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Abstract: Let G be a (p,q) graph. A graph G admits centered polygonal sum labeling if a one to one function f : V(G) - N
(where N is a set of all non-negative integers) that induces a bijection ft : E(G) — {cPx(1),cPx(2), -+, cPk(n)} of
the edges of G defined by f1(uv) = f(u) + f(v) for every e = uveFE(G), where cPy(1), cPk(2), -+ ,cPk(q), k > 3 are
the first q centered polygonal numbers. A graph which admits such labeling is called centered polygonal sum graph. In
this paper we characterize some families of graphs such as Path, Comb, Star graph, Subdivision of star, Bistar, Sm,n,r,
Coconut tree admit centered polygonal sum labeling.
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1. Introduction

Through out this paper, we consider non-trivial, finite, simple undirected graph. The set of vertices and edges of a graph
G(p, q) will be denoted by V(G) and E(G) respectively. The various graph theoretic notations and terminology we follow
Frank Harary [2] and for number theory we follow Burton [1]. Many kind of labeling have been defined and studied by
many authors and an excellent survey of graph labelings can be found in [3]. In 2013, S. Murugesan [4] introduced a
labeling called centered triangular sum labeling. An injection f : V(G) — N that induces a bijection f* : E(G) —
{cP3(1),cP3(2), - ,cP3s(q)} of the edges of G defined by f*(uv) = f(u)+ f(v) for every e = uv € E(G). A graph which
admits such labeling is called centered triangular sum graph. In this paper, we define generalized centered polygonal sum
labeling and prove some families of graphs such as Path, Comb, Star graph, Subdivision of star, Bistar, Sm n,r, Coconut

tree admit centered polygonal sum labeling.

Definition 1.1. A centered polygonal number is a centered figurative number that represents a polygon with dot in the center
and all other dots surrounding the center in successive polygon layers. If the n*" centered polygonal number is denoted by
cPx(n), then cPx(n) = £[n(n — 1)] + 1, where k > 3 is the number of sides of the polygon. For k = 3 it gives centered

triangular numbers, For k = 4 it gives centered tetragonal numbers and so on.

Definition 1.2. A centered polygonal sum labeling of a graph G is a one to one function f : V(G) — N (where N is set
of all non-negative integers) that induces a bijection f* : E(G) — {cPx(1),cPk(2),--- ,cPx(q)} of the edges of G defined

by fH(uv) = f(u) + f(v) for every e = wv € E(G). The graph which admits such labeling is called centered polygonal sum
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graph. For k = 3 the above labeling gives centered triangular sum labeling, For k = 4 it gives centered tetragonal sum labeling

and so on.

2. Main Results

Theorem 2.1. The path P, admits centered polygonal sum labeling.

Proof. Let Pp : uiugus - - - un be a path and v; = usuir1 (1 <3 <n—1) be the edges. For i = 1,2,3,...,n, define

(i—1)° if ¢ is odd
flui) =

=

1 [ki® — 2ki+4]  if i is even

We will prove that the induced edge labels obtained by the sum of the labels of end vertices are the first n — 1 centered

polygonal numbers.

Case (1): iis odd. Fori=1,2,3,...,n —1,

F(uwi) + fluizr) = %(i 1) 4 < [k(i +1)* = 2k(i + 1) + 4]
k..
= E[z(z -D]+1
= cPx(i)
= fT(w)
Case (2): iiseven. Fori=1,2,3,...,n — 1,
1 .2 . k . 2
flui) + fluivr) = Z[k = 2ki+ 4]+ 2((0+1) = 1)
k...
= 5[@(2 —-1]+1
= cPx(i)
= [T (v).

Thus the induced edge labels are the first n — 1 centered polygonal numbers. Hence P, admits centered polygonal sum

labeling. O
Example 2.2. The centered tetragonal sum labeling of Py is shown in the following figure.
1 5 13 25 41 61 85 113
0 1 4 9 16 25 36 49 64
Figure 1
Theorem 2.3. The comb P, ® K1 admits centered polygonal sum labeling.
Proof. Let P, : uiusus - - upn be a path and v; = wsus41 (1 <4 < n—1) be the edges. Let w1, ws, -+ ,w, be the pendant
vertices adjacent to ui,ug,- - ,un respectively and ¢; = u;w;(1 <4 < n) be the edges. For i =1,2,3,...,n, define
Z(i —1)? if ¢ is odd
Flui) =97
Z[kiz — 2ki 4 4] if i is even
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and

() l[m“" + 4k(n — 1)i + (2kn® — 6kn 4 3k + 4)] if i is odd
flwi) =
i[m'? + 4k(n — 1)i + (2kn® — 6kn + 4k)) if i is even

We will prove that the induced edge labels obtained by the sum of the labels of end vertices are the first 2n — 1 centered
polygonal numbers.

Case (1): iisodd. For i =1,2,3,...,n—1,

(i—1)*+ %[k(i +1)% = 2k(i + 1) + 4]

[i(i —1)] + 1

flui) + f(uivr) =

NI |

= cPu(i)

= [T (vi).
and for i = 1,2,3,...,n,

Flw) + f(w;) = g(i -1 + i[kf + 4k(n — 1)i + (2kn® — 6kn + 3k + 4)]
= g[(i+n—l)(i+n—2)]+1
= cPk(n+if 1)

= f*(t:).

Case (2): iiseven. Fori=1,2,3,...,n — 1,

flus) + fluivr) = i[kiQ — 2ki 4 4] + %((z F1)—1)?

= M-+

= cPx«(i)

= f*(w)

and for i = 1,2,3,...,n,
fug) + fwi) = i[le — 2kt + 4] + %[(kz?’ + 4k(n — 1)i + (2kn® — 6kn + 4k))

= g[(i+n—1)(i+n—2)]+1

=cPxk(n+i—-1)

= f+(ti)-

Thus the induced edge labels are the first 2n — 1 centered polygonal numbers. Hence P, ® K; admits centered polygonal

sum labeling. O

Example 2.4. The centered pentagonal sum labeling of Pr ® K1 is shown in the following figure.
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0 1 5 11 20 31 45
1 6 16 31 51 76
106 141 181 226 276 331 391
106 140 176 215 256 300 346
Figure 2

Theorem 2.5. The star graph K1, admits centered polygonal sum labeling.

Proof.  Let v be the apex vertex and let vi,v2,- -+ , v, be the pendant vertices of the star K1 . Define f by
) = 0.
flu) = 5[1(@ -1]+1, 1<i<n.

We see that the induced edge labels are the first n centered polygonal numbers. Hence the star graph K , admits centered

polygonal sum labeling. O

Example 2.6. The centered heptagonal sum labeling of K1 13 is shown in the following figure.

463 547

Figure3

Theorem 2.7. S(Ki,,), the subdivision of the star K1, admits centered polygonal sum labeling.

Proof. Let V(S(K1,n)) ={v,vi,u; : 1 <i<n}and E(S(K1,n)) = {vvi,viu; : 1 <i < n}. Define f by

flv) =0
flo) = g[i(i—l)]—s-l, 1<i<n
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We will prove that the induced edge labels obtained by the sum of the labels of end vertices are the first 2n centered

polygonal numbers.

F@)+ flo) = 0+ S - 1] +1
= M-+
= cPi(i).

Foi) + flu) = {g[i(i —1)+ 1} + g{n(n D+ 2m)}

- g[(wn)%(wn)]ﬂ

= cPk(n+ 1)

Thus the induced edge labels are the first 2n centered polygonal numbers. Hence S(K71,,) admits centered polygonal sum

labeling. (I

Example 2.8. The centered tetrogonal sum labeling of S(K1,5) is shown in the following figure.

Figure 4

Theorem 2.9. The bistar By, » admits centered polygonal sum labeling.

Proof. Let B = {u,v,ui,v; : 1 <i<m,1<j<n}and E(Bmn) = {uv,vu;,vv; : 1 <i <m,1 <i<n}. Define f by

flw) =0
flv) =1
) = B 1<i<m

flvy) = 5[]2—|—(2m—|—1)]—}—(mQ—|—m)], 1<j<n.
We see that the induced edge labels are the first m+n+1 centered polygonal numbers. Hence B, , admits centered polygonal
sum labeling. (I

Example 2.10. The centered hezagonal sum labeling of Be,s is shown in the following figure.
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168
127
91 . 169 216
1 217
61
61
271
270
37 0 1 1
37 1 31
7
19 397 330
7 396

Figure 5

Theorem 2.11. The graph Sy, n,r admits centered polygonal sum labeling.

Proof. Let P, : wiusus---ur4+1 be a path of length r (r > 1). Let v1,v2,...,vm be the vertices adjacent to u; and

w1, w2, . .. W, be the vertices adjacent to u,. For ¢ =1,2,3,...,r + 1, define
g(i— 1)2 if 7 is odd
flui) =97
Z[ki2 —2ki+4] ifiis even
flj)=5lG+r0G+r-D]+1, 1<j<m.

2
f(wl)z{2[(7“—i—m—|—l)(r—i—m—i—l—1)]—&—1}—f(uT)7 1<l <n.

We see that the induced edge labels are the first m+n+r centered polygonal numbers. Hence Sy, ,,» admits centered

polygonal sum labeling. O

Example 2.12. The centered nonagonal sum labeling of Se,5,5 is shown in the following figure.

460
496 559
59
1 10 28 55 70
667
1 9 19 36
190 13 20
91
136 946 784
91 910
Figure 6

Theorem 2.13. Coconut tree admits centered polygonal sum labeling.

Proof. Let P, : upuius - --u; be a path of length 4 (i > 1) and u;41,uit2, - ,un be the pendant vertices, being adjacent

with ug. For 0 < j <4, define
k o s
77 if j is even
Flus) =147
Z(kj%lwrzl) if 7 is odd
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and for i + 1 < m < n, define
flum) = §m(m - 1] + 1.

Case (1): jis odd. For j =0,1,2,...,i—1,

1., . k.
Flug) + fluspn) = Jlki* =k +41+ 70 +1)°

= i[kj2fk+4+kj2+2kj+k]
1. 5 ,

= 1[2147] + 2kj + 4]
k..

= SbG+DI+1

= cPx(j+1).

Case (2): jis even. For j =0,1,2,...,7—1,

1

4
1

= 1[Qkf + 2kj + 4]

Flu) + flugn) = 572+ LG+~ k44

= Mg

= cPiu(j+1).

and for j=0,m=i+1,i+2,...,n,

Fus) + ) = 04 Fpmm — 1) +1
k
= Z[m(m—l)}-ﬁ-l
= cPk(l’n).

We see that the induced edge labels are the first n centered polygonal numbers. Hence coconut tree admits centered polygonal

sum labeling. O

Example 2.14. The centered octagonal sum labeling of a coconut tree is shown in the following figure.

169 225

361

Figure 7
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