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1. Introduction and Preliminaries

Fuzzy set theory was first introduced by L.A.Zadeh[7] in 1965 which is a generalization of classical or crisp sets. R.Lowen[4]
proposed the definition of fuzzy topology. The concept of soft sets was first initiated by Molodtsov [5] in 1999 to deal with
problems of incomplete information. The notion of soft topological space, soft interior, soft closure, soft ideal, soft local

function, *

- soft topology and compatible soft ideal was investigated in [3]. Some structures of soft topology was found
in [2]. Some structural properties of fuzzy soft topological spaces was discussed in [6]. In this paper we define fuzzy soft
topological space in Lowen’s sense, fuzzy soft ideal and fuzzy soft local function etc. we investigate some theorems related
with those concepts. Finally we obtain some new fuzzy soft topologies from old one through fuzzy soft ideals. The following
definitions and theorems are in[1], which are needed for our study. Throughout this paper, X be an initial universe and E

be the set of all parameters for X, I is the set of all fuzzy sets on X (where, I = [0,1] and for A €[0,1], X(z) = A, for all
z € X).

Definition 1.1. Let A C E. fa is called a fuzzy soft set on X, where f is a mapping from E into I*. i.e., fo £ f(e) £ fa(e)
is a fuzzy set on X for each e € A and f. =0 ife ¢ A, where 0 is zero function on X. f., for each e € E, is called an element
of the fuzzy soft set fa. FS(X,E) denotes the collection of all fuzzy soft sets on X and is called a fuzzy soft universe. If
fp € FS(X, E) then we understand that D C E.

In this paper to each parameter e € E, f. is equivalent to fe(z) for all z € X.

Definition 1.2. For two fuzzy soft sets fa and g on X, we say that fa is a fuzzy soft subset of gg and write fa T gp if

fe < ge, for each e € E.
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Definition 1.3. Two fuzzy soft sets fa and gg on X are called equal if fa 3 gp and gg 3 fa.

Definition 1.4. Union of two fuzzy soft sets fa and g on X is the fuzzy soft set hc = fa U g, where C = AU B and
he = fe\/ ge, for each e € E. That is, he = fe\/0 = fe for eache € A— B, he = 0\/ ge = ge for each e € B— A and
he = fe\/ ge, for each e € AU B.

Definition 1.5. Intersection of two fuzzy soft sets fa and gg on X is the fuzzy soft set hc = fa Mgp, where C = AN B
and he = fe \ ge, for each e € E.

Definition 1.6. The complement of a fuzzy soft set fa is denoted by f%, where f¢ : E — IX is a mapping given by

fé=1—fe, for each e € E. Clearly (f43)° = fa.
Definition 1.7. A fuzzy soft set fr on X is called a null fuzzy soft set and denoted by 0, if fo =0, for each e € E.

Definition 1.8. A fuzzy soft set fz on X is called an absolute fuzzy soft set and denoted by E, if fo = 1, for each e € E.
Clearly (E)° =0 and 0° = E.

Definition 1.9. A fuzzy soft set fr on X is called a A\-absolute fuzzy soft set and denoted by E:”\, if fo =\, for each e € E.
Clearly, (E*)® = E*~>.

In this paper we write E as Ag.

Theorem 1.10. Let A be an index set and fa, gg, hc, (fa)i = (fi)a;, (98): = (9:)B, € FS(X,E), Vi € A\, then we have

the following properties:

(1). fan fa = fa, fal fa = fa.

(2). faNgs =gp M fa, falgs =gsU fa.
(3). fal(gsUhc) = (faUgr)Uhc.

(4). fa= fan(faUgs), fa= fal(faNgs).

(5) £aN (U, (92)) = (1 (fa 1) (98)0):

(6). £aU(,11 (92)) = (11 (fa U (98):)):

i

(7). 0C fa C E.
(8). (fa)° = fa.

(9). (0 (fa)i)®= i|€—|A(fA)i)c-

FI<YAN
(10). (U (fa):)° :ieﬂA(fA)i)C-

1EA

(11). If fa € gs, then g5 C fi.

2. Fuzzy Soft Topological Spaces

Definition 2.1. The support of a fuzzy soft set fp where D C E on X is defined as S(fp) = {e € E/f. > 0}. A fuzzy soft
set fp where B C E is said to be finite fuzzy soft set of X iff S(fB) is a finite parameter set. A fuzzy soft set fp is said to

be countable fuzzy soft set of X iff S(fB) is a countable parameter set.
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Definition 2.2. Let A,B C E. A non empty family ¢ C FS(X, E) of fuzzy soft sets is called fuzzy soft ideal on X if
(1). fa € .7, g C fa implies that gg € &

(2). fa € 7, gg € . implies that fallgs € F. (As .7 is not empty, O € 7).

Example 2.3.

(1). F5 - is the fuzzy soft ideal of fuzzy soft sets of X with finite support.

(2). S - is the fuzzy soft ideal of fuzzy soft sets of X with countable support.

(3). Let A,B C E and fa be a fized fuzzy soft set in X. Then I (fa) = {9 € FS(X,E)/g C fa} is a fuzzy soft ideal.

Definition 2.4. Let fa and gg are two fuzzy soft sets of X with A,B C E. Then fa "intersection” gp is redefined as

follows: falgp = max(0, fe + ge — 1) for each e € E.

Remark 2.5.

(1). fafigs = 0 iff g <1 — f for each e € E. That is g C f§.

(2). falgs E faNgs.

Now we prove a lemma which will be useful in the following sequel.

Lemma 2.6. If A,B, and C are the subsets of the parameter set E, then fcl(fa U fg) = (feNfa) U (feMNfs).

Proof. TForalle€ E,

fef(fa U fB)(e) = max{0, fo(e) + (fa U fB)(e) — 1}
=max{0, fc(e) + fa(e) — 1, fc(e) + fr(e) — 1}
= max{max{0, fc(e) + fa(e) — 1}, max{0, fc(e) + fr(e) — 1}}
= max{(fcMfa)(e), (feMfr)(e)}

= ((feNfa) U (feMfr))(e).
O

Definition 2.7. Let C, D and P C E. A family 7 C FS(X,E) is called a fuzzy soft topology for X, if it satisfies the

following axioms.

(1). For all A € [0,1], Ap € 7.

(2). fc, gp € T implies that fc Mgp € T.

(3). If {fip Yica is an indezed subfamily of T, then ile_IA fip €T.

The pair (X, T) is called a fuzzy soft topological space. The members of T are called fuzzy soft open sets.
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2.1. Examples for fuzzy soft topological spaces

(1)
(2).
(3).

7 = {\ - absolute fuzzy soft sets/ 0 < XA < 1} is a fuzzy soft topology and is called indiscrete fuzzy soft topology on X.
If 7 equals F'S(X, F) then 7 is called discrete fuzzy soft topology on X.

Let B C E. Consider the collection 7 = {f§ € FS(X, E)/fs = E (or) to each X such that f., < A < 1 for some ey € E,
the set {e € E/f. > A} is a finite set}. Then 7 is a fuzzy soft topology on X. We call it as cofinite fuzzy soft topology

on X. It is enough to show that 77/ = {ga € FS(X,E)/ga = fg and fp € 7 where A, B C E} satisfies.

(a). Ag € 7/, for all A € [0,1].
(b). gi, €71, foralli € A =Mg;, €7/

(C). 14, 924 ETI = g1, Uga, €T/

Obviously Ag € 7/ for all A € [0,1]. Consider a collection {g;, }ica such that each g;, € 7/. We may Assume that
atleast one of g;, # E. Let X be such that (/\ Gicy) < A < 1 for some e in E. Then gx, < A for some k € A. That is
{e € E/gy, > )} is a finite set. That is {e € E/(\gi.) > A} is a finite set. Hence Mg, € 7/. If g1, U go, = E then
g1, Uga, €70 If (g1 g2)ey < A < 1 for some ep € E, then B1 = {e € E/g1. > A} and By = {¢ € E/gs. > A} are
finite sets. Therefore {e € E/(g1V g2)e > A} = {e € E/g1, > A}U{e € E/go, > A} is a finite set. Hence g1, Lig2, € 7/

for all g1,, g2, € 7/. Thus 7 is a fuzzy soft topology on X.

. Let A C E with |A| > 1. Then 7 = {ga € FS(X,E)/f. =0 for each e € A (or) fe # 0 for all e € A} is a fuzzy soft

topology on X. If Az = (), then A, = 0 for all e € A. This implies that () € 7. For each X € (0,1], Ae = A # 0 for all
e € A. Therefore Ax € 7. Let {gj, }jen be a collection of elements of 7. If V gj., # 0 for some eo € A, then gi., #0
for atleast one k (say) € A. That is g, # 0 for all e € A. Then \/gkeOJ:éA() for all e € A. Therefore jeuA gja € T.
Let fc, gp € T where C,D C E, then g. =0 for all e € E (or) f. # 0 for all e € E. Similarly we have g. = 0 for all
e € E (or) ge # 0 for all e € E. If either fo =0 (or) go =0 for all e € E then (fAg)e =0 V e€ E. If fo # 0 (or)
ge#0 ¥V e€ E then (f \g)e #0 V e € E. Therefore fo, gp € T = f. A\ ge € 7. Hence 7 is a fuzzy soft topology on
X.

. Let us take the parameter set E by the set of all natural numbers, for all m € E, consider the subset By, = {2m—1,2m}

of E. Obviously by (4) to each m € E, 7, = {fc € FS(X,E)/fe =0 VY €€ By, (or) fo #0 V e € By, where C C E}

is a fuzzy soft topology on X. Hence () 7 is a fuzzy soft topology on X. Therefore 7 = {fc € FS(X,E)/ for all
m=1

m € E, fom = 0 if and only if fo,—1 = 0}.

Definition 2.8. The closure of a fuzzy soft set fr can be defined as usual way: fa = N{fs/fa C fg and f§ € 7} where

ABCE.

We now give a modified definition for fa.

Definition 2.9. Let (X, 7) be a fuzzy soft topological space. the closure of a fuzzy soft set fa, denoted as cl(fa), is a fuzzy
soft set defined by cl(fa) = U{Ar/fs € 7, f DA% = fallfs # 0}.

Now we try to prove the equality of fa and cl(fa).

Theorem 2.10. Let (X,7) be a fuzzy soft topological space and fa be a fuzzy soft set on X where A C E. Then fa = cl(fa).
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Proof. Let BC E. Take fg = f_jf‘. Then fp € T and to each e € E, fp = fj‘; X for all Ag 3 fa. Since fa C fa and

faflfs =0, we get that farlfz = 0. That is cl(fa) C Ag for all A\g 3 fa. Therefore
c(fa) E fa 1)

Next we prove that fa C cl(fa). Let p=cl(fa)e for all e € E. Let Ap 3 g. There exists fp € 7 such that fp O 5\% and
fafifs = 0. Take fx = fg where K C E. Now fa C fx. Since fa C fx and f& = fg € 7, we have that fa C fx. That is

fa C f§ C Ag. This implies that fa C Ag for all Az T ¢l(fa). Therefore

fa Cel(fa) (2)

From (1) and (2) we obtain that fa = cl(fa). O

3. Fuzzy Soft Local Function

Definition 3.1. Let (Y, 7) be a fuzzy soft topological space with a fuzzy soft ideal ¢ on Y. Let fa be a fuzzy soft set on Y
where A C E. The fuzzy soft local function f} = U{\g/fs € T where BC E, fg I Ay = fallfp ¢ B

Example 3.2. We consider the fuzzy soft topology T given in the Example 2.8.5. and fuzzy soft ideal I; of fuzzy soft sets
with finite support. Then we show that for any fuzzy soft set fa, fa(F:) =0. Lete € E. If fi(55) # 0, then f&(5) = [
for atleast one 0 < i < 1. By Definition of fi, whenever fg € T with fp 1 i% where e € B C E, then fallfs ¢ F¢. That
is S(falfB) is not a finite subset of E. But this is not possible, because e1 € By, for exactly one m € E. Let ex be the other
element of Bm,. Consider a fuzzy soft set gk where k C E such that ge, = ge;, = 1 and g. = 0 for all e # e1, e2. Obviously

gk € 7 and S(fafgk) is a finite subset of E. Hence f4(Fs) = 0.

Example 3.3. Let (Y,7) be a fuzzy soft topological space with indiscrete fuzzy soft topology given in the Example 2.8.1.
Then for all X € (0,1], Ny = Ag

S\E = U{dE/BE €17 with BE | 5[%; = dEﬁBE ¢ f}
=U{ae/fe D 6% = Br I A%}

= u{dE/dE C S\E}

I
jor

E

SO X*E = S\E
Remark 3.4.

(1). If & = {0}, then fa C fi. Let fi = fig. If fg € 7 and fg 2 1% then feNjip # 0. Hence felfe #0. So felfs ¢ &
as I = {0}. Therefore fi 3 fig and fa C f4.

(2). If fa € 7, then fa =0 asV fg €7, fallfg C fa € &. Therefore there is no fg € 7 such that faffg ¢ #. Thus
fa=0.

(3). Let Ae = {Nfp € 7,.fo > 1 — X where e € B = fal\fg ¢ ). If fi = fim, then i € A.. If fi = g, then
g = U{S\E/S\ € ]Xe} If fe €T and fo > 1 — i where e € B, find X € Ae such that A>X>1— f. where e € B. Since
fB 3Ns, feAfa & 7. Therefore ji € A..

N
i
~



New Fuzzy Soft Topologies Via Fuzzy Soft Ideals

Theorem 3.5. Let (X, 7) be a fuzzy soft topological space with & and £ are fuzzy soft ideals on X. Then.

(a).
(b).
(c).
(d).
(e).
(f)-

fo C fo implies £5(5) C f5(5).
5 C L implies [5(2) T f5(5).
f& = dl(f2) E cl(fe).

(F5)" C fo

(fo U fp)" = J& U fp.

&g C ag for all a € [0,1].

Proof.

(a).

Let f&(#) = fig. Then for all fa € 7 with fa 3 % implies that fallfc ¢ .#. This implies that fallfp ¢ .#. [As
fc C fp, falfc C faffp and falfc ¢ & gives that faffp ¢ ). Hence fig C fi,(.#). Therefore f&(.%) C f5 (7).

(L) =u{de/feeTand fp ONg = fERfe ¢ LY CU{Ar/fe € T and fg Oy = fENfs ¢ I} = f&(F). Thus

I CL = f6(£L)E fe(F).

. Clearly

fe Ed(fe) (3)

If ip = cl(f&) then by the Remark 3.4., to each fp € 7 with fp 1 fi%;, there exists e € C N D such that fEMNf5 # 0.
Let X = f* where ¢ € C. Then f5 3 A% and hence by the definition of f&, foflfp ¢ 4. Thus fp € 7 and

fo 3pg = feNfp ¢ #. So jig C cl(f&). Therefore
c(fe) E fe (4)
From (3) and (4),

fe =d(fe) (4)

If f& = Ag, then fp € 7, fp 3 Ag = fcflfp ¢ .#. This implies that fp € 7, fp I Ag = folfp # 0. This implies

that Ag C ¢l(fc). This gives that

fe Ed(fe) (6)

From (5) and (6), we obtain that f& = cl(f&) C c(fo).

. Let ip = (f&)*. Then for any fp € 7 with fg 3 %, we have fglfs ¢ #. This implies that fl1fs # 0. Let

e € B C E such that fgRf& # 0. Let A = f*. Then ff # 0 and fz 3 X%. That is fsMfc ¢ .#. Thus if g = (f&)*

then fp € 7 and fp 10 4% = felfc ¢ . Therefore jig C f¢&. Hence (f&)* C f&.

. Clearly

feufp E(feufp) )

Let i = (fe U fp)*. Assume that g 3 f& and g 3 f5. Then there exists fc,, fc, € T such that fo, O 4%
and fo,Nfc € S fo, O % and fo,MNfp € . This implies that (fo,Mfc) U (fo,MNfp) € #. As fo, O %, there
exists e € F such that fo,M(fc U fp) # 0. So fo,Nfc # 0 (or) fe,MNfp # 0. By Lemma 2.6. fo,M(fc U fp) =
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(fo,Nfe) U (fe,Mfp) € . Similarly fe,M(fe U fp) = (fe,MNfe) U (fe,MNfp) € F. Let fo = fo, M fo,. Then fo €7
and fe 3 fi, we get feM(fc U fp) ¢ 4. But fel(fc U fp) = (feMfe) U (fefp) T (fe,Nfe) U (fe.MNfp) and

feMN(fc U fp) € #. Which is a contradiction. Therefore either f& 1 jig (or) fj 3 jir. Hence

(feU fp)" E foU fp (8)

From (7) and (8) we get (fc U fp)* = f&U fp.
(f). Let fo = &p. Then fo = aforalle € E. Let &1, 1 ag. Select oy, such that &g 3 G2, 361, Then &7, C &5, C ag.

Let fB :dgE. Then fg € 7. Also fp :dgE jd‘{E. But

fBlllfc = max(ﬁ, 5&;5 +a— i)

= max((_), a — 2)

=0 as ag 30 das,.
Therefore fplfc € #. So du, ¢ {S\E/fB €T, fe Iy = follfs ¢ 7}. Therefore f& C ag. That is a3 C ag for all
a € [0,1]. O
Theorem 3.6. If p: FS(X,E) — FS(X, E) is a function satisfying
(1). p(ar) C ag for all o € [0,1].
(2). p(fcU fp) =(fc)Ue(fp) for all fc, fo € FS(X, E) and

(3). w(p(fe)) C o(fe). Then : FS(X,E) — FS(X, E) defined by ¥(fc) = fo Ue(fc) is a Kuratowski fuzzy soft closure
operator on FS(X, E).

Proof. We prove that the function v satisfies all the conditions in Kuratowski fuzzy soft closure operator.
(i). ¥(&g) = ap Uep(ag) = ag for all a € [0,1] (by (1)).
(ii). As ¥(fc) = fo U e(fc) for each fo € FS(X, E), fo T ¥(fc).

(iii). Let fo € FS(X,E) and fp € FS(X, E). Now

¥(fe U fp) = (foU fp)Ue(fo U fp).
= (feufp)U(e(fo)Ue(fp)) (by (2)).
= (fe Uwp(fe)) U (fo Ue(fp))
=(fe) U (fp).

Therefore ¥ (fc U fp) = ¥(fe) Uy (fp).

(iv). Now

Y((fo)) = ¥(fe U e(fo))
= (foUe(fe)) Ue(feUe(fc))
= (feUe(fe)) U (e(fe) Uele(fe)) (by (2))
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= (fe Up(fe)) Up(fe) as @(o(fe)) E o(fe) by (3)]
= fc Uep(fc)
=Y(fo).

Therefore ¥ (¢ (fc)) = ¥(fe). -

4. Fuzzy Soft Topology 7%(.%)

Definition 4.1. Let (X, 7) be a fuzzy soft topological space with fuzzy soft ideal & on X. We define a fuzzy soft topology
T(S) induced by T and I as 7 (F) = {fuv € FS(X,E) : ¥(f5) = fG} where ¥(fc) = fc U f& : ¥(fe) is denoted as
Cl*(fc).

Theorem 4.2. The fuzzy soft topology 7*(.¥) is finer than the fuzzy soft topology .

Proof. Let (X,7) be a fuzzy soft topological space and .# be a fuzzy soft ideal. We prove that 7 C 7*(.#). Let fc be a
fuzzy soft closed set in 7. Then f& C cl(fc) = fo. Therefore f& C fe. and fo = fo U f&. fo is fuzzy soft closed set in
7*(F). So every 7- soft closed set fcisT*- soft closed set and hence the fuzzy soft topology 7 is finer than the fuzzy soft

topology . O

Remark 4.3. We have investigated that if & = {0}, then f& = cl(fc) for all fc and hence in this case ¥(fc) = c(fc),

that is we have 7* = 7. If & = FS(X, E), then f& =0, for every fuzzy soft set fc in X. In this case

T ={fé:¢(fo) = fe}
= {all fuzzy soft sets in X}

= FS(X, E).

Thus 7 (FS(X, E)) is the discrete fuzzy soft topology on X. The fuzzy soft ideals {0} and FS(X,E) exhibit the extreme
cases where ™ = 7 and 7" = discrete fuzzy soft topology respectively. Since for every fuzzy soft ideal & on X, we have
{0} C # C FS(X,E), it follows from Theorem 4.2. that 7 C 7% C discrete fuzzy soft topology. More particularly, if & and
J are fuzzy soft ideals on (X, T) such that & C ¢ then (%) C (7).

Now we obtain some new fuzzy soft topologies through old fuzzy soft topologies by using fuzzy soft ideals.

Example 4.4. Let (X,7) be a fuzzy soft topological space where T is the indiscrete fuzzy soft topology given in Example
2.8 and the parameter set E be an infinite set. Consider the fuzzy soft ideal s given in example 2.3. Note that 7*(.9f) =
{fs € FS(X,E)/fs = cl*(fr)}. Now f3 C fu = foralec E, f& < fo. If fu # E, fix eo in E, such that fo, # 1.
Then fi < fey < 1. Take X such that fe, < X < 1. As X\ > fX , there exists fz € T with eg € B and fp(eo) > 1 — A
and fplife € F5. As fp € 7, fB = Ap where X\ = fg(eo). Now fpfifs € I implies that S(fsNfr) is finite. That
is S(feNfe) = {e € E/fp(e)+ fe > 1} = {e € E/fe > 1— fg(eo)} is a finite subset of E. As X > 1— fg(eo), the set
{e € E/f. > \} is a finite set. Therefore 7 = {f§ € FS(X,E)/fe = E (or) to each \ such that fo, < X\ < 1 for some

eo € E, the set {e € E/fe > \} is a finite set }. Thus 7* is a cofinite fuzzy soft topology on X.

Example 4.5. Let (X, 7) be a fuzzy soft topological space with indiscrete fuzzy soft topology. Let fr be a fixved fuzzy soft
set on X. Consider the fuzzy soft ideal .9 (fr) = {9 € FS(X,E)/ge T fr}. Let fa # E. fa = c*(fa) = to each

e € E, file) < fa(e). If X > fa(eo) for some ey € E, there exists i > 1 — X such that faljig € #. This implies that if

250



J. Ruth and S. Selvam

X > fal(eo), there exists afi such that i+X > 1 and fa(e)+fi—1< fr(e) for alle € E. That is fa(e) < fe+1—[ < fe+ .
Therefore fa(e) < fo+ A for all e and for all X > fa(eo). Therefore fa(e) < fo+ fa(eo) for all e € E. This is true for any
eo. Thus fa(e) < fe+ fa(eo) for all e, eo € E. So fa(e) < fe +i€nf fa(eo) for alle € E.

Conversely, let fa(e) —m < fr(e) for all e € E, where m = ire}f f,:(e). Fiz one eq € E such that fa(eo) # 1. Let 1 > X >
faleo). Take fi such that 1 —X< g <1—m. Then — A< i—1< —m and fa(e) =X < fa(e) +a—1< fa(e) —m < fale).
Therefore fa(e) + i —1 < fa(e) for all e € E. Therefore faljig € .#. As i > 1—MX> fa(eo) and falljig € &, we get
fi(eo) < . This is true for all X > fa(eo). Therefore fi(eo) < fa(eo). So fi(e) < fa(e) for alle € E and cl*(fa) = fa
Hence 7 (I (fr)) = {f5/fa € FS(X,E) and fa(e) < fe +m where m = ir;f fa(e)} is a fuzzy soft topology on X.

5. Conclusion

In the present work, we have defined and studied the important properties of fuzzy soft topological spaces and fuzzy soft
local functions. We have generated new fuzzy soft topologies using fuzzy soft ideals. These findings will strengthen the
foundation of fuzzy soft topological spaces. We hope the researchers working on fuzzy soft topological structures will be

benefited.
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