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1. Introduction

The notion of statistical convergence which is closely related to the concept of natural density or asymptotic density of a

subset of the set of natural numbers N was first introduced by Fast [11] and Schoenberg [26] independently. From the point

of view of sequence spaces, the concept of statistical convergence was generalized and developed by Šalát [24], Fridy [13],

Connor [4] and many others. However, the order of statistical convergence for sequences of positive linear operators was

introduced by Gadjiev and Connor [16] and it was generalized for the method of A-statistical convergence by Duman [6].

Later on, the concept of order of statistical convergence for sequences of numbers was generalized and developed Çolak [3],

Bhunia [2], Et [7] and many others. Freedman [12] were introduced a related concept of convergence with the help of a

lacunary sequence θ = (kr) and called it as a lacunary statistical convergence. Later on, this concept was generalized by

Fridy [13], Li [18] and many others.

The order of statistical convergence for sequences of positive linear operators was introduced by Gadjiev and Connor [16]

and it was generalized for the method of A-statistical convergence by Duman et al. [6] and for sequences of numbers by

Çolak [3]. Later on, for sequences of numbers, this concept was generalized and developed by Altınok [1], Bhunia [2], Et [7]

and many others.

Kızmaz [17] was introduced the difference operator on the basic sequence spaces `∞, c and c0. Later on, Et and Çolak

[8] were introduced the m-th order difference operator on the basic sequence spaces. The concept of modulus function was

introduced by Nakano [22]. Later on, Ruckle [23], Maddox [20, 21] and several authors have constructed various types of

sequence spaces by using modulus function.
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The purpose of this paper is to introduce and study the space of lacunary strongly ∆m-summable sequence of order α defined

by a modulus function, lacunary ∆m-statistically convergent sequences of order α and discuss some inclusion relations

between the set of lacunary ∆m-statistical convergence of order α and lacunary strongly ∆m-summable sequences of order

α.

2. Definitions and Preliminaries

Definition 2.1. Let f : [0,∞)→ [0,∞). Then f is called a modulus if

(i). f(x) = 0 if and only if x = 0,

(ii). f(x+ y) ≤ f(x) + f(y), for all x > 0, y > 0,

(iii). f is increasing,

(iv). f is continuous from the right at 0.

It is immediate from (ii) and (iv) that f is continuous everywhere on [0,∞).

Definition 2.2 ([13]). A sequence x = (xk) is said to be statistically convergent to the number L, if for every ε > 0,

lim
n→∞

1

n
|{k ≤ n : |xk − L| ≥ ε}| = 0,

where the vertical bars indicate the number of elements in the enclosed set. The set of all statistically convergent sequences

will be denoted by S.

Definition 2.3. A sequence x = (xk) is said to be ∆m-statistically convergent to the number L, if for every ε > 0,

lim
n→∞

1

n
|{k ≤ n : |∆mxk − L| ≥ ε}| = 0.

The set of all ∆m-statistically convergent sequences will be denoted by S(∆m).

Definition 2.4 ([3]). Let 0 < α ≤ 1 be given. The sequence x = (xk) is said to be statistically convergent of order α to the

number L, if for every ε > 0,

lim
n→∞

1

nα
|{k ≤ n : |xk − L| ≥ ε}| = 0.

In this case, we write Sα − limxk = L. The set of all statistically convergent sequences of order α will be denoted by Sα.

Definition 2.5. Let 0 < α ≤ 1 be given. The sequence x = (xk) is said to be ∆m-statistically convergent of order α to the

number L, if for every ε > 0,

lim
n→∞

1

nα
|{k ≤ n : |∆mxk − L| ≥ ε}| = 0.

In this case, we write Sα(∆m)− limxk = L. The set of all ∆m-statistically convergent sequences of order α will be denoted

by Sα(∆m).

Definition 2.6 ([14]). By a lacunary sequence, we mean an increasing integer sequence θ = (kr) such that k0 = 0 and

hr = kr − kr−1 → ∞ as r → ∞. Throughout this article, the intervals determined by θ will be denoted by Ir = (kr−1, kr]

and the ratio kr
kr−1

will be abbreviated by qr.
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Definition 2.7 ([14]). A sequence x = (xk) is said to be lacunary statistically convergent to the number L, if for every

ε > 0,

lim
r→∞

1

hr
|{k ∈ Ir : |xk − L| ≥ ε}| = 0.

The set of all lacunary statistically convergent sequences will be denoted by Sθ.

Definition 2.8. A sequence x = (xk) is said to be lacunary ∆m-statistically convergent to the number L, if for every ε > 0,

lim
r→∞

1

hr
|{k ∈ Ir : |∆mxk − L| ≥ ε}| = 0.

The set of all lacunary ∆m-statistically convergent sequences will be denoted by Sθ(∆
m).

Definition 2.9 ([25]). Let θ = (kr) be a lacunary sequence and 0 < α ≤ 1 be given. The sequence x = (xk) is said to be

lacunary statistically convergent of order α to the number L, if for every ε > 0

lim
r→∞

1

hαr
|{k ∈ Ir : |xk − L| ≥ ε}| = 0,

where Ir = (kr−1, kr] and hαr denote the αth power (hr)
α of hr. That is, hα = (hαr ) = (hα1 , h

α
2 , . . . , h

α
r , . . .). In this case, we

write Sαθ − limxk = L. The set of all lacunary statistically convergent sequences of order α will be denoted by Sαθ .

Definition 2.10. Let θ = (kr) be a lacunary sequence and 0 < α ≤ 1 be given. The sequence x = (xk) is said to be lacunary

∆m-statistically convergent of order α to the number L, if for every ε > 0

lim
r→∞

1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}| = 0.

In this case, we write Sαθ (∆m) − limxk = L. The set of all lacunary ∆m-statistically convergent sequences of order α will

be denoted by Sαθ (∆m).

Definition 2.11 ([12]). The lacunary sequence β = (lr) is called a lacunary refinement of the lacunary sequence θ = (kr)

if (kr) ⊆ (lr).

Lemma 2.12 ([21]). Let ak, bk for all k be sequences of complex numbers and (pk) be a bounded sequence of positive real

numbers, then

|ak + bk|pk ≤ C(|ak|pk + |bk|pk )

and

|λ|pk ≤ max(1, |λ|H)

where C = max(1, 2H−1), H = sup pk and λ is any complex number.

Lemma 2.13 ([21]). Let ak ≥ 0, bk ≥ 0 for all k be sequences of complex numbers and 1 ≤ pk ≤ sup pk <∞, then(∑
k

|ak + bk|pk
) 1
M ≤

(∑
k

|ak|pk
) 1
M

+
(∑

k

|bk|pk
) 1
M

where M = max(1, H), H = sup pk.

Definition 2.14. Let θ = (kr) be a lacunary sequence, f be any modulus function, α ∈ (0, 1] be any real number and let

p = (pk) be a sequence of strictly positive real numbers. A sequence x = (xk) is said to be lacunary strongly Nα
θ (∆m, f, p)-

summable of order α, if there is a real number L such that

lim
r→∞

1

hαr

∑
k∈Ir

(f(|∆mxk − L|))pk = 0.

In this case, we write Nα
θ (∆m, f, p) − limxk = L. The set of all lacunary strongly Nα

θ (∆m, f, p)-summable sequences of

order α will be denoted by Nα
θ (∆m, f, p).
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3. Main Results

Theorem 3.1. Let (pk) be a bounded sequence of positive real numbers. Then the class Nα
θ (∆m, f, p) is a linear space over

C.

Proof. Using Lemma 2.12, the subadditivity property of a modulus function f and the result f(λx) ≤ (1 + [|λ|])f(x), it

is easy to show that Nα
θ (∆m, f, p) is a linear space over C.

Theorem 3.2. Let (pk) be a bounded sequence of positive real numbers such that inf pk > 0 and let α0 ∈ (0, 1] be fixed.

Then the sequence space Nα0
θ (∆m, f, p) is a complete metric space with respect to the metric

h(X,Y ) =

m∑
i=1

f(|x(i)− y(i)|) + sup
r

( 1

hα0
r

∑
k∈Ir

(f(|∆mxk −∆myk|))pk
) 1
M
,

where M = max{1, sup pk}.

Proof. Using Lemma 2.12, Lemma 2.13, the subadditivity property of a modulus function f and the result f(λx) ≤

(1 + [|λ|])f(x), it is easy to show that Nα0
θ (∆m, f, p) is a complete metric space with respect to the above metric.

Theorem 3.3. If 0 < α < β ≤ 1, then Sαθ (∆m) ⊂ Sβθ (∆m) and the inclusion is strict.

Proof. 1

h
β
r
|{k ∈ Ir : |∆mxk − L| ≥ ε}| ≤ 1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|. To show the inclusion is strict, let θ be given

and the sequence x = (xk) be defined such that

∆mxk =

 [
√
hr] if k = 1, 2, . . . , [

√
hr],

0 otherwise

Now lim
r→∞

1

hβr
|{k ∈ Ir : |∆mxk − 0| ≥ ε}| ≤ lim

r→∞

1

hβr
[
√
hr] ≤

√
hr

hβr
= lim

r→∞

1

h
β− 1

2
r

. Then x ∈ Sβθ (∆m) for 1
2
< β ≤ 1 but

x 6= Sαθ (∆m) for 0 < α ≤ 1
2
.

Theorem 3.4. Let α and β be fixed real numbers such that 0 < α ≤ β ≤ 1 and θ = (kr) be a lacunary sequence. For

0 < p <∞, Nα
θ (∆m, f, p) ⊂ Sβθ (∆m, p) and the inclusion is strict for some α and β.

Proof. Let X ∈ Nα
θ (∆m, f, p). So

lim
r→∞

1

hαr

∑
k∈Ir

(f(|∆mxk − L|))pk = 0.

Let ε > 0 be given. Consider

∑
k∈Ir

(f(|∆mxk − L|))pk =
∑
k∈Ir,

|∆mxk−L|≥ε

(f(|∆mxk − L|))pk +
∑
k∈Ir,

|∆mxk−L|<ε

(f(|∆mxk − L|))pk

≥
∑
k∈Ir,

|∆mxk−L|≥ε

(f(|∆mxk − L|))pk

≥ |{k ∈ Ir : |∆mxk − L| ≥ ε}|max{f(εh), f(εH)}

⇒ 1

hαr

∑
k∈Ir

(f(|∆mxk − L|))pk ≥
1

hαr
|{k ∈ Ir : |∆mxk − L|p ≥ ε}|max{f(εh), f(εH)}

≥ 1

hβr
|{k ∈ Ir : |∆mxk − L|p ≥ ε}|max{f(εh), f(εH)}
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which implies 1

h
β
r
|{k ∈ Ir : |∆mxk − L| ≥ ε}| → 0 as r →∞. It follows that if x = (xk) is strongly Nα

θ (∆m, f, p)-summable

to L, then it is Sβθ (∆m)-statistically convergent to L.

To show the inclusion is strict, let f(x) = x, pk = 1 for all k ∈ N and consider the following example x = (xk) be defined

such that

∆mxk =

 [
√
hr] if k = 1, 2, . . . , [

√
hr],

0 otherwise

Then for every ε > 0 and 1
2
< β ≤ 1, we have

1

hβr
|{k ∈ Ir : |∆mxk − 0|p ≥ ε}| = [

√
hr]

hβr
→ 0 as r →∞.

That is xk → 0(Sβθ (∆m)). But for 0 < α < 1,

1

hαr

∑
k∈Ir

|∆mxk − 0| = [
√
hr][
√
hr]

hαr
→∞ as r →∞,

and for α = 1,

1

hr

∑
k∈Ir

|∆mxk − 0| = [
√
hr][
√
hr]

hr
→ 1 as r →∞.

Which implies xk 9 0(Nα
θ (∆m, f, p)).

Theorem 3.5. Let 0 < α ≤ 1 and θ = (kr) be a lacunary sequence. If lim infr qr > 1, then Sα(∆m) ⊂ Sαθ (∆m).

Proof. Suppose that lim infr qr > 1, then there exists a δ > 0 such that qr ≥ 1 + δ for sufficiently large r, which implies

that

hr
kr
≥ δ

1 + δ
⇒
(
hr
kr

)α
≥
(

δ

1 + δ

)α
⇒ 1

kαr
≥ δα

(1 + δ)α
1

hαr

If xk → L(Sα), then for every ε > 0 and for sufficiently large r, we have

1

kαr
|{k ≤ kr : |∆mxk − L| ≥ ε}| ≥

1

kαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

≥ δα

(1 + δα)

1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

This proves the sufficiency of the theorem.

Theorem 3.6. Let 0 < α ≤ 1 and θ = (kr) be a lacunary sequence. If lim supr qr <∞, then Sαθ (∆m) ⊂ S(∆m).

Proof. If lim supr qr < ∞, then there exists a constant A > 0 such that qr < A for all r ∈ N. Suppose that xk →

L(Sαθ (∆m)). So lim
r→∞

|{k ∈ Ir : |∆mxk − L| ≥ ε}| = 0. Let ε > 0. Suppose Nr = |{k ∈ Ir : |∆mxk − L| ≥ ε}|. Hence

lim
r→∞

Nr
hαr

= 0. Then there exists r0 ∈ N such that for 0 < α ≤ 1,

Nr
hαr

< ε for all r > r0 ⇒
Nr
hr

< ε for all r > r0.

Let B = max{Nr : 1 ≤ r ≤ r0} and choose n such that kr−1 < n ≤ kr, then we have

1

n
|{k ≤ n : |∆mxk − L| ≥ ε}| ≤

1

kr−1
|{k ≤ kr : |∆mxk − L| ≥ ε}|

=
1

kr−1
{N1 +N2 + . . .+Nr0 +Nr0+1 + . . .+Nr}
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≤ Br0

kr−1
+

1

kr−1

{
hr0+1

Nr0+1

hr0+1
+ . . .+ hr

Nr
hr

}
≤ Br0

kr−1
+

1

kr−1

(
sup
r>r0

Nr
hr

)
{hr0+1 + . . .+ hr}

≤ Br0

kr−1
+

1

kr−1
ε(kr − k0)

≤ Br0

kr−1
+ εqr ≤

Br0

kr−1
+ εA

which implies that 1
n
|{k ≤ n : |∆mxk − L| ≥ ε}| → 0 as n→∞ and it follows that xk → L(S(∆m)).

Theorem 3.7. If

lim inf
r→∞

hαr
kr

> 0, (1)

then S(∆m) ⊂ Sαθ (∆m).

Proof. For a given ε > 0, we have

{k ≤ kr : |∆mxk − L| ≥ ε} ⊂ {k ∈ Ir : |∆mxk − L| ≥ ε}

Therefore,

1

kr
|{k ≤ kr : |∆mxk − L| ≥ ε}| ≥

1

kr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

=
hαr
kr

1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

Taking limit as r →∞ and using equation (1), we have

xk → L(S(∆m))⇒ xk → L(Sαθ (∆m)).

Theorem 3.8. Let θ = (kr) and θ′ = (sr) be any two lacunary sequences such that Ir ⊂ Jr for all r ∈ N and let α and β

be such that 0 < α ≤ β ≤ 1.

(i). If

lim inf
r→∞

hαr

lβr
> 0 (2)

then Sβθ′(∆
m) ⊆ Sαθ (∆m).

(ii). If

lim
r→∞

lr

hβr
= 1 (3)

then Sαθ (∆m) ⊆ Sβθ′(∆
m).

Proof.
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(i). Suppose that Ir ⊂ Jr for all r ∈ N and let equation (2) be satisfied. For given ε > 0, we have

{k ∈ Jr : |∆mxk − L| ≥ ε} ⊇ {k ∈ Ir : |∆mxk − L| ≥ ε}

and so

1

lβr
|{k ∈ Jr : |∆mxk − L| ≥ ε}| ≥

hαr

lβr

1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

for all r ∈ N, where Ir = (kr−1, kr], Jr = (sr−1, sr], hr = kr − kr−1 and lr = sr − sr−1. Now taking the limit as

r →∞ in the last inequality and using equation (2), we get Sβθ′(∆
m) ⊆ Sαθ (∆m).

(ii). Let x = (xk) ∈ Sαθ (∆m) and equation (3) be satisfied. Since Ir ⊂ Jr, for ε > 0 we may write

1

lβr
|{k ∈ Jr : |∆mxk − L| ≥ ε}| =

1

lβr
|{sr−1 < k ≤ kr−1 : |∆mxk − L| ≥ ε}|

+
1

lβr
|{kr < k ≤ sr : |∆mxk − L| ≥ ε}|+

1

lβr
|{kr−1 < k ≤ kr : |∆mxk − L| ≥ ε}|

≤ kr−1 − sr−1

lβr
+
sr − kr
lβr

+
1

lβr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

=
lr − hr
lβr

+
1

lβr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

≤ lr − hβr
hβr

+
1

hβr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

≤
( lr
hβr
− 1
)

+
1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

for all r ∈ N. Since lim
r→∞

lr

hβr
= 1 by equation (3) the first term and since x = (xk) ∈ Sαθ (∆m) the second term of

right hand side of above inequality tend to 0 as r → ∞
(

Note that
(
lr

h
β
r
− 1
)
≥ 0
)
. This implies that Sαθ (∆m) ⊆

Sβθ′(∆
m).

Theorem 3.9. Let θ = (kr) and θ′ = (sr) be two lacunary sequences such that Ir ⊆ Jr for all r ∈ N, α and β be fixed real

numbers such that 0 < α ≤ β ≤ 1 and 0 < p <∞. Then we have

(i). If equation (2) holds, then Nβ
θ′(∆

m, f, p) ⊂ Nα
θ (∆m, f, p),

(ii). If equation (3) holds and x ∈ `∞, then Nα
θ (∆m, f, p) ⊂ Nβ

θ′(∆
m, f, p).

Proof.

(i). Let x = (xk) ∈ Nβ
θ′(∆

m, f, p) and suppose that equation (2) holds. Since Ir ⊆ Jr and hr ≤ lr for all r ∈ N, we have

1

lβr

∑
k∈Jr

(f(|∆mxk − L|))pk ≥
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

=
hαr

lβr

1

hαr

∑
k∈Ir

(f(|∆mxk − L|))pk

Using equation (2), we get xk → L(Nα
θ (∆m, f, p)).

(ii). Let x = (xk) ∈ Nα
θ (∆m, f, p) and suppose that equation (3) holds. Since f is bounded, then there exists some M1 > 0

such that f(|∆mxk − L|) ≤M1 for all k. Now, since Ir ⊆ Jr and hr ≤ lr for all r ∈ N, we may write

1

lβr

∑
k∈Jr

(f(|∆mxk − L|))pk =
1

lβr

∑
k∈Jr−Ir

(f(|∆mxk − L|))pk +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

383



∆m-lacunary Statistical Convergence of Order α Defined by a Modulus Function

≤
(
lr − hr
lβr

)
MH

1 +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

≤
(
lr − hβr
hβr

)
MH

1 +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

≤
(
lr

hβr
− 1

)
MH

1 +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

for every r ∈ N. Therefore x = (xk) ∈ Nβ
θ′(∆

m, f, p).

Theorem 3.10. Let θ = (kr) and θ′ = (sr) be two lacunary sequences such that Ir ⊆ Jr for all r ∈ N, α and β be fixed real

numbers such that 0 < α ≤ β ≤ 1 and 0 < p <∞. Then

(i). If equation (2) holds and a sequence is strongly Nβ
θ′(∆

m, f, p)-summable to L, then it is lacunary ∆m-statistically

convergent to L.

(ii). If equation (3) holds, f is a bounded modulus function and x = (xk) is lacunary ∆m-statistically convergent to L, then

it is strongly Nβ
θ′(∆

m, f, p)-summable to L.

Proof.

(i). Using the techniques of Theorem 3.7 and the condition 2, it can be easily proved.

(ii). Suppose xk → L(Sαθ (∆m)) and f is a bounded modulus function. Then there exists some M1 > 0 such that f(|∆mxk−

L|) ≤M1 for all k, then for every ε > 0, we may write

1

lβr

∑
k∈Jr

(f(|∆mxk − L|))pk =
1

lβr

∑
k∈Jr−Ir

(f(|∆mxk − L|))pk +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

≤
(
lr − hr
lβr

)
MH

1 +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

≤
(
lr − hβr
lβr

)
MH

1 +
1

lβr

∑
k∈Ir

(f(|∆mxk − L|))pk

≤
(
lr

hβr
− 1

)
MH

1 +
1

hβr

∑
k∈Ir,

|∆mxk−L|≥ε

(f(|∆mxk − L|))pk +
1

hβr

∑
k∈Ir,

|∆mxk−L|<ε

(f(|∆mxk − L|))pk

≤
(
lr

hβr
− 1

)
MH

1 +
Mp

1

hβr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|+

hr

hβr
max{f(εh), f(εH)}

≤
(
lr

hβr
− 1

)
MH

1 +
MH

1

hαr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|+

lr

hβr
max{f(εh), f(εH)}

for all r ∈ N. Using equation (3), we obtain xk → L(Nα
θ′(∆

m, f, p)).
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