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1. Introduction

Consider the nonlinear delay difference equation
A (A (dnAxn)) + pnAZnt1 + @n f (Tn—o) =0, n > no, (1)

where no € N is fixed integer, A denotes the forward difference operator Az, = z,4+1 — », and o is a nonnegative integer.
The real sequence {cn},2, s {dn} 2, s {Pn}ozyys {0}z, and the function f satisfy the following conditions:

n
(h1) {dn}or o is positive, lim Ri(n,s) = oo, where Ri(n,s) = > i for n > s > ng;
n— o0 k=s

(h2) {en}, 2, is positive, nh_}rr;o R3 (n, s) = oo, where Ry (n,s) = kE::S i for n > s > no;

(h3) pn >0, ¢n > 0 and g, # 0 for infinitely many values of n € N (no);

(h4) f € C(R,R), f (u) /u > K for some k > 0 and for all u # 0.

By a solution of Equation (1) we mean a nontrivial real sequence {z,} that is defined for n > n¢ — o and satisfies Equation
(1) for all n > ng. clearly if x,, = A, forn =no—o,n0—0c+1,...,n0—1 are given, then Equation (1) has a unique solution
satisfying the above initial conditions. A solution {z,} of Equation (1) is said to be oscillatory if is neither eventually
positive nor eventually negative, and nonoscillatory otherwise. Equation (1) is called nonoscillatory if all its solutions are
nonoscillatory.

The oscillation problem for difference equations has been investigated in recent years; for first-order, second-order, and

higher-order equations, respectively; see [15,20,8,9,11,19,21]. For general theory of oscillation of difference equations, we

refer to [1-3,14], and over 500 refer encescited therein. Compared to the second-order difference equations, the study of
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third-order difference equations has received considerably less attention in the literature even though such equations arises
in economics, mathematical biology, and other areas of Mathematics (5). Some recent results on third-order difference
equations can be found [10,24-31]. However, it seems that there is much less known regarding the oscillation of Equation
(1).

There are many papers dealing with the oscillatory and asymptotic behaviour of solution of difference and differential
equations, see for instance Jiang [12], Jiang and Li [13], Li [17], Li and Yeh [16], Li [17], Luo [18], Philos [22], saker [26, 27].
The oscillatory behaviour of solution of difference equations and that of their discrete analogs may be quite different. For
instance, the differential equation

y" +8y =0

2t and a pair of oscillatory solutions ye (t) = e’ cos+/3t and ys (t) = e’ sin v/3t,

admits a nonoscillatory solution y; (t) = e~
but the difference equation

Az, + 82, =0

Which is a discrete analog of the above difference equation, has there oscillatory solutions z. = (=™, 2 =
(\ﬁ)ncos [n (arctan \/3/2)], and z2 = (\ﬁ)nsin [n (arctan \/3/2)]. We note that Equation (1) may be considered

as a discrete analog of the delay differential equation

/

(ct) (@®a)) +p®)a' +a®) f (@ (t—0) =0 (2)

For some work regarding the oscillation of Equation (2), we refer to Saker [27] (p(t) = 0) and Tiryaki and Aktas [32] and
the references cited therein. A number of dynamical behaviours of solutions of difference equations are possible; here we
will only be concerned with conditions which are sufficient for every solution of Equation (1) to be either oscillatory or
convergent to zero as n — oo. Recently, Saker [26] has established some new conditions which are sufficient for all solution
of

A (enA (dnA2)) + g f (€n—0) = 0,1 > no, ®3)

Where v > 1 is quotient of odd positive integers, to be either oscillatory or tend to zero as n — oco. Our aim in this paper
is to present some new oscillation criteria for Equation (1) by making use of a Riccati type transformation and arguments
developed for differential equations in [32]. It should be noted that the results obtained in this paper extend and improve
the related ones in [26]. The paper is organized as follows. In section 2, we will present some lemmas which are useful in

establishing our main results. In Section 3 we will state and prove the main results and give examples to illustrate them.

2. Preparatory Lemmas

We begin with the following useful lemma.

Lemma 2.1. Suppose

(h5) A (cnlzn) + dpL zZn+1 = 0 is nonoscillatory.
If {zn} is a nonoscillatory solution of Equation (1) for n > ng, then there exists a n1 > ng such that either x, (d,Azy,) >0

or Ty (dpnAzy) < 0 for alln > nq.

Proof. Suppose that {x,} is a nonoscillatory solution of Equation (1) for n > ng. Without loss of generality, we may

take z, > 0 and z,—» > 0, n > n1 > ng. We see that y, = —d, Az, is a solution of the order non homogeneous difference
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equation

A (cnAyn) + dLLyn+1 =qnf(Tn-—0), n>m (4)

Indeed, since z,, is a oscillatory solution of Equation (1) we have

B (€0 (=) + L (<1 A1) = 0 f (20-0)
n+

and hence

A (CnA (dnAmn)) + pnA-Tn+1 + q’ﬂf (:CTL*U) =0

We claim that solution of (4) are nonoscillatory. We may assume that z, > 0 for n > ni. Note that {—z,} is also a solution.
Let y, be a oscillatory solution of (4). There exist ng > na > n1 such that yng > 0, ynsy1 < 0, yne < 0 and ynay1 > 0.

Summing

A(cn (Ynt12n — YnZnt1)) = Znr1qnf (Tn—o)

From ng to n3 — 1, we have

n3—1
cn3 (Yn3+12n3 — Zn3+1Yn3) — Cn2 (Yn2412n2 — Zn24+1Yn2) = Z Zh+1qr f (Th—o) ,
k=n2
a contradiction. The proof is complete. O

Definition 2.2. Let {z,} be a solution of Equation (1). we say that the solution {x,} has property v if there exists n. > no

such that

T Ay > 0,2, A (dpAxy) > 0,2, A (cnA (dpAzy,)) <0
For every n > n..

Lemma 2.3. Let the assumption (h2) hold and {z,} be a nonoscillatory solution of Equation (1) such that x, (dnAz,) >0

for every n > n1 > ng. Then {zn} has property Va.

Proof. Let {z,} be a eventually positive solution of Equation (1) Then there exists an n1 > ng such that x,—, > 0
for n > ni. Since z, (dnAzyn) > 0 for every n > ni > ng, we have Az, > 0 for n > ny. From Equation (1) we have
A (enA (dnAzy)) < 0 for n > ny. Then A (d,Azy,) is monotone and eventually of one sign. We claim that there is a
nz > ni1 such that for n > na, A (d,Az,) > 0. Suppose to the contrary that A (d,Az,) < 0 for n > na. Since ¢, > 0
and ¢, A (dnAx,) > 0 is nonincreasing there exists a negative constant C and an n3 > ns such that ¢, A (dpAzy,) < C for

n > n3. Dividing both sides by ¢, and summing from ns to n — 1 , we obtain

n—1
duAz, < disBana+C Y~
k=n3 Ck

Letting n — oo, we see that d,Az, — —oo by a contradiction with the fact that Az, > 0. Then A (d,Az,) > 0. The

proof is complete. O

Lemma 2.4. Let {xn} be a solution of Equation (1) and {g,},_,  be a sequence of integers which satisfies

(h6) g, <n—0—1 and lim g, = oco.

n—o0

If {zn} be a property Va, then there exists an n1 > ng such that dn—ocAxn—s > Ra(n— 0 —1,95) cnA (dnAzy) forn > ng.
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Proof. Let {z,} be a solution of Equation (1) which has property v2. Without loss of generality, we may also assume
that z, > 0 and xn—» > 0, m > n1 > no. Since lim g;; = co and Az, > 0, A (dpAzy) > 0, and A (¢ch A (dnAxy,)) < 0 for
n—oo

every n > ns > ni,

n—o—1
dnoATpn o = dgx Azgx + Z M >Ro(n—o0—1,g95)cnA (dnAzy)
k
k=g5

and then we have

dn—6AZpn—6 > Ro(n— 0 —1,g3) cnA (dnAzy) .
The proof is complete. O

Lemma 2.5. Let p, be a positive sequence defined for n > no and set
¢n = dn+2A (Cn+1A/ln) + MUnPn-

Furthermore assume that the following conditions are satisfied:
(RT) Apn > 0,¢n > 0, A (dng2A (ent1Apn)) > 0 (orA (pnpn) < 0) for n > no;
(h8) S>> (Kpngn — A¢n) = 00, where K pngn — A¢pn > 0for n > ng.

n=ng

If (h1) holds and {zn} is a nonoscillatory solution of Equation (1) which satisfies xn (cnAzy) < 0 for n sufficiently large,

then lim z, = 0.
n— o0

Proof. Let {z,} be a nonoscillatory solution of Equation (1). Without loss of generality, we may assume that =, > 0
and Zn—e > 0 for n > n1 > no for some n; sufficiently large. The proof when {z,} is eventually negative is similar, as the
substitution y, = —z, transforms Equation (1) into an equation of the same form. Since z, (¢, Az,) < 0 for n sufficiently
large, Az, becomes nonpositive for all n > ns for some ne > ny. Let lim z, = A > 0. Assume that A # 0. There exists an

n—00

ng > ng such that x, > A for n > n3. Summing Equation (1) from n3 to n — 1, we obtain from that

n—1

pincn A (dnAzy) < Cr =X D (Kpegr — Agw),
k=n3

where C1 is a constant. Employing we see from (2) that puncaA (dnAzy) must take on negative values for n sufficiently large.

By using (hl) we see that z,, must be eventually negative, a contradiction. Hence A = 0. This complete the proof. O

3. Oscillation Criteria

In this section we gave the main of our paper.

n=n

Theorem 3.1. Assume that (h1) — (h8) hold, and that there ezists a positive sequence {pn},_, ~such that s

di—o (Aprdis1 — peprR2 (k — o — 1,g7))?
4ka2 (k — 0 — 1,g;) diJrl

lim sup Z {kaqk — = 00. (5)

n—oo
k=ng

Then every solution {x,} of Equation (1) is either oscillatory or satisfies z, — 0 as n — oo.

Proof. Let {z,} be a nonoscillatory solution of Equation (1) Without loss of generality, we may assume that z,, > 0 and

Zn—o > 0 eventually. From Lemma 2.1 it following that Az, > 0 or Az, <0 for n > n1 > no. If Az, >0forn >N >mny
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,n > N. Then, w, > 0 and in view of Equation

then {z,} has property V2> by Lemma 2.2. We define w,, = pnw

x

(1) by employing Lemma 2.3 we have

Aw, = *f (xnig)PnQn — pn PnATny1 + Cn+18 (dnt18%nt1) Tn-oApn _ ent1A (dn+1ATn41) prATr—o
ITn—o Tn—o In—cTn—oc+1 In—ocIn—oc+1
v - B 17 :L A n - - 17 ':;,
S —Kann - (wi-{—l (p" R2 (n 20 g )> — Wn+1 ( £ - pnanZ (n g g ))>
(pn+1) dnfo' Pn+1 dn+lpn+1
= 7Kann - Anwi+1 + wn+an, (6)
Where
A PaB2(n—q=1,9.) 5 _ Apn  pngnR2(n—g—1,9,)
n — y Dnp = .
Ppi1dn—o Pt dnt1pnt1
Completing the square in (3.2) we obtain
32
Awp < — |Kpngn — —— | .
wn, < { pna 4An] (M

Summing (7) from N to n, we obtain

n

Bi
—wWN < Wpt1 — WN < —I;V {ka% - 4AJ

which yields
n 2

B}
> [ka% - H} <

k=N

For all large n and this is contrary to (5). If Az, < 0 for n > N, then by Lemma 2.4 we have lim z, = 0. The proof is

n— oo
complete. O
Example 3.2. Consider the third order delay difference equation
A LA ! = >
Tn + % Tn+1 =+ 1-— w In—-3 = O, n =~ 1 (8)

Note that A®z, + #znﬂ = 0 is nonoscillatory by [1]. Taking pn = pn =1 and g, = n — 4, we have

5k2  100k*

n—00

di—o (Aprdry1 — prprR2 (k — 0 — 1792))2} i < o1 1 > -

li Kprge — -
imsup Z [ PkAk 4pp Ry (k — o — 1:92)di+1

k=ng k=1

Thus, condition (5) is satisfied. The other conditions of Theorem 3.1 are also satisfied. Hence every solution {x,} of
Equation (8) is either oscillatory or satisfies tn, — 0 as n — oco. We note that {cos "3—"} is an oscillatory solution of

Equation (8).

Example 3.3. consider the their order difference equation

1 1 1
Aan + ﬁAl’n-kl + g (1 + 27) Zn =0, n>1 (9)

Note that A3z, + Qn%z,ﬂ_l = 0 is nonoscillatory [1]. Taking pn = pn = 1 and g, = n — 1, condition (5) is satisfied.
The other conditions of Theorem 3.1 are also satisfied. Hence, every solution {xz.} of Equation (9) is either oscillatory or

satisfies xn, — 0 as n — oo. Indeed, the sequence {27"} is such a solution of Equation (9).

Theorem 3.4. Assume that (h1) — (h8) hold. Let {pn},_, be a positive sequence and {Hmn}, m > n > no, be a double

oo
n=n

sequence such that
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(1). Hmm =0 for m > no;
(2). Hpnn >0 for m >n > no;

(3). AoHpmn = Hyynt1 — Hmn <0 and —AoHyn = hinn A/ Hm,n for m >n > no.

If
m—1 2
lim sup Z [KHm,npnqn— m’n} =oo0 for every mo > no, (10)
m— oo m,mqg 4An
n=mg
where

Qun = h _<APn_Pnan2(n—U—Lgn>\/7A _anz(n—a 1,95)
m,n m,n Pt dn+1pn+1 m,ny {in pn+1dn N s

Then every solution {x,} of Equation (1) is either oscillatory or lim z, = 0.
n— o0

Proof. Let {z»} be a nonoscillatory solution of Equation (1) which may assume to be eventually positive. Proceeding as

in the proof of Theorem 3.1 we arrive at the inequality 3.2 Then we see that

m—1

m—
Z KHpnpngn < Z —Awp, + Wnt1 By Anwzﬂrl)

n=N

m—1

H’m,NwN + Z {wn+1A2Hm,n (ann+1 - Anwi-i,-l)}
n=N
m—1

= dm NWN — Z {wi+1AnHm,n + Wnt1 ( m,n\/ m Hm nBn )}

n=N

m—1 B / mn
<HmeN+Z 1A (11)

n=N

where B, is as defined in the proof of Theorem 3.1. Thus we obtain

m—1 2
1 m,n
E KHm,nPnQn - Q - S WN,
n=N
Where clearly contradicts (10). If Az, < 0 for n > N, then by Lemma 2.4, we have lim z, = 0. The proof is complete. [
n— oo

As an immediate consequence of Theorem 3.2 we get the following corollary.

Corollary 3.5. Assume that all the assumption of Theorem 3.2 holds, except that the condition (10) is replaced by

(1). limsup Hm Z Hopy nprngn = 0o for every mo > no,
m—r o0

n=mg

m—1 2
(2). limsup ﬁ > % < 0 for every mo > no.
m—oo ’

n=mg

Then, every solution {z,} of Equation (1) is either oscillatory or lim z, = 0.
n—oo

Example 3.6. Consider the third order delay difference equation

s 27 1 3
Az, + —— 2n+1 Axpi1 + 33 (1 — 27) Tp—o =10 (12)

Taking pn = prn = 1,95, = n — 3 and Hm,n = m — n condition (10) is satisfied. The other condition of Theorem 3.2 are
also satisfied. Hence every solution {zn} of Equation (12) is either oscillatory or satisfies x, — 0 as n — oo. The sequence

{(=1/2)"} is such a solution of Equation (12).
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Example 3.7. Consider the third order delay difference equation

Tp + —=Tpn—2 = , N =2
A3 ;; 0 >1 13

Taking pin = pn = 1,95, =n — 3 and Hpm,n = m — n, we have

1 m—1 QQ 1 m—1 27 1
li KH ULAEY S Lm—n)— — | = 0.
mgnoo sup Hovomo n;() [ m,nPndn 1A, {rrrlnjip m—1 Z:: |:32 (m ’I’L) 1 (m — n) o0

Thus, condition (10) is satisfied. The other condition of theorem are also satisfied. Hence every solution {x,} of Equation

1s either oscillatory or satisfies x — 0 as n — co. The sequence {27"} is a solution of Equation (13).
Remark 3.8. One may choose {Hm n} in appropriate manners, to derive several special oscillation criteria for Equation
(1) Some choices are
Hppn = (m—n)* A >1,m >n > no,
A
1
Hm,n: logm+ 7A213m2n2n05
n+1

Hmm:(m—n)(’\),)\>2,m2n2no,

Where (m —n)™ = (m —n)(m—n+1)...(m—n+X—1).

Theorem 3.9. Let {Hpmn} and {hmn} be as in Theorem 3.2 and let

0 < inf |:liminf Hm’n:| < oo (14)
n>ng | m—oo m,ng
m—1 2
1 Qm n
lim su — < o0 15
m—)oop m,ng nz:;, An ( )
If there is a sequence {Un} such that
1 m—1 QQ
li;rlj;lop Hn ng;v {KHm,npnqn — 42:] >N for every N >ng (16)
and
S + 12 +
> A i) =00, where ¥, =max{¢ni1,0} (17)

n=ng

Then every solution {x,} of Equation (1) is either oscillatory or lim z, = 0.
n— o0

Proof.  As in the proof of Theorem 3.2, we have (11), Then, we have

m—1 m—1 2 m—1 2
m,n Qm n
KHmn n n<Hm — = n AnHmn - 18
3t < oo+ 558 3 [ A 19
The remainder of the proof of this case is similar to ones given in [16,18] and hence is omitted. O

Example 3.10. Consider the third order difference equation

1 o+ 1 5
A=Az )+ — T (znt+ad)=0, n>1. 19
Q3m>+mm+mﬁx+x) "= 1)
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We take pn, = n2, pn=1,gr=n—1, Hyn=m—n and ¢, = % In view of Qm,n = \/ﬁ and A, = n3, we see that

. Qrn = 1
lim su = limsu =0 < oo,
'm~>oop m,ng nzno mg)oop -1 nzl (m — n) n3
> An[p® = Z
n=ng n=1
and
m—1 2 m—
‘ ] 0 (o~ e )| =
lim su KH,, npnGn — > = lim su m-—n)|— — — = — = .
e Hono n;:v { o Ty A, e T — N ; n?  (n+1)* 4(m—n)n? NT = YN

Since the conditions of Theorem 3.3 hold, every solution {x»} of Equation (19) is either oscillatory or satisfies x, — 0 as

n — oQ.

Theorem 3.11. Let {Hmn} and {hmn} be as in Theorem 3.2 and let (14) hold. Suppose that

m—1

lim inf > KHpnpagn < 00, (20)
m—r o0 m.,n
LT
and there is a sequence {¢Yn} satisfying (17) and
m—1 2
lim inf KHpynprnQn — —2| > N > 21
im in e Y;{ nPnq A, } >N for every > no (21)

Then every solution {x,} of Equation (1) either oscillatory or lim z, = 0.
n— oo
Proof.  The proof of Theorem 3.4 is similar to that of Theorem 3.3 and hence is omitted. O

Theorem 3.12. Assume that (h1)-(h8) hold. Suppose there exists a positive sequence {pn}o- and a sequence

n=ng

F, R A
F, oy such that 1 mno 4 Pnpnilz _ SPn > () gpd
{ m’”}m,n=n0 + P41 + Ant1Pn+1 Pnt1 — 0

. m n—1 mek 1 men 2
lim sup Z H 14+ —— — By Kpngn — 1A — = 00, (22)

m— 00 n=no | k—no Pk+1 Pn+1

Then every solution {xn} of Equation (1) is either oscillatory or lim x, = 0.
n— oo

Proof. Let {z»} be a nonoscillatory solution of Equation (1) Without loss of generality, we may assume that z, > 0 and

Tn—o > 0 for some N > ng. Proceeding as in the proof of Theorem 3.1 we arrive at

Awy, < —KpnGn + Wnt+1Bn — 'w,ZH_l (%) , n>N (23)
Pr1dn—o
From (23) and Young’s inequality, we have
Aw, < —K + Wpi1 By — w? e 1 (Fm’")2+ 1 (Fm’n)2 n>N
n > Pndn n+1DPn n+1 ng_ldn—o' 4An Prt1 4AN Pt ) et
or
2
Wn4+1 — Wn S 7Kpnqn + Wn+1 (Bn - men) + L <Fm‘n> , N Z N
Pn+1 4An Pn+1

It follows that

1 (Fnn\’
Kpngn — —— : < .
< Pnd 1A, (pn+1)>wN

i [h ( Prr1 _Bk)

Hence
G 1 (Fnn)’
lim sup - B Kpngn — d < wn,
Which contradict (22). If Az, <0 n > N, then by Lemma 2.4 we have lim z, = 0. The proof is complete. O

n—r00
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Example 3.13. Consider the third order difference equation
A?(La ! ™y =0, n>
—5ATn +W:vn (B+em)=0, n>1, (24)

where B> 1 and f (u) = u (B + e") with K = 8. Taking pn =n>, pn =n, g =n — 1, and F,n = n?, we have

m n—1 2 oo
, Fon i 1 (Fun B—1,. (n—1)!
1 1 — — B KpnGn — —— d = 1 RS/
fﬁip;[ﬂ<+pk+l ) (ﬂq i, (pn+1)) 1 lmsup ) T =

Thus, condition (22) is satisfied. The other conditions of Theorem 3.6 are also satisfied. Hence every solution {xn} of

Equation (24) is either oscillatory or satisfies xn, — 0 as n — co.
In the proof of following theorem we use a generalized Riccati transformation technique.

Theorem 3.14. Assume that (h1)-(h8) holds. Let {pn} be a positive sequence. Furthermore, we assume that there

oo
n=ng

exists a double sequence — {Hpm,n : m > n > no} such that (i)-(iii). If

m—1 2
. hm,n
h;njgop T~ E |:Hm,n1/] — 4An] =o00 for every mo > no (25)
n=mq
where
2
pndn—aRQ > (Apndn+1 - pnanQ) dn—o
n=pn | Kgn — " — A(Cn—oQn_ , Qp = — .
w P ( a 4d%+1 ( 1) 2dn+1an20n7cr+1

Then every solution {x,} of Equation (1) is either oscillatory or lim z, = 0.
n— oo

Proof. We proceed as in Theorem 3.1, take x,—, > 0 for all n > N for some N sufficiently large. Define

wn = pn [an (dnAzy)

Tn—o

+ Cnfdanfl:| , N Z N.
Then follows the proof of Theorem 3.1, we obtain

Awn,

IN

R R 2 R
_Kann + M (Apn - Pnpn 2) - <pn 2) |:wn+1 - Cn7q+1an:| + pnA (Cnfaanfl) + M (Cnfaflan)
Pn+1 dn+1 dnfo' Pn+1 dn+1

= —tn — Anw?@-&-l, n>N

The remainder of proof is similar to that of the Theorem 3.2 and hence is omitted. If Az, < 0 for n > N, then by Lemma

2.4, we have lim x, = 0. The proof is complete. (I
n— o0

Example 3.15. Consider the third order difference equation
3 1-1gn 3
Az 4+2¢” 2" (Ve—1)"zp (4 —coszn) =0, ¢>1, n>1 (26)

Taking pin, = pn = ¢ /2", gn=n—1and Hp,,, = m —n, we have

m—1 h2 1 m—1 1
Hm b — m,n — l s 1 3 _ L
;j A Ty 2 5o (Ve ) =

lim sup
m—00 m,mg

= OQ.

Thus, condition (25) is satisfied. The other conditions of Theorem 3.6 are also satisfied. Hence every solution {x,} of

Equation (26) is either oscillatory or lim z, = 0.
n—oo

Corollary 3.16. Assume that all the assumptions of Theorem 3.5 hold, except that the condition (25) is replaced

m—1 2 _
(1). limsup ﬁmo > Hmnpn (an — Pupndn—oRy _ A (en — Uan_l)) = oo for every mo > no,
m—o0 ’

2
n=mgq 4dn-¢—1
m—1 ;2
(2). lim > 5t < oo for every mo > no.
m—oo Im,mg n=mo n

Then, every solution {z,} of Equation (1) is either oscillatory or lim z, = 0.
n—oo
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