
Int. J. Math. And Appl., 6(3)(2018), 333–339

ISSN: 2347-1557

Available Online: http://ijmaa.in/
A
p
p
lications•ISSN:234

7-
15

57
•
In

te
r
n
a
ti
o
n
a
l
Jo

ur
na

l of Mathematics
A
n
d

its

International Journal ofMathematics And its Applications

αgδ-Continuous and Irresolute Functions

B. Meera Devi1,∗, R. Vinitha1,† and D. K. Nathan1

1 PG and Research Department of Mathematics, Sri S.R.N.M.College, Sattur, Tamil Nadu, India.

Abstract: The purpose of this paper is to define a new class of functions called αgδ-continuous functions. We obtain several

characterizations and some their properties. Also we investigate its relationship with other types of generalized continuous
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1. Introduction

Levine [9], Noiri [12], Balachandran [4], Dontchev J and Ganster [5] introduced generalized closed sets, δ-continuity, gen-

eralized continuous function and δ-generalized continuous (briefly δg-continuous) and δ-irresolute functions respectively.

Sundaram [13] and Veerakumar [14] introduced semi-generalized continuiuty and ĝ-continuity in topogical spaces. Lellis

Thivagar M and Meera Devi B [8] introduced δĝ-continuity in topological spaces. The aim of this paper is to define a

new class of generalized continuous functions called αgδ-continuous function and investigate their relationships to other

generalized continuous functions. We further introduce and study a new class of functions namely αgδ-irresolute.

2. Preliminaries

Throughout this paper (X, τ) (or simply X) represent topological spaces on which no separation axioms are assumed unless

otherwise mentioned. For a subset A of X, cl(A), int(A) and Ac denote the closure of A, the interior of A and the compliment

of A respectively. Let us recall the following definitions, which are useful in the sequel.

Definition 2.1. A subset A of a space (X, τ) is called a

(1). semi-open [9] if A ⊆ cl(int(A)).

(2). pre-open [10] if A ⊆ int(cl(A)).

(3). α-open [4] if A ⊆ int(cl(int(A))).

(4). regular open [9] if A = int(cl(A)).
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The complement of a semi-open (respectively pre-open, α-open, regular open) set is called semi-closed (respectively pre-closed,

α-closed, regular closed).

Definition 2.2. The δ-interior [15] of a subset A of X is the union of all regular open set of X contained in A and is denoted

by Intδ(A). The subset A is called δ-open [15] if A = Intδ(A). The complement of a δ-open is called δ-closed. Alternatively,

a set A ⊆ (X, τ) is called δ-closed [15] if A = clδ(A), where clδ(A) = {x ∈ X : int(cl(U)) ∩A 6= ∅, U ∈ τ and x ∈ U}.

Definition 2.3. A subset A of (X, τ) is called

(1). semi-generalized closed (briefly sg-closed) set [3] scl(A) ⊆ U whenever A ⊆ U and U is semi-open set in (X, τ).

(2). generalized semi-closed (briefly gs-closed) set [2] if scl(A) ⊆ U whenever A ⊆ U and U is open set in (X, τ).

(3). α-generalized closed (briefly αg-closed) set [4] if αcl(A) ⊆ U whenever A ⊆ U and U is open set in (X, τ).

(4). generalized α-closed (briefly gα-closed) set [4] if αcl(A) ⊆ U whenever A ⊆ U and U is α-open set in (X, τ).

(5). δ-generalized closed (briefly δg-closed) set [5] if clδ(A) ⊆ U whenever A ⊆ U and U is open set in (X, τ).

(6). ĝ-closed set [14] if cl(A) ⊆ U whenever A ⊆ U and U is semi-open set in (X, τ).

(7). α-ĝ-closed (briefly αĝ-closed) set [1] if αcl(A) ⊆ U whenever A ⊆ U and U is ĝ-open set in (X, τ).

(8). δĝ-closed set [7] if clδ(A) ⊆ U whenever A ⊆ U and U is ĝ-open set in (X, τ).

(9). αgδ-closed set [11] if clδ(A) ⊆ U whenever A ⊆ U and U is α-open set in (X, τ).

The complement of a sg-closed (respectively gs-closed, αg-closed, gα-closed, δg-closed, ĝ-closed, αĝ-closed, δĝ-closed and

αgδ-closed) set is called sg-open (respectively gs-open, αg-open, gα-open, δg-open, ĝ-open, αĝ-open, δĝ-open and αgδ-open).

Definition 2.4. Recall that a function f : (X, τ)→ (Y, σ) is called

(1). semi-continuous [9] if f−1(V ) is semi-closed in (X, τ) for every closed set V of (Y, σ).

(2). pre-continuous [10] if f−1(V ) is pre-closed in (X, τ) for every closed set V of (Y, σ).

(3). g-continuous [4] if f−1(V ) is g-closed in (X, τ) for every closed set V of (Y, σ).

(4). sg-continuous [13] if f−1(V ) is sg-closed in (X, τ) for every closed set V of (Y, σ).

(5). gs-continuous [4] if f−1(V ) is gs-closed in (X, τ) for every closed set V of (Y, σ).

(6). gα-continuous [4] if f−1(V ) is gα-closed in (X, τ) for every closed set V of (Y, σ).

(7). super-continuous [12] if f−1(V ) is δ-open in (X, τ) for every open set V of (Y, σ).

(8). ĝ-continuous [14] if f−1(V ) is ĝ-closed in (X, τ) for every closed set V of (Y, σ).

(9). δ-continuous [12] if f−1(V ) is δ-open in (X, τ) for every δ-open set V of (Y, σ).

(10). open map [6] if f(V ) is open in (Y, σ) for every open set V in (X, τ)

(11). δ-closed [12] if f(V ) is δ-closed in (Y, σ) for every δ-closed set V of (X, τ).

(12). δg-continuous [5] if f−1(V ) is δg-closed in (X, τ) for every closed set V of (Y, σ).

(13). δĝ-continuous [8] if f−1(V ) is δĝ-closed in (X, τ) for every closed set V of (Y, σ).
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3. αgδ-continuous and αgδ-irresolute Functions

We introduce the following definition.

Definition 3.1. A function f : (X, τ)→ (Y, σ) is called αgδ-continuous if f−1(V ) is αgδ-closed in (X, τ) for every closed

set V of (Y, σ).

Example 3.2. Let X = {a, b, c} = Y with topologies τ = {∅, {a, b}, X} and σ = {∅, {b}, {a, b}, Y }. Define f : (X, τ)→ (Y, σ)

by f(a) = c, f(b) = a and f(c) = b. Clearly f is αgδ-continuous.

Definition 3.3. A function f : (X, τ) → (Y, σ) is called αgδ-irreasolute if f−1(V ) is αgδ-closed in (X, τ) for every αgδ-

closed set V of (Y, σ).

Example 3.4. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {a, b}, X} and σ = {∅, {b}, Y }. Define f : (X, τ)→ (Y, σ)

by f(a) = b, f(b) = a and f(c) = c. Clearly f is αgδ-irresolute.

Theorem 3.5. Every αgδ-continuous function is δg-continuous.

Proof. It is true that every αgδ-closed set is δg-closed.

Remark 3.6. The converse of the above theorem is not true in general as shown in the following example.

Example 3.7. Let X = {a, b, c} = Y with topologies τ = {∅, {c}, X} and σ = {∅, {a}, {a, c}, Y }. Let f : (X, τ) → (Y, σ)

be the identity function. Then f is not αgδ-continuous function because {b} is closed in (Y, σ) but f−1({b}) = {b} is not

αgδ-closed in (X, τ). However f is δg-continuous.

Theorem 3.8. Every αgδ-continuous function is gs-continuous.

Proof. It is true that every αg-closed set is gs-closed.

Remark 3.9. The converse of the above theorem need not be true as shown in the following example shows.

Example 3.10. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {a, b}, {a, c}, X} and σ = {∅, {a, c}, Y }. Define f :

(X, τ) → (Y, σ) by f(a) = c, f(b) = b and f(c) = a. Then f is gs-continuous. But f is not αgδ-continuous function. Since

{b} is closed in (Y, σ), f−1({b}) = {b} is not αgδ-closed in (X, τ).

Theorem 3.11. Every αgδ-continuous function is sg-continuous.

Proof. It is true that every αgδ-closed set is sg-closed.

Remark 3.12. The converse of the above theorem need not be true as shown in the following example.

Example 3.13. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {a, c}, X} and σ = {∅, {c}, {b, c}, Y }. Define f : (X, τ)→

(Y, σ) by f(a) = c, f(b) = a and f(c) = b. Then f is sg-continuous. But f is not αgδ-continuous function. Since {a} is

closed in (Y, σ), f−1({a}) = {b} is not αgδ-closed in (X, τ).

Theorem 3.14. Every αgδ-continuous function is g-continuous.

Proof. It is true that every αgδ-closed set is g-closed.

Remark 3.15. The converse of the above theorem need not be true as shown in the following example.
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Example 3.16. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {a, b}, X} and σ = {∅, {b}, {a, b}, Y }. Define f : (X, τ)→

(Y, σ) by f(a) = b, f(b) = a and f(c) = c. Then f is g-continuous. But f is not αgδ-continuous function. Since {c} is closed

in (Y, σ), f−1({c}) = {c} is not αgδ-closed in (X, τ).

Theorem 3.17. Every αgδ-continuous function is gα-continuous.

Proof. It is true that every αgδ-closed set is gα-closed.

Remark 3.18. The converse of the above theorem need not be true as shown in the following example.

Example 3.19. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, X} and σ = {∅, {a}, {a, b}, Y }. Define f : (X, τ)→ (Y, σ)

by f(a) = a, f(b) = c and f(c) = b. Then f is not αgδ-continuous function because {c} is closed in (Y, σ) but f−1({c}) = {b}

is not αgδ-closed in (X, τ). However f is gα-continuous.

Theorem 3.20. Every αgδ-continuous function is ĝ-continuous.

Proof. It is true that every αgδ-closed set is ĝ-closed.

Remark 3.21. The converse of the above theorem is not true in general as shown in the following example.

Example 3.22. Let X = {a, b, c} = Y with topologies τ = {∅, {b}, {a, b}, X} and σ = {∅, {c}, {a, c}, Y }. Define f :

(X, τ) → (Y, σ) by f(a) = a, f(b) = c and f(c) = b. Then f is not αgδ-continuous function because {b} is closed in (Y, σ)

but f−1({b}) = {c} is not αgδ-closed in (X, τ). However f is ĝ-continuous.

Theorem 3.23. Every super continuous function is αgδ-continuous.

Proof. It is true that every δ-closed set is αgδ-closed.

Remark 3.24. The converse of the above theorem need not be true as shown in the following example.

Example 3.25. Let X = {a, b, c} = Y with topologies τ = {∅, {a, b}, X} and σ = {∅, {b}, Y }. Let f : (X, τ)→ (Y, σ) be the

identity function. Then f is not super continuous function because {b} is open in (Y, σ) but f−1({b}) = {b} is not δ-open in

(X, τ). However f is αgδ-continuous.

Remark 3.26. The following diagram shows that the relationships of αgδ-continuous function with other known existing

continuous functions. A→ B represents A implies B but not conversely.

1. αgδ-continuous 2. δg-continuous 3. gs-continuous 4. sg-continuous 5. g-continuous 6. gα-continuous 7. ĝ-continuous 8. super

continuous.
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Remark 3.27. The following examples shows that αgδ-continuity is independent of semi-continuity, pre-continuity, α-

continuity and δĝ-continuity.

Example 3.28. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {b}, {a, b}, X} and σ = {∅, {a, b}, Y }. Let f : (X, τ) →

(Y, σ) be a function defined by f(a) = c, f(b) = b and f(c) = a. Then f is semi-continuous function. But f is not

αgδ-continuous. Since for the closed set {c} of (Y, σ), f−1({c}) = {a} is not αgδ-closed in (X, τ).

Example 3.29. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {a, b}, X} and σ = {∅, {a, b}, Y }. Let f : (X, τ)→ (Y, σ)

be a function defined by f(a) = a, f(b) = c and f(c) = b. Then f is pre-continuous function. But f is not αgδ-continuous.

Since for the closed set {c} of (Y, σ), f−1({c}) = {b} is not αgδ-closed in (X, τ).

Example 3.30. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, X} and σ = {∅, {b}, Y }. Let f : (X, τ) → (Y, σ) be a

function defined by f(a) = a, f(b) = c and f(c) = b. Then f is δĝ-continuous function. But f is not αgδ-continuous. Since

{a, c} is closed in (Y, σ), f−1({a, c}) = {a, b} is not αgδ-closed in (X, τ).

Example 3.31. Let X = {a, b, c} = Y with topologies τ = {∅, {b}, {a, b}, {b, c}, X} and σ = {∅, {b, c}, Y }. Define the

function f : (X, τ)→ (Y, σ) by f(a) = b, f(b) = c and f(c) = a. Then f is α-continuous. But f is not αgδ-continuous. Since

{a} is closed in (Y, σ), f−1({a}) = {c} is not αgδ-closed set in (X, τ).

Example 3.32. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {b, c}, X} and σ = {∅, {a, b}, Y }. Define the function

f : (X, τ) → (Y, σ) by f(a) = b, f(b) = a and f(c) = c. Then f is neither semi-continuous nor α-continuous function.

Moreover, it is not δĝ-continuous. However f is αgδ-continuous.

Example 3.33. Let X = {a, b, c} = Y with topologies τ = {∅, {a}, {b}, {a, b}, X} and σ = {∅, {b}, Y }. Define the function

f : (X, τ) → (Y, σ) by f(a) = b, f(b) = a and f(c) = c. Then f is not pre-continuous because {a, c} is closed in (Y, σ) but

f−1({a, c}) = {b, c} is not pre-closed in (X, τ). However f is αgδ-continuous.

4. Properties

Theorem 4.1. A function f : (X, τ)→ (Y, σ) is αgδ-continuous if and only if f−1(U) is αgδ-open in (X, τ) for every open

set U in (Y, σ).

Proof. Let f : (X, τ) → (Y, σ) be an αgδ-continuous function and U be an open set in (Y, σ). Then f−1(Uc) is αgδ-

closed set in (X, τ). But f−1(Uc) = [f−1(U)]c and hence f−1(U) is αgδ-open in (X, τ). Conversely, Uc is closed in (Y, σ).

Then U is open in (Y, σ). By hypothesis, f−1(U) is αgδ-open in (X, τ). Hence [f−1(U)]c is αgδ-closed in (X, τ). But

[f−1(U)]c = f−1(Uc). Therefore f−1(Uc) is αgδ-closed in (X, τ). Thus f is αgδ-continuous.

Remark 4.2. The composition of two αgδ-continuous functions need not be αgδ-continuous as the following example shows.

Example 4.3. 0 Let X = {a, b, c} = Y = Z with topologies τ = {∅, {a}, {a, b}, X}, σ = {∅, {b}, Y } and η = {Ø, {a}, Z}.

Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c and f(c) = a and let g : (Y, σ) → (Z, η) be the identity

function. Clearly f and g are αgδ-continuous functions. But g ◦ f : (X, τ) → (Z, η) is not an αgδ-continuous function

because (g ◦ f)−1({b, c}) = f−1(g−1({b, c})) = f−1({b, c}) = {a, b} is not an αgδ-closed set of (X, τ), where {b, c} is a closed

set of (Z, η).

Theorem 4.4. Let f : (X, τ)→ (Y, σ) and g : (Y, σ)→ (Z, η) be two functions. Then

(1). g ◦ f : (X, τ)→ (Z, η) is αgδ-continuous, if g is continuous and f is αgδ-continuous.
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(2). g ◦ f : (X, τ)→ (Z, η) is αgδ-irresolute, if g is αgδ-irresolute and f is αgδ-irresolute.

(3). g ◦ f : (X, τ)→ (Z, η) is αgδ-continuous, if g is αgδ-continuous and f is αgδ-irresolute.

Proof.

(1). Let F be closed set in (Z, η). Then g−1(F ) is closed in (Y, σ). Since f is αgδ-continuous, f−1(g−1(F )) is αgδ-closed

in (X, τ). But f−1(g−1(F )) = (g ◦ f)−1(F ). Hence (g ◦ f)−1(F ) is αgδ-closed of (X, τ). Thus g ◦ f is αgδ-continuous

function.

(2). Follows from the definition.

(3). Let F be any closed set in (Z, η). Then g−1(F ) is αgδ-closed in (Y, σ). Since f is αgδ-irresolute, f−1(g−1(F )) is

αgδ-closed set of (X, τ). But f−1(g−1(F )) = (g ◦ f)−1(F ). Then (g ◦ f)−1(F ) is αgδ-closed in (X, τ). Hence g ◦ f is

αgδ-continuous function.

Theorem 4.5. Let f : (X, τ) → (Y, σ) be continuous and δ-closed. Then for every αgδ-closed subset A of (X, τ), f(A) is

αgδ-closed in (Y, σ).

Proof. Let A be αgδ-closed in (X, τ). Let f(A) ⊆ O where O is open in (Y, σ). Since A ⊆ f−1(O) is open in (X, τ), f−1(O)

is α-open in (X, τ). Since A is αgδ-closed and since f−1(O) is α-open in (X, τ), clδ(A) ⊆ f−1(O). Thus f(clδ(A)) ⊆ O.

Hence clδ(f(A)) ⊆ clδ(f(clδ(A))) = f(clδ(A)) ⊆ O, since f is δ-closed. Hence f(A) is αgδ-closed in (Y, σ).

Remark 4.6. αgδ-continuity and αgδ-irresoluteness are independent notions as seen in the following examples.

Example 4.7. Let X = {a, b, c} = Y with topologies τ = {∅, {b}, {c}, {b, c}, {a, c}, X} and σ = {∅, {a}, {b, c}, Y }. Define

f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c and f(c) = a. Then f is αgδ-continuous but it is not αgδ-irresolute function

because f−1({c}) = {b} is not αgδ-closed in (X, τ), where {c} is αgδ-closed in (Y, σ).

Example 4.8. Let X = {a, b, c} = Y with topologies τ = {∅, {b}, {c}, {b, c}, X} and σ = {∅, {a}, {a, b}, {a, c}, Y }. Define

f : (X, τ) → (Y, σ) by f(a) = b, f(b) = a and f(c) = c. Then f is αgδ-irresolute but it is not αgδ-continuity because

f−1({c}) = {c} is not αgδ-closed in (X, τ), where {c} is closed in (Y, σ).

5. Application

Definition 5.1. A space (X, τ) is called Tαgδ-space if every αgδ-closed set in it is δ-closed.

Theorem 5.2. Let f : (X, τ)→ (Y, σ) be αgδ-irresolute. Then f is δ-continuous if (X, τ) is Tαgδ-space.

Proof. Let V be a δ-closed subset of (Y, σ). Every δ-closed set is αgδ-closed and hence V is αgδ-closed in (Y, σ). Since f

is αgδ-irresolute, f−1(V ) is αgδ-closed in (X, τ). Since X is Tαgδ, f
−1(V ) is δ-closed in (X, τ). Thus f is δ-continuous.

Theorem 5.3. If (Y, σ) is Tαgδ-space, then the composition of two αgδ-continuous functions is also αgδ-continuous function.

Proof. Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be two αgδ-continuous functions. Let G be any closed set in

(Z, η). Then g−1(G) is αgδ-closed in (Y, σ). Since (Y, σ) is Tαgδ, g
−1(G) is closed in (Y, σ). Since f is αgδ-continuous,

f−1(g−1(G)) is αgδ-closed in (X, τ). But f−1(g−1(G)) = (g ◦ f)−1(G). Then (g ◦ f)−1(G) is αgδ-closed set of (X, τ). Hence

is αgδ-continuous function.
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Theorem 5.4. Let f : (X, τ)→ (Y, σ) be onto, αgδ-irresolute and δ-closed. If (X, τ) is a Tαgδ-space, then (Y, σ) is also a

Tαgδ-space.

Proof. Let V be a αgδ-closed subset of (Y, σ). Since f is αgδ-irresolute, f−1(V ) is αgδ-closed set in (X, τ). Since is Tαgδ,

f−1(V ) is δ-closed in (X, τ). Since f is surjective, V is δ-closed in (Y, σ). Hence is Tαgδ-space.

Theorem 5.5. If f : (X, τ)→ (Y, σ) is bijection, open and αgδ-continuous, then f is αgδ-irresolute.

Proof. Let V be αgδ-closed in (Y, σ) and let f−1(V ) ⊆ U where U is open in (X, τ). Since f is open, f(U) is open in (Y, σ).

Every open set is α-open and hence f(U) is α-open. Clearly V ⊆ f(U). Then clδ(V ) ⊆ f(U) and thus f−1(clδ(V )) ⊆ U .

Since f is αgδ-continuous and since clδ(V ) is a closed subset of (Y, σ), clδ(f
−1(V )) ⊆ clδ(f

−1(clδ(V ))) = f−1(clδ(V )) ⊆ U .

U is open and hence α-open in (X, τ). Thus we have clδ(f
−1(V )) ⊆ U whenever f−1(V ) ⊆ U and U is α-open set in (X, τ).

This shows that f−1(V ) is αgδ-closed in (X, τ). Hence f is αgδ-irresolute.
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