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1. Introduction

The notion of statistical convergence which is closely related to the concept of natural density or asymptotic density of a
subset of the set of natural numbers N was first introduced by Fast [11] and Schoenberg [26] independently. From the point
of view of sequence spaces, the concept of statistical convergence was generalized and developed by Saldt [24], Fridy [13],
Connor [4] and many others. However, the order of statistical convergence for sequences of positive linear operators was
introduced by Gadjiev and Connor [16] and it was generalized for the method of A-statistical convergence by Duman [6].
Later on, the concept of order of statistical convergence for sequences of numbers was generalized and developed Colak [3],
Bhunia [2], Et [7] and many others. Freedman [12] were introduced a related concept of convergence with the help of a
lacunary sequence 6 = (k) and called it as a lacunary statistical convergence. Later on, this concept was generalized by
Fridy [13], Li [18] and many others.

The order of statistical convergence for sequences of positive linear operators was introduced by Gadjiev and Connor [16]
and it was generalized for the method of A-statistical convergence by Duman et al. [6] and for sequences of numbers by
Colak [3]. Later on, for sequences of numbers, this concept was generalized and developed by Altinok [1], Bhunia [2], Et [7]
and many others.

Kizmaz [17] was introduced the difference operator on the basic sequence spaces fo, ¢ and c¢o. Later on, Et and Colak
[8] were introduced the m-th order difference operator on the basic sequence spaces. The concept of modulus function was
introduced by Nakano [22]. Later on, Ruckle [23], Maddox [20, 21] and several authors have constructed various types of

sequence spaces by using modulus function.
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The purpose of this paper is to introduce and study the space of lacunary strongly A™-summable sequence of order a defined
by a modulus function, lacunary A™-statistically convergent sequences of order a and discuss some inclusion relations
between the set of lacunary A™-statistical convergence of order o and lacunary strongly A™-summable sequences of order

Q.

2. Definitions and Preliminaries

Definition 2.1. Let f: [0,00) — [0,00). Then f is called a modulus if
(i). f(x) =0 if and only if x =0,
(ii). f(z+y) < f(x)+ f(y), for allz >0,y >0,
(i). f is increasing,
(). f is continuous from the right at 0.
It is immediate from (ii) and (iv) that f is continuous everywhere on [0, c0).

Definition 2.2 ([13]). A sequence x = (x1) is said to be statistically convergent to the number L, if for every e > 0,

1
lim —|{k<n:|zx—L|>e}| =0,
n—oo M
where the vertical bars indicate the number of elements in the enclosed set. The set of all statistically convergent sequences

will be denoted by S.

Definition 2.3. A sequence x = (zx) is said to be A™-statistically convergent to the number L, if for every € > 0,

1
lim = |[{k<n:|A"zy — L| >e}| =0.

n—oo N,

The set of all A™-statistically convergent sequences will be denoted by S(A™).

Definition 2.4 ([3]). Let 0 < a <1 be given. The sequence x = (xi) is said to be statistically convergent of order o to the
number L, if for every e > 0,

lim —— [{k <n: ok — L| > e} = 0.

n—oo N

In this case, we write S* — limx, = L. The set of all statistically convergent sequences of order a will be denoted by S°.

Definition 2.5. Let 0 < o < 1 be given. The sequence x = (xx) is said to be A™-statistically convergent of order « to the
number L, if for every e > 0,

1
lim — [{k<n:|A™z, — L| >} =0.

n—oo N

In this case, we write S*(A™) —limz, = L. The set of all A™-statistically convergent sequences of order o will be denoted

by S*(A™).

Definition 2.6 ([14]). By a lacunary sequence, we mean an increasing integer sequence 6 = (k) such that ko = 0 and

hr = kr — kr—1 — 00 as 7 — 00. Throughout this article, the intervals determined by 0 will be denoted by I» = (kr—1, kr|

kf’_l will be abbreviated by q..

and the ratio
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Definition 2.7 ([14]). A sequence x = (zx) is said to be lacunary statistically convergent to the number L, if for every
>0,

Tan;ohir|{keIr Nan — L] > )] = 0.
The set of all lacunary statistically convergent sequences will be denoted by Se.

Definition 2.8. A sequence x = (x1) is said to be lacunary A™-statistically convergent to the number L, if for every e > 0,

im hi kel : |A™a, — L > e}| = 0.

r—00
The set of all lacunary A™-statistically convergent sequences will be denoted by Se(A™).

Definition 2.9 ([25]). Let 0 = (k,) be a lacunary sequence and 0 < a < 1 be given. The sequence x = (x) is said to be

lacunary statistically convergent of order a to the number L, if for every e > 0

lim L\{kefr |k — L) > €} =0,

r—oo h&
where I, = (kr—1, k-] and hy¥ denote the ath power (h.)* of h,. That is, h* = (hy) = (h{,hS, ..., h%,...). In this case, we
write S§ — limx, = L. The set of all lacunary statistically convergent sequences of order v will be denoted by Sg' .

Definition 2.10. Let 6 = (k,) be a lacunary sequence and 0 < a < 1 be given. The sequence x = () is said to be lacunary

A™-statistically convergent of order o to the number L, if for every e >0
. 1 m
lim — {kel, :|A™xp, —L| >} =0.
r—o00 h,‘i’

In this case, we write S§(A™) —limxy = L. The set of all lacunary A™-statistically convergent sequences of order o will

be denoted by Sy (A™).

Definition 2.11 ([12]). The lacunary sequence 8 = () is called a lacunary refinement of the lacunary sequence 6 = (k)
if (kr) € (Ir).
Lemma 2.12 ([21]). Let ak,bi for all k be sequences of complex numbers and (pi) be a bounded sequence of positive real
numbers, then

lak + b [P* < C(lak[™ + |bx[P*)
and

AP < max(1, A7)

where C = max(1,27 1), H =suppy and X\ is any complex number.

Lemma 2.13 ([21]). Let ar >0, b > 0 for all k be sequences of complex numbers and 1 < pi, < sup pi < 00, then

(Slaw o)™ < (S hael) ™+ () ™

k

where M = max(1, H), H = sup ps.

Definition 2.14. Let 0 = (k) be a lacunary sequence, f be any modulus function, o € (0,1] be any real number and let
p = (px) be a sequence of strictly positive real numbers. A sequence x = (x1) is said to be lacunary strongly Ng'(A™, f,p)-
summable of order «, if there is a real number L such that

lim ;Tla k; (F(IA™ 2y — L|))P* = 0.

In this case, we write N§'(A™, f,p) — limxy = L. The set of all lacunary strongly Ng'(A™, f,p)-summable sequences of
order o will be denoted by Ng'(A™, f,p).
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3. Main Results

Theorem 3.1. Let (px) be a bounded sequence of positive real numbers. Then the class Ng'(A™, f,p) is a linear space over

C.

Proof.  Using Lemma 2.12, the subadditivity property of a modulus function f and the result f(Az) < (14 [|A]])f(=), it

is easy to show that NG (A™, f,p) is a linear space over C. O

Theorem 3.2. Let (pr) be a bounded sequence of positive real numbers such that inf pr > 0 and let ao € (0,1] be fized.

Then the sequence space Ny° (A™, f,p) is a complete metric space with respect to the metric

m 1

B(X.Y) = 3 F(2(i) — y(i)]) +sup (55 30 (FUA™ 0k =A™yl ™

i=1 " kel

where M = max{1,suppx}.

Proof. Using Lemma 2.12, Lemma 2.13, the subadditivity property of a modulus function f and the result f(Az) <

(L4 [JAD) f(x), it is easy to show that Ny°(A™, f,p) is a complete metric space with respect to the above metric. O
Theorem 3.3. If0 < a < <1, then S§(A™) C S§(A™) and the inclusion is strict.
Proof. ﬁ {kel :|AMzy —L| > e} < % {k €I, :|A™z, — L| > €}|. To show the inclusion is strict, let # be given

and the sequence © = (z) be defined such that

WVhy] ifk=1,2,...,[Vh],

A"z, =
0 otherwise
Now lim —= [{k € I, : |[A™azx —0] > e}| < lim —=[VAn] < Yo — § . Then z € SP(A™) for 1 < 8 < 1 but
r=eo by r=eo b he oo pAeg 2
z# S§(A™) for 0 < a < 1. O

Theorem 3.4. Let o and 8 be fixed real numbers such that 0 < a < 8 < 1 and 0 = (k) be a lacunary sequence. For

0<p<oo, NGJ(A™, f,p)C Sg (A™,p) and the inclusion is strict for some o and (3.

Proof. Let X € Ng'(A™, f,p). So

Let € > 0 be given. Consider

YAz — L™ = Y (f(ATme = L)+ Y (fA™ ek — L))™

kel, kely, kel
|[A™ g —L|>e |[A™M gz —L|<e
> Y (f(Ama - L™

kel,,
|[A™ g —L|>e

> [{kel,: |A"a — L > )| max{f("), f(e")}
5 2o 3 (1A e~ DD > (k€ L [A™y — I > el max{7(e"), f(e"))
T kel r
> h% k€ L < [A™ 2y — LI > &} max{f(c"), f(c™)}

380



Sushomita Mohanta

which implies }%ﬁ {k el :|A™z, — L| > e}| — 0 as r — oo. It follows that if x = (xx) is strongly Ng'(A™, f, p)-summable
to L, then it is Sj (A™)-statistically convergent to L.
To show the inclusion is strict, let f(z) =z, pr = 1 for all £k € N and consider the following example x = (z}) be defined
such that

Why] ifk=1,2,...,[Vh],

0 otherwise

Amazk =

Then for every € > 0 and % < B <1, we have

[Vh]

hﬂ

T

— 0 as r — oo.

1 m
ﬁ|{k€IT:|A xzp — 0P > e} =
That is ), — 0(S) (A™)). But for 0 < a < 1,

%Z|Amxk70|:[hr}1¢%masr%m,
T kel, "
and for a =1,

——— s lasr — oo.

1 m he]lvV b
W Z A"z, — 0] = [\/7}15\/7]

kely

Which implies zr - O(Ng (A™, f,p)). O
Theorem 3.5. Let 0 < a <1 and 0 = (k) be a lacunary sequence. If liminf, g. > 1, then S“(A™) C Sg(A™).

Proof. Suppose that liminf, g, > 1, then there exists a § > 0 such that g, > 1+ ¢ for sufficiently large r, which implies

h 1 A\ 1 a 1 o 1
> o> —— > =
ke = 140 <k> = (1+6) T ke T @t 0) by

If x,, — L(S?), then for every £ > 0 and for sufficiently large r, we have

that

kia|{kg by |[ATa — L] > €} > kia|{ke I |A™ay — L] > 2}

51

> mha ‘{ke[r|Am$k—L| ZEH

This proves the sufficiency of the theorem. O

Theorem 3.6. Let 0 < a <1 and 6 = (k) be a lacunary sequence. If limsup,. ¢, < oo, then Sg(A™) C S(A™).

Proof. 1If limsup, ¢, < oo, then there exists a constant A > 0 such that ¢ < A for all r € N. Suppose that z;, —
L(S§(A™)). So lim [{ke€I,:|A™xy —L|>¢e}| = 0. Let ¢ > 0. Suppose N, = |{k € I, : |A™x, — L| > £}|. Hence
T—> 00

N, .
lim e = 0. Then there exists o € N such that for 0 < a < 1,
T

7—00

%<Ef0rallr>r0:>%<€f0rallr>ro.

Let B =max{N, :1 <r <rg} and choose n such that kr—1 < n < k,, then we have

1 1
E|{k§n: [AMz, — L] > e} < {k < kr:|AMzr — L] > e}
r—1
1
= k_1{N1+N2+...+NTO+Nr0+1+---+Nr}
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BTO 1 NT +1 NT
< hor. g et hp—
- krfl + krfl { o+t hrg+1 + + hr }
BTO 1 Nr
< — ) {h coithe
- krfl + k'rfl (7‘S]>JTI‘)0 hr) { o1 + + }
BT’O 1
< .
- krfl * k'rflg(k kO)
< Bro +eqr < % teA
kr—l r—1
which implies that L [{k <n:|A™x; — L| > e}| — 0 as n — oo and it follows that z) — L(S(A™)). O
Theorem 3.7. If
liminf 77 > 0, (1)
™00 r

then S(A™) C Sg(A™).

Proof. For a given € > 0, we have

{(k<ke:|A™ap—L|>e} C{kel :|A™zp — L| >}

Therefore,

ki|{kng:\Amxk—L|zs}| > ki|{keIT:|Ammk—L|za}\
he 1
= L — I |A™x, — L| >
ke d A"~ 1] 2 <))

Taking limit as 7 — co and using equation (1), we have

xp = L(S(A™)) = xp — L(Sg (A™)).

O

Theorem 3.8. Let 0 = (k) and 0’ = (s,) be any two lacunary sequences such that I, C J,. for allv € N and let a and 8

be such that 0 < a < 8 < 1.

(i). If
lim inf IZLZ >0 2)
then S5, (A™) C Sgi(A™).
(ii). If
lim L 1 3)
r—oo h

then S§(A™) C Sb(A™).
Proof.
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(i). Suppose that I, C J, for all » € N and let equation (2) be satisfied. For given € > 0, we have
{keJ.:|A"zy —L| >e} D{k el : |A"z, — L| > &}

and so

1 m hr 1 m
l—6|{keJT:|A mk—L|25}|2l—Bﬁ|{keL:|A z, — L| > e}

for all r € N, where I, = (kr—1,kr], Jr = ($9—1,8¢], hr = kr — ky—1 and I, = s, — s,—1. Now taking the limit as

r — oo in the last inequality and using equation (2), we get Sg, (A™) C Sg(A™).
(ii). Let z = (zx) € S§(A™) and equation (3) be satisfied. Since I, C J,, for € > 0 we may write

1

l’8|{k €Jr:|ATxp — L| > e} =

1 m
l—ﬂ\{sr71<k§kr,1:|A xr — L| > e}
1 m 1 m
l—ﬂ\{kT<k§sT:\A xka|2€}|+l—ﬁ\{kr_1<k§kT:|A zx — L| > e}
k'rfl — Sr—1 Sp — k
17 T
lr — h, 1 m
= =7 +lfﬁ|{k€Ir:\A xx — L| > e}
I, —he
hy

Iy 1 m
— — + — el :|A"x — L| >

IA

T 1 m
+lfﬁ|{k€Ir:|A zr — L| > e}

IN

1 m
+h7§|{k€IT:|A xzr — L] > e}

lr . .
for all € N. Since lim — = 1 by equation (3) the first term and since z = (zx) € S§(A™) the second term of

r— 00 hf

right hand side of above inequality tend to 0 as 7 — oo (Note that (&5 — 1) > 0). This implies that Sg (A™) C
hy

S5 (A™). O

Theorem 3.9. Let 0 = (k) and 0’ = (s,) be two lacunary sequences such that I, C J. for allT € N, o and B be fized real

numbers such that 0 < a < <1 and 0 < p < co. Then we have

(i). If equation (2) holds, then Neﬁ, (A™, f,p) C NG (A™, f,p),

(#). If equation (8) holds and x € ls, then Ng(A™, f,p) C Ng(Am,f,p).
Proof.

(i). Let © = (zx) € NQB, (A™, f,p) and suppose that equation (2) holds. Since I, C J, and h, <, for all r € N, we have

1 1
B2 1Az — L™ 2 55 3 (F(A e — L™
" keJr " kel
e 1 n o
= T (A" — L))
T kel

Using equation (2), we get xx — L(Ng(A™, f,p)).

(ii). Let © = (zx) € Ng'(A™, f,p) and suppose that equation (3) holds. Since f is bounded, then there exists some M; > 0

such that f(|]A™zr — L|) < My for all k. Now, since I, C J, and h, <, for all » € N, we may write

5 S (A e~ I = ST (F(A T~ L)+ 5 3 (F(A e — L))
T kedy T kedr—1I, T kel,

o)
fe e
w
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I, — h, 1 m
< ( _ )Mf’+—5 ST (F(A™ s — L)
Ir T kel,
I — h? 1 m .
< () mt e S A - )
hr lr kel,
I, 1 m
< (85 -1) M+ 5 S A - L
her v yer,
for every r € N. Therefore x = (zx) € NQB,(A’"7 fip). O

Theorem 3.10. Let 0 = (k) and 0 = (s,) be two lacunary sequences such that I, C J. for allt € N, and 8 be fized real

numbers such that 0 < a < <1 and 0 < p < co. Then

(i). If equation (2) holds and a sequence is strongly Nf, (A™, f,p)-summable to L, then it is lacunary A™-statistically

convergent to L.

(#). If equation (3) holds, f is a bounded modulus function and x = (xy) is lacunary A™-statistically convergent to L, then

it is strongly NQB, (A™, f,p)-summable to L.
Proof.
(i). Using the techniques of Theorem 3.7 and the condition 2, it can be easily proved.

(ii). Suppose zx — L(Sg(A™)) and f is a bounded modulus function. Then there exists some M; > 0 such that f(|A™z, —

L|) < My for all k, then for every € > 0, we may write

1 m 1 m 1 m
7 > (f(IA™ @, — L)™ = 5 > (f(IA™zg — L))" + 7 > (f(IA™ g — L]
T ke, T k€Jr—1I, T kel,
lr — hy 1 m
< (M) Mt s S AT - L
l’l’ s k)EI
I, — h 1 m
< () w5 S game -
Iy T kel
l’l’ 1 m . 1 m o
< (74) ME+ L ST gaTe - LY (1A — L))
he her kel,, ha kel,,
|A™ g —L|>e [A™Mxy —L|<e
< (= Vs Miger, am L| > Ui h =
=\ 1 Jrhif'{ €1 |A"zy — |_5}|+ﬁmaX{f(€ ), f(e7)}
< (L 1) MlHkI-Am L| > i h =
< \p- Ut e k€ 1« [A" ) — |_€}|+hffmax{f(6),f(6 )}
for all r € N. Using equation (3), we obtain zx — L(Ng; (A™, f,p)). O
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