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Abstract: This paper study the asymptotic properties of third order advanced differential equation with “maxima” of the form

(
a(t)(x′′(t))γ

)′
+ q(t) max

[t,τ(t)]
xγ(s) = 0, t ≥ t0,

where γ is ratio of odd positive integers. Give an example to illustrate the main results.
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1. Introduction

In this paper is to study asymptotic properties of the third order advanced differential equation with maxima of the form

(
a(t)(x′′(t))γ

)′
+ q(t) max

[t,τ(t)]
xγ(s) = 0, t ≥ t0, (1)

subject to the following conditions:

(C1) a(t), q(t) ∈ C([t0,∞)), a(t), q(t) are positive, τ(t) ∈ C([t0,∞)), τ(t) ≥ t;

(C2) γ is a quotient of odd positive integers.

Whenever, it is assumed

R(t) =

∫ ∞
t0

1

a1/γ(s)
ds→∞ as t→∞. (2)

By a solution of equation (1), we mean a function x(t) ∈ C2[Tx,∞), Tx ≥ t0 which has the property a(t)(x′′(t))γ ∈ C1[Tx,∞)

and satisfies equation (1) on the interval [Tx,∞). We consider only those solutions x of equation (1) which satisfy condition

sup{|x(t)| : t ≥ T} > 0 for all T ≥ Tx. We assume that equation (1) possesses such a solution. A solution of equation (1)

is called oscillatory if it has infinitely many zeros on [Tx,∞); otherwise it is said to be nonoscillatory. In the last few years,
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the oscillation and asymptotic behavior of differential equations with “maxima” received considerable attention because of

the fact that they appear in the study of systems with automatic regulation, and automatic control of various technical

systems. It often occurs that the law of regulation depends on maximum values of some regulated state parameter over

certain intervals, see [1, 5, 8]. The qualitative theory of these equations is relatively little developed compared to functional

differential equations without maxima. The oscillatory behavior of functional differential equations with maxima are studied

in [2, 3, 5, 6, 9]. Therefore in this paper we present some new criteria that essentially utilize the value of the advanced

argument, that is, the criteria obtained involves advances argument τ(t) explicity. The results established in this paper

extend that of in [4, 7] for equation without maxima. In Section 2, we obtain some sufficient conditions for the asymptotic

behavior of solutions of third order advanced differential equation (1). And give an example to illustrate the main results.

2. Main Results

In this section, we first start with the classification of possible nonoscillatory solutions of (1).

Lemma 2.1. Let x(t) be a nonoscillatory solution of equation (1). Then x(t) satisfies one of the following conditions

(I). x(t)x′(t) < 0, x(t)x′′(t) > 0, x(t) (a(t)(x′′(t))γ)
′
< 0;

(II). x(t)x′(t) > 0, x(t)x′′(t) > 0, x(t) (a(t)(x′′(t))γ)
′
< 0;

eventually.

Proof. Let x(t) be a nonoscillatory solution of equation (1), say x(t) > 0 for t ≥ t0. It follows from (1) that (a(t)(x′′(t))γ)
′
<

0, eventually. Thus a(t)(x′′(t))γ is decreasing and of fixed sign eventually. If (a(t)(x′′(t))γ)
′
< 0, then if follows from

hypothesis (C1) that x′(t) < 0, which implies x(t) < 0. A contradiction and we conclude that a(t)(x′′(t))γ > 0, eventually.

Consequently x′(t) is of fixed sign for all t large enough. Therefore, either Case (I) or Case (II) holds.

Lemma 2.2. Assume x(t) > 0, x′(t) > 0, x′′(t) > 0, eventually. Then for arbitrary k0 ∈ (0, 1)

x(τ(t)) ≥ k0
τ(t)

t
x(t), (3)

eventually.

Proof. It follows from the monotonicity of x′(t) that

x(τ(t))− x(t) =

∫ τ(t)

t

x′(s)ds ≥ x′(t)(τ(t)− t).

That is,

x(τ(t)) ≥ x(t) + x′(t)(τ(t)− t)

or

x(τ(t))

x(t)
≥ 1 +

x′(t)

x(t)
(τ(t)− t). (4)

On the otherhand, since x(t)→∞ as t→∞, then for any k0 ∈ (0, 1) there exists a t1 large enough, such that

k0x(t) ≤ x(t)− x(t1) =

∫ t

t1

x′(s)ds ≤ x′(t)(t− t1) ≤ x′(t)t,

232



G. Ayyappan, P. Gayathri and V. Mahadevan

or equivalently

x′(t)

x(t)
≥ k0

t
. (5)

Using (5) in (4), we obtain

x(τ(t))

x(t)
≥ 1 +

k0
t

(τ(t)− t) ≥ k0
τ(t)

t
.

The proof is complete.

Lemma 2.3. The function x(t) is a negative solution of equation (1) if and only if −x(t) is a positive solution of the

equation (
a(t)(x′′(t))γ

)′
+ q(t) max

[t,τ(t)]
xγ(s) = 0, t ≥ t0.

Proof. The proof is obvious.

Definition 2.4. We say that (1) enjoys property (A) if every its nonoscillatory solution satisfies Case(I) of Lemma 2.1.

Now, we are prepared to offer our main results. For our further references we set

Q(t) =

∫ ∞
t

q(s)

(
τ(s)

s

)γ
ds.

Theorem 2.5. If

lim
t→∞

inf
1

Q(t)

∫ ∞
t

R(s)Q1+1/γ(s)ds >
1

(γ + 1)1+1/γ
, (6)

then (1) has property (A).

Proof. Assume the contrary, let x(t) be an eventually positive solution of (1) satisfying Case(II) from Lemma 2.1. By

(6), it is easy to see that there exists some k ∈ (0, 1) such that

lim
t→∞

inf
k1+1/α

Q(t)

∫ ∞
t

R(s)Q1+1/γ(s)ds >
1

(γ + 1)1+1/γ
. (7)

From equation (1) and Lemma 2.2 implies

(
a(t)(x′′(t))γ

)′
= −q(t) max

[t,τ(t)]
xγ(s)

≤ −q(t)xγ(τ(t))

≤ −q(t)kγ0
τγ(t)

tγ
xγ(t).

Set k0 = k1/γ , the above inequality (
a(t)(x′′(t))γ

)′ ≤ −q(t)k τγ(t)

tγ
xγ(t).

We define

w(t) =
a(t)(x′′(t))γ

xγ(t)
. (8)

The monotonicity of w(t) > 0 and differentiating (8), we get

w′(t) =
(a(t)(x′′(t))γ)

′

xγ(t)
− γ a(t)(x′′(t))γ

xγ(t)

x′(t)

x(t)

≤ −kq(t)τ
γ(t)

tγ
− γw(t)

x′(t)

x(t)
. (9)
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On the otherhand, using the monotonicity of a(t)(x′′(t))γ , we have

x′(t) ≥
∫ t

t1

x′′(s)ds =

∫ t

t1

(
a(s)(x′′(s))γ

)1/γ
a−1/γ(s)ds

≥
(
a(t)(x′′(t))γ

)1/γ ∫ t

t1

1

a1/γ(s)
ds

≥ a1/γ(t)x′′(t)kR(t), (10)

eventually, let say t ≥ t2. Setting the last inequality in (9), we obtain

w′(t) ≤ −kq(t)
(
τ(t)

t

)γ
− γw(t)

a1/γ(t)x′′(t)

x′(t)
kR(t)

≤ −k
(
q(t)

(
τ(t)

t

)γ
+ γw1+1/γ(t)R(t)

)
.

Integrating the last inequality from t(≥ t2) to ∞, we get

−w(t) ≤ −k
(∫ ∞

t

q(s)

(
τ(s)

s

)γ
ds+

∫ ∞
t

γw1+1/γ(s)R(s)ds

)
≤ −k

(
Q(t) + γ

∫ ∞
t

w1+1/γ(s)R(s)ds

)
or

w(t) ≥ k
(
Q(t) + γ

∫ ∞
t

w1+1/γ(s)R(s)ds

)
(11)

or

w(t)

kQ(t)
≥ 1 +

γ

Q(t)

∫ ∞
t

w1+1/γ(s)R(s)ds

= 1 +
γk1+1/γ

Q(t)

∫ ∞
t

Q1+1/γ(s)R(s)

(
w(s)

kQ(s)

)1+1/γ

ds.

Since w(t) > kQ(t), then

inf
t≥t1

w(t)

kQ(t)
= λ ≥ 1.

Thus

w(t)

kQ(t)
≥ 1 +

γ(kλ)1+1/γ

Q(t)

∫ ∞
t

R(s)Q1+1/γ(s)ds. (12)

From (7), we see that there exists some positive η, such that

k1+1/γ

Q(t)

∫ ∞
t

R(s)Q1+1/γ(s)ds > η >
1

(γ + 1)1+1/γ
. (13)

Combining (12) together with (13), we have

w(t)

kQ(t)
≥ 1 + γλ1+1/γη.

Therefore

λ ≥ 1 + γλ1+1/γη > 1 + γλ1+1/γ 1

(γ + 1)1+1/γ
= 1 + γ

(
λ

γ + 1

)1+1/γ

,

or

0 >
1

γ + 1
+

γ

γ + 1

(
λ

γ + 1

)1+1/γ

− λ

γ + 1
.

This contradicts the fact, that the function

f(α) =
1

γ + 1
+

γ

γ + 1
α1+1/γ − α

is positive for all α > 0.
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Now we present some corollaries.

Corollary 2.6. If ∫ ∞
t0

q(s)

(
τ(s)

s

)γ
ds =∞, (14)

then (1) has property (A).

Corollary 2.7. If ∫ ∞
t0

R(s)Q1+1/γ(s)ds =∞, (15)

then (1) has property (A).

Proof. It follows from (11) and w(t) > kQ(t) that

w(t1) ≥ k
(
Q(t1) + k1+1/γ

∫ ∞
t1

γQ1+1/γ(s)R(s)ds

)

which contradicts our assumption.

Theorem 2.8. Assume that (1) has property (A). If moreover,

∫ ∞
t0

∫ ∞
v

1

a1/γ(u)

(∫ ∞
u

q(s)ds

)1/γ

dudv =∞, (16)

then every nonoscillatory solution x(t) of (1) tends to zero as t→∞.

Proof. Property (A) of (1) implies that an eventually positive solution x(t) of (1) satisfies Case(I) of Lemma 2.1. Then

there exists a finite limt→∞ x(t) = `. We claim that ` = 0. Assume that ` > 0.

Integrating (1) from t to ∞ and using x(τ(t)) > `, we obtain

−a(t)(x′′(t))γ = −
∫ ∞
t

q(s) max
[s,τ(s)]

xγ(u)ds

= −
∫ ∞
t

q(s)xγ(s)ds

≤ −
∫ ∞
t

q(s)xγ(τ(s))ds,

or

a(t)(x′′(t))γ ≥
∫ ∞
t

q(s)xγ(τ(s))ds ≥ `γ
∫ ∞
t

q(s)ds,

which implies

x′′(t) ≥ `

a1γ(t)

(∫ ∞
t

q(s)ds

)1/γ

.

Integrating the last inequality from t to ∞, we get

−x′(t) ≥ `
∫ ∞
t

1

a1/γ(u)

(∫ ∞
u

q(s)ds

)1/γ

du.

Now integrating from t1 to ∞, we arrive at

x(t1) ≥ `
∫ ∞
t1

∫ ∞
v

1

a1/γ(u)

(∫ ∞
u

q(s)ds

)1/γ

dudv.

A contradiction with (16) and so we have verified that lim
t→∞

x(t) = 0.
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We conclude this paper with the following example.

Example 2.9. Consider the third order nonlinear differential equation with maxima

(
t(x′′(t))3

)′
+

8

t6
max
[t, λt]

x3(s) = 0, t ≥ 0, (17)

where a(t) = t, q(t) = 8
t6
, τ(t) = λt, and γ = 3. By taking λ ≥ 1. Now, one can easily verify that

Q(t) =

∫ ∞
t

q(s)

(
τ(s)

s

)3

ds =
λ38

5t5

and equation (6) reduces to

λ >
1

3

(
5

4

)4/3

,

which, by Theorem 2.5 guarantees property (A) of (17). On the otherhand

∫ ∞
t0

∫ ∞
v

1

a1/3(u)

(∫ ∞
u

q(s)ds

)1/3

dudv =
2

51/3

∫ ∞
t0

dv

v
=∞.

Therefore (16) holds, so every nonoscillatory solution of equation (17) tends to zero as t→∞.
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