that

P&z = dy (12)

. Consider the equality above ®(x oy) = z for any fixed element z € Q, we have zoy =d 'z = /Iy = 'z => ¢ =

&'z Iy, where / is a right division in (Q,-), this follow ® 'z \ z = Iy = L9V e =Iy=y=1L

o1, o1, and using (12)

we have P{”®z = ®L}) , v P =aLl), o7

ii). Consider the equality above ®(x o y) = z for any fixed element z € Q, we have zoy =® 'z = z2/ly=d 2 =z =

O 'z Iy & Ix =y - Oz, where / is a right division in (Q,-), this last equality imply Iz/®z = y = Rglfllm =y,
using (12) with the last equality gives @Rg)z_lh: = P! ®z, hence P{”) = @Rg)z_l.f@*l.

Using (i) and (ii) the proof is obvious.

. Consider the equality in (ii), @Rgl_llm = Pz(c’)(I)x, setting x = Iz will give us

SR =P = R =3 1'P% o R} =P o} (13)

Setting z = ® 'z, (13) becomes RV = @Péo,)le@*l. Also ®(zoy) = z for any fixed z € @ this follow the last equality
zoy=0"lze\d 2=y,

Pé(jjlz =Y (14)

Using (12) and (14), P{”®(z) = ®P\”, (2) & P =oP\”, o7 &
PO =9 P e (15)

Now, for any fixed element z € @, using (13) and (15), we want to show that for every R ¢ RM(Q,-) and
P e PM(Q,0), we have RO PR~ € PM(Q, 0):

—1

ROPO RO = q»p;;)l(z)q>—1p§°>q>—1p;@1<z)q> = P71pIpl) ¢ PM(Q, o)

and
RO PORY = P, OPLIOPIT &7 = PP P e PM(Q,0)
So as
ROPE RO = (RYL, PLRYS) ™ = (P PP e PM(Q,0)
and

RO PR = (ROSIPEIRGY, )7 = (PP PO e PM(Q, o)

Now, we have obtained ¢P{” ¢~ ¢ P &P p1 ¢ 1P ¢ € PM(Q,0) for each ¢ € RM(Q,-) we have
show that RM(Q,-) < PM(Q, o).
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(v). Consider the equality above Lg),_llzx = Iy, setting Iy = y and using (12), gives
PO =L))o s o' Y e =10 o L0 =07 PV (16)

Now, for any fixed element z € Q, using (15) and (16), we want to show that for every L) € LM(Q,-) and
P e PM(Q,0), we have LY P LY € PM(Q, 0):

LOPOLO =o' P opa P e = PP P ¢ PM(Q,0)
and for every LY e LM(Q,-) and P e PM(Q,0), we have LO1peO L) ¢ PM(Q,o0):
LOPOLY = PP P e = PP P € PM(Q, o).
So as
LOTWPOTILY = (LOPOLY ™)™ = (PO PEPIY) T € PM(Q,0)
and
LOPOTLO™ = (LOTPPLY) ™ = (PP PO e PM(Q,0)

Here, we have obtained quz(o)(b*l,quPz(o)(b, <DPZ(°)_1¢71,¢71PZ(°)_1¢ € PM(Q,0) for each ¢ € LM(Q,"), we have
show that LM(Q,-) < PM(Q,0). O

Corollary 3.8. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding left Bol loop. If ® is an automorphism of
the middle Bol loop (Q,0), then,PM(Q,0) = RM(Q,").

Proof. Using equality in Proposition 3.7, P = @Rgl_lﬂbfl C PM(Q,0) and using the equality (13), Ry
P '®~! C RM(Q, ). The two equalities imply that PM(Q,0) = RM(Q,-). O

Corollary 3.9. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding left Bol loop. If ® is an automorphism of
the middle Bol loop (Q,0), then, PM(Q,0) = LM(Q,").

Proof. Using equality (16) in Proposition 3.7, the result is obvious. O

Corollary 3.10. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding left Bol loop. If ® is an automorphism of
the middle Bol loop (Q,0), then (Q,-) is an indezed two.

Proof.  Using Proposition 3.7, with this equality L<Z'> = Rg)zfll, the proof is simple. O
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