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Abstract: In this paper, the authors investigate the general solution in vectors space and generalized Hyers-Ulam Stability of n-
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1. Introduction

In 2003, V. Radu [49] observed that many theorems concerning the stability problem of various functional equation follows
from direct and fixed point alternative. Indeed, he applied the fixed point method to prove the Stability of Cauchy
functional Equations, Jenson’s functional Equations, quadratic functional equations, and Cubic Functional Equations
(see[2,3,4,5]). After his work, many authors used the fixed point method to prove the stability of various functional
Equations[13,14,15,16,17,18,19,20,23,24,25].

In this paper, we consider the fuzzy version stability problem in the fuzzy normed linear space setting. In 2008, A.K.
Mirmostafaee and M.S. Moslehion[36,37,38] used the definition of a fuzzy norm in [3] to obtain a fuzzy version of Stability

for the cauchy functional equation:

fl+y)—f(x)—f(y)=0 (1)
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and the quadratic functional equation

flety)+fle—y)—2f(x)-2f(y) =0 )

we call a solution of (1) an additive mapping and a Solution of (2) is called a quadratic mapping. In particular, every
Solution of the quadratic equation (2) is said to be a quadratic function. It is well known that a function f between real
vector spaces is quadratic if and only if there exists a unique symmetric bi-additive function B such that f (z) = B (z,z)

for all x (see[1,16]). The bi-additive function B is given by

Bey)={[f @ +y)—f (o) 3)

Hyers-Ulam-Rassias Stability Problem for the quadratic functional equation(2) was proved by skof for the functions f :
A — B, where A is normed space and B is Banach space (see[2]). Cholewa noticed that the theorem of skof is still true
if relevant domain A is replaced by an abelian group. In the paper[10], Czerwik proved the Hyers-Ulam-Rassias Stability
of the functional equation(2). Grabice has generalized these result mentioned above. We only mention here the papers
[20],[28],[43],[48] concerning the stability of the quadratic functional equations. The following cubic functional equation,

which is the oldest cubic functional, and was introduced by J.M. Rassios[45](in 2001):

fle+2y)+3f(x) =3f(x+y)+ f(z—y)+6f(y) (4)

Jun and Kim [21] introduced the following cubic functional equation

fQRr4y)+fQRr—y)=2f(r+y)+2f (x—y) +12f (x) ()

and they established the general solution and the generalized Hyers-Ulam-Rassias Stability for the functional equation (5)
(in this case we have a much better possible upper bound for (3) than the Hyers-Ulam-Rassions Stability). The function
f (z) = 2® satisfies the functional equation(5), which is thus called a cubic functional equation. Every solution of the cubic
functional equation is said to be cubic function. There are many works in the very active area of the stability of functional
equations. We only mention here the papers [39] and [8] concerning the stability of the cubic functional equation. The
generalized Hyers-Ulam-Rassias Stability of different functional equation in random normed and fuzzy normed spaces has

been recently studied in [3-13],[15],[23]. The solution and stability of the succeeding cubic functional equation,
flety+22)+fle+y—22)+f Q)+ f(2y) =2[f(e+y) +2f(@+2)+2f(y+2)+2f(z—2) - 12f (y—2)] (6)

g2z —y)+g(z—2y) =6g(r—y)+3g(z) —3g(v) (7)

fRrtyt2)+ f(ryLtz)+2f(ty)+2f(xy) =2f(xxy+=2)

+tf@ty)+fl@tz)+f(-ety)+f(-z+2)+6f () (8)

(z m> i (az Zw>] )

f<ij+2mn>+f(Z$j >+Z (2z5) = 2f (sz1>+4z (5 + zn) + f (25 — Tn)) (10)

f (aa:z—&—bel) + f <aa:l —mez) —|—2a(b —a )f(xl —ab2
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was dealt by Y.S. Jung, I.S. chong[23], M. Arunkumar [3,4,47], H.y.Chu, D.S.Kang[8]. In this paper, the authors investigate

the general solution and generalized Hyers-Ulam Stability of a new form of n-dimentional cubic functional equation,

f(Zah)—&—f —z; + Z =(n-25) Z (zi + x5 + 1) + (—n® + 8n — 11) Z (zi +z5)

i=13i#] 1<i<j<k<n i=1;i#j

—zn:(Z:cj)—&—%(n3—10n2+23n+2)2n:f(m¢) (11)

1=1

with n > 5, and n is a positive integer using FNS,RNS IFNS and FELBIN’S type spaces by direct and fixed point methods.

2. General Solution of the n-dimensional Cubic Functional Equation

(11)

In this section, the authors discuss the general solution of the functional equation (11) by considering X and Y are real

vector space.

Theorem 2.1. If f: X — Y satisfies the functional equation (11) for all x1,x2,x3,...,xn € X and n > 5 then there exists
a function B : X* =Y such that f (z) = B (x,z,z) for all x € X, where B is symmetric for each fired one variable and

additive for each fixed two variables.

Proof. Assume that f: X — Y satisfies the functional equation(11). Letting z1,x2, 3, ..., T, by (z,0,0,...,0) in (11), we

get
(2n—2) f (2) = (2 + 14) f (&) — 2/ (20) (12)
for all x € X. It follows from (12), that

f(22) = (2)° f () (13)

for all 2 € X. Replacing « by 2z in (13) we obtain f (4z) = 4%f (). for all 2 € X. In general for any positive integers a,

we arrive

f (2az) = (20)" [ (z) (14)

for all x € X. Setting the above equation (12), we get f (0) = 0.

Replacing (z1, z2, 3, ..., Tn) by (21, z2, 3, T4, Ts5, s, 0...,0) in (11), we have

f1+ @2+ T3 + x4+ T5 + T6) + f (—21 + T2 + T3 + T4 + T5 + T6) + f (21 — T2 + T3 + T4 + T5 + To)
+ f (21 + 22 — 23 + 24+ @5 + 26) + F (21 + T2 + T3 — 24 + @5 + 26) + f (21 + T2 + T3 + 24 — 25 + T6)
+f(z1+ 22+ 23+ 24+ 25 —x6) = (n—5) [f (1 + 22 + x3) + [ (21 + 22 + 24) + [ (21 + 22 + 25)]
+(n—=5)[f (21 + 22 +@6) + [ (z1 + 23 + 24) + f (21 + 23 + 25)]

+(n =5)[f (v1 + 23 + w6) + f (21 + 24 + x5) + f (21 + 24 + 6)]

+(n—=5)[f (@1 + 25 + x6) + f (v2 + T3 + 74) + f (22 + T3 + 75)]

+ (n—5)[f (2 + @3 + @6) + [ (w2 + 24 + 5) + f (w2 + T4 + 76)]

+(n—5)[f (32 + 25 + 6) + [ (w3 + x4+ x5) + f (23 + T4 + 26)]

+ (n—5) [f (w3 + a5 + x6) + f (va + x5 + 26)]
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—n® 4+ 8n —11) (n = 5) [f (z1 + z2) + f (21 + x3) + f (x1 + x4) + f (21 + 25)]

+ ) (

+ (—n® +8n —11) (n = 5) [f (z1 + x6) + f (v2 + x3) + f (x2 + 24) + f (22 + 5)]
+ (=n? +8n —11) (n — 5) [f (z2 + z6) + [ (v3 + z4) + f (x5 + 25) + [ (3 + 26)]
+ ) (n = 5)[f (w4 + x5) + f (w4 + x6) + f (x5 + w6)]

(2z1) — f (2w2) — [ (2w3) — f (234) — f (225) — f (226)

+ 5 (n® = 10n® + 230+ 2) [f (1) + f (z2) + f (z3) + f (z4) + [ (25) + f (w6)] (15)

(—n® +8n — 11
—f

1

2

for all x1,x2,x3, x4, x5, z6 € X. Using (13)in (15), we obtain

fry+ 22+ 23+ T4+ o5 + 6) + f(=z1 4+ x2 4+ 23 + 4 + x5 + T6) + f(z1— 224 o3 4+ 24 + 25 + 6)
f(x1+ 22— 23+ 24 + T5 + T6) + f(x1+z2 4+ 23 — 24 + 25 + 6) + f(z1+ 22+ 23+ 24 — T5 + T6)

fit+zetazstazatas—x6) = frit+azatazs) + fitaea+txs) + frrt+az2t+25) + f(21+ 22+ 26)
f(z1+ x3 + x4)

f@et+ozs+za) + fr2taos+as) + fratazs+as) + frat+zat25) + f(r2t+Ta+276) + f(T2+ 75+ 76)
fles+aa+as) + frat+xatae) + flea+aos+as) + f(ratas+axs) + f(r1+22) + f(zr+2a3) + fz+24)

+
+
+
+ far+astas) + flmtastas) + for+azatas) + far+zatae) + flo+a5+26) +
+
+
+

fit+azs)+ flxr+ae)+ fet+a3)+ fxat+aa)+ f (w2 +25)+ f (22 +x6) + f (w3 +24) + [ (23 +25) + f (23 + 26)
J(@a+x5) + f (2a+26) + f (x5 +26) — 8f (x1) — 8f (w2) — 8f (w3) — 8f (xa) — 8f (w5) — 8f (w6)

= 2[f (z1) + f (w2) + [ (w3) + [ (wa) + [ (w5) + [ (6)] (16)
for all x1,x2,x3, x4, x5, x6 € X. Replacing (z1, x2, 3, T4, w5, 76) by (2,0,0,0,0,0) in (16) and using (13), we get
f(=z)=—f(z) (17)
for all x € X. Hence f is an odd function. Setting (x1,x2,x3, x4, x5, x6) by (z,2,y,0,0,0) in(16), we obtain
3fx+y)+2f(y) + f(2x —y) =8f (x+y) +24f (x) +6f (y) (18)

for all z, € X. Replacing y by —y in (18) and using (17), we arrive
3f e —y)—2f () + f(2x+y) =8f (x—y) +24f (x) — 6f (y) (19)
for all z,y € X. Adding (18) and (19), we get
fRz+y)+ 2z —y) =2f(z+y) +2f (x —y) +12f (z) (20)

for all z,y € X. By theorem 2.1 of [16], we desired our result. Hence the proof is complete.

Throughout this paper we use the following notation for a given mapping f : X — Y

Df (:El,.IIQ,l?g,..., <Z$z> +Zf —x; + Z Z; Tl—5) Z f(xl +zj —|—$k)

i=1;1#] ;1<i<j<k<n
_(—n2—|—8n—11 Z f(zi +xj) +Zf 2x;) —7(71 1On2+23n+2)2f(x¢)

1=1;i7#7 =1

for all x1,x2,x3,...,xn € X. O
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3. Preliminaries of Fuzzy Normed spaces

We use the definition of fuzzy normed spaces given in [15] and [32,50,58].

Definition 3.1. Let X be a real linear space. A function N : X x R — [0,1] (the so-called fuzzy subset) is said to be a fuzzy
norm on X if for all x,y € X and all s,t € R,

(F1) N (z,¢) =0 for ¢ < 0;

(F2) £ =0 if and only if N (z,¢) =1 for all ¢ > 0;
(F3) N (cz, t):N(:r,l%‘) ifc#0

(F4) N(z+y,s+1t) >min{N (z,s),N (y,t)};
(F5) N

(F5)

The pair (X, N) is called a fuzzy normed linear space. One may regard N (z,t) as the truth-value of the statement the norm

(z,.) is a non-decreasing function on R and limy—, o N (z,t) = 1;

for x #0,N (x,.) is (upper semi) continuous on R.

of x is less than or equal to the real numbers t.

Example 3.2. Let (X, |.||) be a normed linear space. Then

z t>0, z€X

0 ; t<£0, z€X
18 a fuzzy norm on X.

Definition 3.3. Let (X, N) be a fuzzy normed linear space. Let x, be a sequence in X. Then xy is said to be convergent if
there exists x € X such that lim (x, —x,t) =1 for allt > 0. In that case, x is called the limit of the sequence x,, and we
n—oo

denote it by N — lim z, = x.
n— oo

Definition 3.4. A sequence x,, in X is called cauchy if for each € > 0 and each t > 0 there exists ng such that for alln > ng

and all p > 0, we have N (Tntp — Tn,t) > 1 — €.

Definition 3.5. FEvery convergent sequence in a fuzzy normed space is cauchy. If each cauchy sequence is convergent, then

the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

Definition 3.6. A mapping f : X — Y between fuzzy normed spaces X and Y is continuous at a point xo if for each
sequence {xn} covering to xo in x, the sequence f {xn} converges to f (xo). If f is continuous at each point of xo € X then

f s said to be continuous on X.

4. Fuzzy Stability Results: Direct Method

Throughout this section, assume that X, (Z, N /) and (Y, N /) are linear space, fuzzy normed space and fuzzy Banach

space,respectively. Now, we investigate the generalized Hyers-Ulam Stability of n-dimensional cubic functional (11).

B

Theorem 4.1. Let § € {—1,1} be fized and let « : X™ — Z be a mapping such that for some d with 0 < (%) <1

N (a (2%,0,07...70) ,7') >N (dﬁa(LO,O, s 0) ,1") (21)
for allx € X and all v > 0,d > 0, and

Jlim N (a (2/3%1,25%2,25%3,...,2f’kxn) ,2‘*3’%) -1 (22)
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for all x1,x2,z3,...,2n € X and r > 0. Suppose that a function f: X — Y satisfies the inequality
N (Df (z1,22,23, ..., Tn) ,7) > N (a(z1, 22,23, ., Tn) ,T) (23)

for allr >0 and x1,x2,23,...,xn € X. Then the limit

C(z)=N - klin;o Bk (24)
for all x € X and the mapping C : X — Y is a unique cubic mapping such that
N (f(z) = C(z),r) >N (a(z,0,0,...,0),r [2° — d|) (25)
for allz € X and all > 0.
Proof. First assume 8 = 1. Replacing (21,2, s, ..., n) by (2,0,0,...,0) in (23),we get
N (2f (22) — 2*f (z),r) > N (a(x,0,0,...,0),7)
N (f (22) —8f (x),7) > N (a(,0,0,...,0),r) (26)
for all z € X and all 7 > 0. Replacing = by 2"z in (26), we obtain
(2" ) A r / .
N< 237,f(2 5’3)2*3 >N (a(2 x,0,0,...,O),T) (27)
for all z € X and all » > 0. Using (21), F3 in (27), we arrive
f(Qka) k r ’ r
_ = — | > —
N( = F(2%) . 55 ) =V (a(@,0,0,..,0), ) (28)
for all z € X and all r > 0. It is easy to verify from (28), that
f (2k+1.’b) f (ka) T ’ r
N ( T~ e g | 2N (a(,0,0,..,0), d7) (29)
holds for all € X and all 7 > 0. Replacing r by d*r in (29), we get
f" 'z f(2%2)  dFr ,
N ( SRTD T o3k’ 33 gk >N (a(z,0,0,...,0),7) (30)
for all z € X and all r > 0. It is easy to see that
f () CIf @) (@)
93k flz)= Z 23Gi+1) 93i (31)
for all z € z. From the equations (30) and (31), we have
f (Qkx) k-1 diT ‘ k—1 f (2i+1x) f (QZx) di”f
N < 93k f (=), Z 23 93k = min 93(i+1) 931’93 93k
i=0 i=0
k=1
> min U {N (a(=,0,0,...,0) 77")}
1=0
>N (a(z,0,0,...,0),r) (32)
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for all z € X and all r > 0. Replacing x by 2™z in (32) and using (21), (F3), we obtain

23(k+m) 923m — 23 923(it+m)
i=

N <f(2’“+mw) B J”(Q’”f':)ykz_:1 d'r ) >N (a(2,0,0,..,0), ) (33)

for all x € X and all » > 0 and all m, k > 0. Replacing r by d™r in (33), we get

f(2k+m$) f(@2mx) mEkTl iy '
N< 23(k+m) - 23m Z 23 93i ZN (0((17,0,0,4..70),7“) (34)

i=m

for all z € X and all r > 0 and all m, k > 0. Using (F3) in (33), we obtain

f(2"2)  f(2me) / r
N ( 23(k+m) — 93m , T Z N O[(l?,0,0,...,O),W (35)

i=m 23,237

for all z € X and all > 0 and all m, k > 0. Since 0 < d < 22 and Z?:o (2%)Z < 00, the cauchy criterion for convergence and

(F5) implies that {f(23k ) } is a cauchy sequence in (Y,N);since (Y,N) is a fuzzy Banach space, this sequence convergence

to some point C (z) € Y. So one can define the mapping C' : X — Y by

C(z) =N — lim {f (2°)

k— oo 23k

for all x € X. Letting m = 0 in (35), we get

F '
N<2(3<Ij:)—f(x),r> >N (a(l’,0,0,...,O%M) (36)

For all z €  and all r > 0. Letting K — oo in (36) and using (Fs), we arrive

r

N(f(z)—C(z),r) >N | a(z,0,0,..,0),
LR R Se

>N (a(,0,0,..,0),r (2° = d))

for all x € z and all » > 0. To prove C satisfies the (11), replacing (z1,x2, 3, ..., Zn) by (2kx1,2kx2,2kx3,...,kan) in

(23),respectively, we obtain
1 / )
N (ﬂDf (2%1,2%2,2%3, 2’%:") ,r) >N (a (2%1,2%2,2%3, 2’“9:,,) ,2“’%«) (37)

for all » > 0 and all x1, 2, x3,...,xn € X. Now

N<C<in>+i0 —x; + Z i | —(n—=1>5) Z C(zi +xj + 1)

i=13i#j 1<i<j<k<n

3

n

- N 7(—n2+8n711) i C(xiJr:cj)fZC@mj)f (n3710n2+23n+2)ZC(mi)

i=1;i#j j=1 i=1

o {ee£) () )

n

min ¢ N ZC’ —r; + Z T; —Z%Zf ok —x; + Z T ’; )y (o
j=1 j

i=13i7] j=1 i=135i7]

~
N | =
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min ¢ N (n—5) Z C($1+Ij+mk)+2ik(n—5) Z f((l‘i‘f’l‘j‘f’l‘k)zk),; 0
1=1;1<i<j<k<n 1=1;1<1<j<k<n
min ¢ N —n —|—8n—11) Z C(l'i+l’j)+2%(_n2+8n—11) Z f(Qk(;L‘i+l'j)),; I
i=15ij i=15ij
mm{N( ;C’ 2x;) + Wz;f(Qkaj),7>,}7
1 1 (n®—10n% +23n+ 2\ — % r
mm{N( 5 n® — 10n2 +23n+2 ZC Z;) 23k< 5 );f(? m¢>,7>},
N ! ka Zf —x; + Z T —M Xn: f(Qk(:v-—i—m-—i—xk))
23k % 23k J 4 23k ) g ) v J
i=1;i#j 1=1;1<i<k<j<n
, (—n +8n—11) 1 & 1 (n® —10n*+23n+2) r
min {N Z 12;# f ( (zi + x5 ) 55k ;f (gk.2xj) ~3 R ;f (kai), 7

for all z1, 2,23, ...,2n € X and all r > 0. Using (37) and (F5) in (38), we arrive

(Z&)—&—ZC —x; + Z zi | —(n—=05) Z C(xs +xj + 1)

i=1;i#] 1<i<k<j<n

N =

7N((—n2+8n711)) Z C(.Ti+l'j)+N<iC(2mj) (n310n2+23n+2)iC(x¢),r)

i=1;i#] j=1 i=1

> min {1, 1,1,1,1,1, N (a (ka1,2kx2,2kx3, 2%”) ,23’%)}

> N (a (2k:c1, 2% 59,2523, ..., Qkxn) ,23kr) (38)
for all x1,x2,x3,...,xn € X and all 7 > 0. Letting K — oo in (39) and using (22), we see that
<le> + Z C| —z; + Z i | —(n—=2>5) Z C(xs + xj + 1)
i=1;i#7 i=1;1#£] 1=1;1<i<k<j<n
2 S 1,3 2 S
~N|(-n +8n711)42’.C(mi+mj)+ZC(2xj)f§(n —10n +23n+2)20(wi) =1 (39)
i=1;i7#j Jj=1 i=1
for all x1,x2,x3,...,x, € X and all 7 > 0. Using (F3) in the above inequality gives
ZC (z3) +ZC —xj + Z z; | =(n—25) Z C(xs +xj + k)
i=1;i1#£] 1<i<k<j<n
2 1 2 °
+ (—n +8n—11)v;¢ (zi +z5) ZC 2x;) + 5 n® —10n +23n+2)ZIC(x¢)
i=1;1#] =

for all z1, 22,23, ...,2n, € X. Hence C satisfies the cubic functional equation (11). In order to prove C (z) is unique, let

c’ (z) be another cubic functional equation satisfies (11) and (25). Hence,
/ C (ka) C’/ (2’%) . C (Qkx) f (2’“3:) r f (2kx) Cl (2’%) r
N ((C (z) = C (x)) ,r) =N ( 93k T om 7 > min< N o3 T sk g SN E I T Tt

3k (03 _
>N <a (2%7070, ...,0) 7 W)
2% (2% d)>

N (a (2,0,0,...,0), —— 57—

Y
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for all x € X and all r > 0. Since

. 2% (28 —d)
klinolo 2dk -
we obtain
- 2% (2 )
kli)r{.loN <Oé (.’E,0,0,.-.,O), 9dk =1
Thus

(x)m) =1

for all z € X and all » > 0, hence C (z) = c’ (z). Therefore C (x) is unique. For § = —1, we can prove the result by a

similar methods. This completes the proof of the theorem. From Theorem 4.1, we obtain the following corollary concerning

the generalized Hyers-Ulam Stability for the functional equation (11).

Corollary 4.2. Suppose that a function f: X — 'Y satisfies the inequality

N (e, 1)

N(Df($1,$2,$3,...,$n) 7T) 2 N, (62?21 HLEi”S,T’); S 75 3

’

N (e (T2 ll” + 320 Nl ™) 7)o s # 5

for all x1,x2,23,...,2n € X and all r > 0, where €,s are constants, there exists a unique cubic mapping C' : X — Y such

that
N’(e,r‘2371]);
N(f(z) =C(x),r) Z ¢ N (el 7 |2° = 2°]); s#3
N (eUleal™),r |22 =27]); s # 2

for all x € X and all r > 0.

5. Fuzzy Stability Results: Fixed Point Method

In this section, the authors presented the generalized Hyers-Ulam Stability of the functional equation(11) in Fuzzy normed

spaces using fixed point method,[12]. Now we recall the fundamental results in fixed point theory.

Theorem 5.1 ([23] The alternative of fixed point). Suppose that for a complete generalized metric space (X,d) and a

strictly contractive mapping T : X — X with Lipschitz constant L. Then, for each given element x € X, either

(B1) d(T"z, T""'z) = 00,¥n >0

(or)

(B2) there exists a natural number no such that:

(i) d(T"z, T" 'x) < oo for all n > no

(i) The sequence (T"x) is convergent to a fized point y* of T

(i53)y™ is the unique fized point of T in the set Y ={y € X : d(T™xz,y) < oo} ;
(iv)d (y*,y) < 12£d (y, Ty) for ally €Y.

For to prove the stability result we define the following :
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d; 1s a constant such that

Wl
.
~
©
Il
—

and ) is the set such that

Q={g/g9: X =Y,g(0)=0}.

Theorem 5.2. Let f: X — Y be a mapping for which there exists a function o : X™ — Z with the condition,
klim N (a <5fx1,6§x2,6fm3, ...,(Sfa:n) ,5?’“7") =1 Vzi,22,73,...., 00 € X,7 >0 (42)
—00

and satisfying the functional in equality

’

N (Df (z1,22,23,...,Tn),7) > N (a(x1,22,T3, ..., Tn),7) VI1,T2,T3,....2n € X,7 >0 (43)

If there exists L = L(i) such that the function

x%ﬁ(m):a(g,o,o,...,()) , (44)
has the property
N (L(Si_gﬁ (8;z) ,r) =N (B(z),r),Vz € X,r>0 (45)

Then there exists unique cubic functions C : X — Y satisfies the functional equation (11) and

L' —i
1-L

N(f(x)—c(a:),r)ZN’( ﬁ(x),r),VmGX,r>0 (46)

Proof.  Let d be a general metric on 2, such that d (g, h) = inf {K € (0,00) /N (g (z) — h(x),r) > N (kB (z),r),z € X,7 > 0}

It is easy to see that (€, d) is complete. Define T': Q@ — Q by Tg (z) = 5%39 (6;z), for all z € X. For g,h € Q, we have

d(g,h) <k = N(g(z)—h(zx),r) >

N
=N (M _ h(m),r) >N (6%,6(61-3:) ,r)
>

= N (Tg(x)—Th(z),r)
= d(Tg(z),Th(z)) < KL

= d(Tg,Th) < Ld (g, h) (47)

for all g, h € Q. Therefore T is strictly contractive mapping on Q with Lipschitz constant L. Replacing (z1, z2, z3, ..., T») by
(z,0,0,...,0) in (44) we get

N (f (2z) — 8f (z),r) > N (a(x,0,0,...,0),r) (48)

for all z € X,r > 0. Using (F3) in (48,) we arrive

N (“223”’") — f(z) ,r) >N (2%04(17,0,0,...,0) ,r) (49)
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for all z € X,r > 0., with the help of (45) when i = 0,it follows from(49), we get

- d(Tfmf)SL:Ll:Ll—z

Replacing z by (%) in,(48) we obtain

N(f(a:) —8f (g) ,r) >N (Q%a (%,0,0,...,0) ,7~>

for all z € X,r > 0, with the help of (45) when ¢ = 1, it follows from (51), we get

’

= N(f@=87(5) ) 2N (B@),n)

id(Tf?f)SlzLO:Llfi

Then from (50) and (52), we can conclude,

d(Tf, f) < L' < oo

Now from the fixed point alternative in both cases, it follows that there exists a fixed point C of T in €2 such that

2k
C(x):kali_)rgo% Ve e X,r > 0.

Replacing (z1, z2, 3, ..., Tn) by (5fm1,6fx2,5fx3, ...,5fmn) in (44),we arrive

N (%Df ((5?1:1,5?:&2,6?:103,4..7651:") ,r) > N (a ((5?1:1,5?:&2,6?:103,4..7651:") ,6;%7”)

(50)

(51)

(53)

(54)

for all » > 0 and all x1,x2,x3,...,xn, € X. By proceeding the same procedure as in the Theorem 4.1, we can prove the

function , C' : X — Y satisfies the functional equation(11). By fixed point alternative, since C is unique fixed point of T in

the set A = {f € Q/d(f,c) < oo}, therefore C is a unique function such that
N (f(2) = C (x),r) 2 N (kB () .7)

for all z € X and all » > 0 and k > 0. Again using the fixed point alternative, we obtain

A(f,0) < T2 d(T,T5)
= d(,0) <

(55)

(56)

for all z € X and r > 0. This completes the proof of the theorem. From Theorem 5.2, we obtain the following corollary

concerning the stability for the functional equation(11).

O
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Corollary 5.3. Suppose that a function f: X — Y satisfies the inequality

for all x1, 2,3, ..

such that

N (er)
N(Df (z1,22,@3,,80) ,7) Z 4 N (e 0 [|al|*,7); s #3 (57)

N (e (T lall?) o7 4+ 320y ™ o7) s s # 2

»Tn € X and r > 0, where €, S are constants with € > 0. There ezists a unique cubic mapping C : X —Y

N’ (6,7“!23 - 1|),
N(f(z) =C(x),r) 2 ¢ N (e|lz||*,r|2° - 2°]), (58)

N’ (6||m||"5 T |23 — 2"5‘) ,

for allx € X and all r > 0.

Proof.  Setting

for all z1,x2, x3, ..

67
@ (@1, @5, 00 0) = 3 €T il
e (T lall” + S0y ™)

. xn € X. Then

N’ (e7 S?kr)

N (o (st 0twa,obws, 0l ) 677) = SN (e, laall 6 r)

' n s n ns 3—ns)k
N (e (T Nl or) + 0l 687
—1 as k— o0
=y—>1 as k—>

—1 as k— o

Thus, (33) is holds. But we have 8 (z) = « (%, 0,0, ..., O) has the property N’ (Lé%ﬁ (6:x) ,r) >N B(z),r) Ve X,r>

0. Hence

Now

’

N (e,r1),
N (3@),r) =N (0(5.0,0,0),) =38 (& 2l 7).

N (55 Il 7)

55 () [0l ) |
1
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Now from (36), we prove the following cases for conditions (i) and (ii).

case:1 L=2"3fors=0ifi=0
—3\1-0
N(f(z)-C(x),r) 2N <(2)3ﬂ(1¢),r>

_ N’ 273 23 s
- € X2371”5L‘” T

=N (e|lz|*,r [2° —1])

case:2 L=23fors=0ifi=1

case:3 L=2"3fors>3ifi=0

case:d L=2%"fors<3ifi=1

case:5 L = 237" for s < % ifi=1

case:6 L =2""% for s > 2 if i =0

> ns
>V (e loll™ 7

>N (elz]",r [2° - 2™])

Hence the Proof is complete.
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6. Preliminaries of Random Normed Space

In the sequel, we adopt the usual terminology,notations and conventions of the theory of random normed space as
in [32,36,38]. Throughout this paper, A" is the space of distribution functions, that is, the space of all mappings
F : RU{—o00,00} — [0,1], such that F is left continuous and non decreasing on R, F'(0) = 0 and F (+o00) = 1, D% is
a subset of AT consisting of all functions F € AT for which [”F (+-00) = 1, where I~ f (z) denotes the left limit of the
function f at the point z,that,l™ f (z) = lim,_,,— f (t). The space A" is partially ordered by the usual pointwise ordering of
functions, that is F < G if and only if F (¢) < G (¢) for all ¢ € ®. The maximal element for A" in this order the distribution

function €y given by

0,ift <0
€ (t) = (59)
Lift >0
Definition 6.1 ([53]). A mapping T : [0,1] % [0,1] — [0, 1] is called a continuous triangular norm, if T satisfies the following
condition:
a) T is commutative and associative;
b) T is continuous
)

c) T (a,1) =a for all a € [0,1]

(
(
(o) T
(d) T (a,b) < T (c,d) when a <c andb<d for all a,b,c,d € [0,1]

Typical examples of continuous t-norms are Tp (a,b) = ab, Ty, (a,b) = min(a,b) and Tt (a,b) = max (a +b—1,0) (The
Lukasiewicz t-norm). Recall (see[15,17]) that if T is a t-norm and x,, is a given sequence of numbers in [0,1], then T{ Ty
is defined recurrently by Ti/:lmi =z and TjX 1z, =T (Ti":jlmi,mn) forn > 2, T2 x; is defined as T2 Tn4i. It is known
[16] that, for the Lukasiewicz t-norm, the following implication holds:

lim (TL)2, Tnyi =1 = i (1-2z,) < o0 (60)

n—oo
n=1

Definition 6.2. Shers A random normed space (briefly, RN-Space) is a triple (X, u,T), where X is a vector space. T is a
continuous t-norm and p is a mapping from X into DT satisfies the following conditions:

(RN1) pa (t) = €0 (t) for allt > 0 if and only if z =0

(RN2) pas (1) = s (I%\) forallz e X, and o € R with o # 0

(RN3) payy (t+5) > T (pa (), py (s)) for all z,y € X and T, s > 0

Example 6.3. Every normed space (X, ||.||) defines a random normed space (X, u,T),where

t

pa () = =
¢+ ]

and T is the minimum T-norm. This space is called the induced random normed spaces.

Definition 6.4. Let (X, u,T) be a RN-space

(1) A Sequence {zn} in X is said to be convergent to a point x € X if , for any € > 0 and X\ > 0, there exists a positive
integers N such that g, —z (€) > 1 — X for alln > N.

(2) A sequence {zn} in X is called a Cauchy sequence if, for any € > 0 and A > 0, there exists a positive integer N such that
Uzp—zm (€) > 1 =X forallm >m > N.

(3) A RN-space (X, u,T) is said to be complete , if every cauchy sequence in X is convergent to a point in X.
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Theorem 6.5. If (X, u,T) is a RN-space and {x,} is a sequence in X such that z, — x, then limp oo fha, (t) = pa (t)

almost everywhere.

7. Random Stability Results: Direct Method

In this section, the generalized Ulam-Hyers Stability of the cubic functional equation (11) in RN-space is provided. Through
out this section, let us consider X be a linear space (Y, u,T) is a complete RN-space. The proof of the following theorem

and corollary is similar to that of results of section 4 and 5. Hence the detail of the proof are ommited.

Theorem 7.1. Let j =41 f: X — Y be a mapping for which there exists a function n: X™ — DT with the condition.

. oo
Jim T3z = (772<k+i>zl,2<k+i>z2,2(k+i>13 ,,,,, 2<k+i>zn(23<k+i+1)1t)> =1 (61)

= lim 7, ; ; ; ; 2
o Tk 2kizy 2k ag,... 200y, (2353 ¢) (62)

such that the functional inequality with f (0) =0 such that

KDf(z1,02,21,....0n) (t) > N(@1,22,21,..@n) (t) (63)

for all x1,x2,x3,...;2n, € X and all t > 0. Then there exsits a unique cubic mapping C : X — Y satisfies the functional

equation (11) and

He(z)— () (£) = TiZo (772(i+1>jx70,0,..A,O(23(7"+1>jt)) (64)

for all s € X and allt > 0. The mapping C (z) is defined by

pe(@) (8) = Hm g1y (ons (1) (65)

ot
forallz € X and all t > 0.

Proof.  Assume j = 1. Setting (z1,x2, T3, ..., ) = (,0,0,...,0) in (61), we get
I (20)—8(z) () 2> Nz00,...0 (t) (66)
for all € X and all ¢ > 0. It follows from (65) and (RN2), we have

Hrzg s (8) 2 00,0 (2°1) (67)

for all z € X and all t > 0. Replacing « by 2*z in (66), we arrive

Pp(ertio)  f (2%2) k
23(k+1) 93k (t) > N2k .0,0,...,0 (23( +1)t) (68)
for all z € X and all £ > 0. The rest of the proof is similar to that of Theorem 4.1 O

The following corollary is an immediate consequence of Theorem 7.1, concerning the stability of (11).



General Solution and Generalized Hyers-Ulam Stability of n-dimensional Cubic Functional Equation in Various Normed Space: Direct and
Fixed Point Methods

Corollary 7.2. Let € and s be non-negative real numbers. Let a cubic functionf : X — Y satisfies the inequality

Ne (t) ’

KDf(e1,@2,23,....2n) (t) = Me Z?:l ||33z||s (t),s#3 (69)
me ([T lall® + 320y [ls™) (8) s # 3

for all x1,x2,z3,...;xn € X and all t > 0. Then there exists a unique cubic function C' : X — 'Y such that

n (),

|23€_1|

K (x)—c(x) (t) > N _ell=zll® (t)a (70)

=]

N_cjayrs (t)

|23,2ns|

forallz € X and all t > 0.

8. Random stability Results: Fixed Point Method.

In this section, the authors present the generalized Ulam-Hyers Stability of the functional equation (11),in Random normed

spaces using fixed point method.

Theorem 8.1. Let f: X — Y be a mapping for which there exists a function n: X™ — DT with the condition
kli,n;o n5§117551275fz3,...,5fzn (6fkt) =1, V:rlv T2,..,Tn € th >0 (71)
and satisfying the functional inequality

KD f(x1,22,23,...,xn) (t) 2 Nay,z0,23,.,2n (t) Va1, x2, 23, ..., 20 € X, t >0 (72)

If there exists L = L (i) such that the function

T — /J)(l',t) = ’7%,0,0,...,0 (t) )

has the property, that
1
,B(x,t)§L6—3ﬂ(6iw,t),VxeX,t>O (73)
i
Then there exists a unique cubic function C : X —'Y satisfying the functional equation (11) and

1—4

He(z)—f(z) (ﬁt) > /3 (:C>t) 7v33 € Xat >0 (74)

Proof.  Let d be a general metric on €2, such that d (g, h) = inf {k € (0,00) /pi(g(z)—n(x) (kt) > B (x,t),x € X,t > 0}. It is

easy to see that (€2, d) is complete. Define T': Q — Q by T'g (z) = B%g (6;x) ,Vz € X. Now for g, h € Q, we have d(g,h) < K

=H(g(z)—n(z) (K1) = B(,t)
Kt

= I(Tg(0)-Th(2)) 53 > B (x,1)

=d(Tg(z),Th(z)) < KL

=d (Ts,Th) < Ld (g, h) (75)
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for all g, h € Q. Therefore T is strictly contractive mapping on 2 with Lipschitz constant Constant L. The rest of the proof
is similar to that of Theorem 5.2. From the Theorem 8.1, we obtain the following corollary concerning the stability for the

functional equation(11). O
Corollary 8.2. Suppose that a function f: X — Y satisfies the inequality
776 (t) )

BDf(2r.w2.5,mzn) () 2 S0 SO0 l2]|* (1), s#3 (76)

ne (TT72y Nlall® + 327y Mlall™) s # &

for all x1,z2,23,....,0 € X and t > 0, where €, S are constants with ¢ > 0, then there exists a unique cubic mapping

C: X —Y such that

Hf(z)—c(a) (t) = n‘;'fll OF

for all x € X and all t > 0.

Proof.  Setting
Ne ()
D f(z1,22,23,..,an) (t) 2 Ne Z?:l ||l’zHS (t),

me ([T lall® + 327y llal|™)

for all z1,x2,x3,...,z, € X and all t > 0. The rest of the proof is similar that of Corollary 5.3. O

9. Stability Result: Intuitionistic Fuzzy Normed Space

In this section, we give some basic definition and notations about intuitionistic fuzzy metric space introduced by J. H.

Park[40] and R. Saadati and J.H. Park[51,52].

Definition 9.1. Let u and v be membership and non membership degree of an intutionistic fuzzy set from X x (0, 4o00)
to [0,1] such that pz (t) + ve (t) < 1 for all x € X and all t > 0. The triple (X, Py, M) is said to be an intutionistic
fuzzy normed space (briefly IFN-space) if X is a vector space, M is a continuous t-representable and P, ., is a mapping

X % (0,400) — L™ satisfying the following conditions: for all x,y € X and t,s > 0,

Puw(z+y,t+5) 20 M (Puw(z,t), Puw (y,5));

In this case P, is called intutionistic fuzzy norm. Here Py, (z,t) = (ua (1), vz (1)).

Example 9.2. Let (X, |.]|) be a normed space. Let T (a,b) = (a,bmin (az + b2,1)) for all a = (a1,a2),b = (b1,b2) € L*

and p,v be membership degree of an intutionistic fuzzy set defined by

Pay (2,8) = (12 (£) , 0s () = (%”x” tj'lx"”x”) Vie Rt

Then (X, Py, T) is an IFN-space.
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Definition 9.3. A sequence {z,} in an IFN-space (x, Py,»,T) is called a Cauchy sequence if,for any € > 0 and t > 0, there

exists ng € N such that Py, (Tn — Tm,t) >+ (Ns (€),€),VYn,m > ng, where Ns is the standard negator.

Py v .
Definition 9.4. The sequence {zn} is said to be convergent to point x € X (denoted by xn, = x) if Puy (xn — ,t) — 1+

as n — oo for every t > 0.

Definition 9.5. An IFN-space (X, P, T) is said be complete if every Cauchy sequence in X is convergent to a point

x € X. Further details about IFN-space one can see ([4,7,8,12,24,29-33,35-36]). Throughout this section, let us consider

X, (z,pp,0, M) and (y7 P;w7 M) are linear space, intuitionistic fuzzy normed space and complete intuitionistic fuzzy normed

space.
Theorem 9.6. Let K € {—1,1} be fized and let € : X™ — Z be mapping such that for some b with 0 < (%)k <1,

’

P, (e (2%,070, .4,0) ,r) >pe P, (bke (,0,0,..,0) ,r) (77)
forallxz € X and oll > 0,b >0 and

lim P, (e (2%1,2%2,2%3, 2’%) ,23kr) =1 (78)

k—oo

for all x1,x2,x3,...,xn, € X and all > 0. Suppose that a function f: X — Y satisfying the inequality
Py (Df (z1,22,23, ..., Tn) , 1) 21+ Py, (€(21, 22,23, ..., Zn) ,7) (79)
for all x1,x2,23,...,2n € X and all > 0. Then the limit

2k:
Py (C (z) — f(23kx),r> — 1pwasK — oco,7 >0 (80)

exists for all x € X and the mapping C : X — 'Y is a unique cubic mapping satisfying (11) and
P“fﬂ’ (f (‘7:) - C (II]) ) T) EL* P’L’L,’U (6 (IZ?, 07 07 70) T (23 - b)) (81)

for all x € X and all r > 0.

Proof.  First assume k = 1. Replacing (z1, z2, T3, ..., Tn) by (z,0,0, ...,0) in(9.3),we arrive
P (f (22) = 8f (x),7) 21+ Py (e (2,0,0,...,0),7)

for all € X and all » > 0. Using (I FN3) in the above equation, we get

Pun (f(;x) - f(ac),r) > Poy (¢ (,0,0,...,0),7) (82)

for all z € X and all 7 > 0. Replacing x by 2*z in (81), we obtain

FE) o
Pu <2~<> 7 (20 r) i P (e (24.0,0,..0) 1) (59
for all z € X and all r > 0. Using (76),(IF'N3) in (82), we arrive
f (25 ) A / r
Py (23<k+1> —f (2 x) 7| 2 Py (e (z,0,0,...,0), b—k) (84)
for all x € X and all » > 0. The rest of the proof is similar to that of Theorem 4.1. O
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Corollary 9.7. Let € and S be an nonnegative real numbers. Let a cubic function f: X — 'Y satisfies the inequality

P, ., (e1)
Puw (f(xl,:rg,mg,...,xn),r) EL* P;,v (ezzzlmz,r)7 5#3
Py (e (Cho ok + Ty 22) 7)) s # 5
for all x1,x2,x3,...,2n, € X . Where €, S are constant with € > 0. Then there exists a unique cubic mapping C : X — Y

such that
(e 2° = 1),

Py
Puo (f (2) —c(x),7) > P[“, (exi,r’?g’f?’), (85)
P{w (exZSﬂ“ |23 - 2"51) ,

forallz € X and all r > 0.

10. Stability Results: Fixed Point Method

In this section, the authors investigate the generalized Ulam-Hyers Stability of the functional equation (11) in IFN-space

using fixed point method.

Theorem 10.1. Let f: X — Z be a mapping for which there exists a function € : X" — Y with the condition,

. / k k k k 3k
lim P, , (e (ai T1,0; T2, A5 T3, ..., G5 xn) , @y r) =1L« (86)

k—oo

for all x1,x2,z3,...,xn € X,and all r > 0,and satisfies the functional inequality

’

Py (f (®1,22,23, ..., Tn) ,7) 21+ Py, (e(x1,22,23,....20) ,T) (87)

for all x1,x2, s, ...,xn € X,and all r > 0. If there exists L = L (i) such that the function © — ¢ (z) = € (%,O,O7 ...,0),has

the property,

Phon (2285 0) = Pl 0 @), (58)

7

for allx € X and all v > 0. Then there exists a unique cubic function C' : X —'Y satisfying the functional equation(11),and

Pus (1 @) e@)o1) 20 P (v, (£57)) (59)

forallz € X and all r > 0.

Proof. Let d be the general metric on A, such that
d(g,h) =inf { K € (0,00) |Pu (g (2) = h (2) >1+ Poo (6 (2) ), € X,r >0}

It is easy to see that (A, d) is complete. Define T': A — A by Tg (z) = a%g (asz) . for all z € X. By [21], we see that T is

strictly contractive mapping A with Lipschitz constant L. It is follows from (38) that

PU»U (f(223x) - f (‘T) 7T) ZL* P’:;,'u (6 (I,0,0, 70) 9 237') 9 (90)
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for all z € X and all » > 0. With the help of (87) when ¢ = 1, it follows from (89), that

Pu (f(;f) — f (=) ,r> >5. P, (4 (x),2%),

=d(Th,h)<1=L"=L'""

(91)
Replacing = by § in (89), we obtain

2

Py » (f (x) — 23f (g) 77”) >rL* P;,v (E (E,O,O,...,O) ,r)

for all x € X and all » > 0, with the help of (87) when ¢ = 0, it follows from (91), that

P@m(f(x)—ZSf(%),£>ZL*fim(wCﬂ,Lﬂ,VxE‘Xﬂ*>0

=d(f,Thy<L=L"'=L"" (93)
Then from (90) and (92), we conclude d (f,Th) < L'™* < co. Now from the fixed point alternative in both cases,it follows
that there exists a fixed point C of T in A such that

7

k
MHEm<f%f)—C@%O—%thEXﬁ>Q
k—o0 a;

Replacing (z1, 2, T3, ..., xs) by (aFz1,a"xs, a x5, ..., alx,) in (86), we arrive
b ) ) b y 1 7 1 ) 1 7 7 1 7

1 k k k k / k k k k 3k
Pu,'u <a3k Df (ai T1,A; T2, A; T3, ...y A5 mn) s T EL* Pu,'u (E (ai T1,A; T2, A; T3, ..., A4 xn) s G )
i

for all z1,x2,23,....,2n, € X and all » > 0. By proceeding the same procedure in the Theorem 9.1, we can prove the

function , C': X — Y is cubic and it satisfies the functional equation (11), since C is Unique fixed point of T in the set
B={f € Ald(f,c) < oo}, such that

’

Py (f(x) —c(x),r) >+ Py, (¥ (x),kr), Vo e X,7>0

(95)
Again using the fixed point alternative,we obtain
A0 € o d (. TH) > d(fe) < 2
=11 =11
Hence we have
, Ll*i
P (£ (@) = (@).1) 21 P (900). ({2 7)) W€ Xor >0 (96)
This complete the proof of the theorem. O

From Theorem 10.1, we obtain the following corollary concerning the stability for the functional equation(11).
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Proof. Suppose that a function f : X — Y satisfies the inequality

P1//,,u (€v T’) s
Pu,v (Df (1’1,$2,$3,...,$n),7') >r* P;ﬂ’ (e ?:1 J;f"r') 73753; (97)

Py (e(TT a8 + 0 al®) 7)) s # 2

for all x1,x2,x3,...,xn, € X and all r > 0, where ¢, S are constants with € > 0. Then there exists a Unique cubic mapping

C: X — Y such that

Pu (F() = (a).7) 200§ Pl (ellel’ 257 ) (98)

/ ns 3+s
P (6 )™, M) ;
for all x € X and all » > 0. O

Proof. The Proof follows by replacing L =23 fori=0and L=2"3fori=1; L =23% for s > 3,i =0 and L = 2°73 for

$<3,i=1L=2""fors> 32 i=0and L =2""7for s < 2,i=1. Hence the proof is complete. O

11. Stability Results: Felbin’s type Spaces

In this, we give some basic definition and notations about Felbin’s type spaces using direct Method.

Definition 11.1 ([8]). A fuzzy subset n on R is called a fuzzy real number, whose a-level set is denoted by [n],,

ie., [N, = {t:n(t) > a},

if it is satisfies two azrioms:

e There exists to € R such that n (to) =1

e For each o € (0,1],[n], = [na,nd] where —oo < ng > nd < 4oo0.

The set of all fuzzy real numbers denoted by

F(R). Ifne F(R) andn(t) =0

Whenever t < 0, then 1 is called a non-negative fuzzy real number and F* [R] denotes the set of all non-negative fuzzy real

numbers. The numbers 0 stands for the fuzzy real number as:

tt=0

0,6 %0
Clearly,0 € F* [R]. Also the set of real numbers can be embedded in F (R) because if r € (—00,00), then r~ € F (R) satisfies
rm(t)=0(t—r).

Definition 11.2 ([3]). Fuzzy arithmetic operations ®,!,®,% on F (R) x F (R) can be defined as:

e(n@d)(t) = Supscr{n(s) Nd(t—s)};t€R

® (10) (t) = Supser{n(s) N (s —t)};t€R

*(n®0)(t) = Supser{n(s) Nd(t/s)};t € R

* (n%6) (t) = Supser{n(s) A3 (s)};t € R

The additive and multiplicative identities in F (R) are 0 and T, respectively. Let ! n be defined as Oln. It is clear that
nd =n® (19).
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Definition 11.3 ([3]). For k € P, fuzzy scalar multiplication Keeta is defined as (ken) (t) = n (t/k) and oen is denoted to
be 0.

Lemma 11.4. Let 1,0 be fuzzy real numbers. Then Vt € R. 1(t) = 4§ (t) & Va € (0,1],[n], = [4],-

Lemma 11.5. Let 1,6 € F (R) and [n], = [no .04 ] ,[0], = [0a,04]. Then

en®d], = [na +04,nd +65],

o [n1d], = [na — 0\ ma — 5],

*[n®d], = [na0d,nad0d],m 0 € F*[R]

o [n%é], = [1/64,1/6,],65 > 0.

Definition 11.6 ([3]). Define a partial ordering < in F (R) by n < s if and only if n; < d; and nd < 87 for all a € (0, 1].
The Strict inequality in F (R) is defined by n < s if and only if n, < 6, and nt < 8 for all o € (0,1].

Definition 11.7 ([58]). Let X be a real linear space, L and R (respectively, left norm, right norm) be symmetric and non-
decreasing mapping from [0,1] x [0,1] — [0,1] satisfying L (0,0) = 0,R(1,1) = 1. Then ||.|| is called a fuzzy norm and
(X, |I-l, L, R) is a fuzzy normed linear space (abbreviated to FNLS) if the mapping ||.|| : X — F* (R) salisfies the following
azioms, where [||z|], = [l|l=[l, , HJ;HI] forz € X and a € (0,1]:

o |||l =0 if and only if x =0,

e||ral| = |r|el|lz| for allz € X and r € (—o0,0),

o Forallz,y € X, if s <|lzfl; ,t < |[lylly and s+t = [z +yl; then, |z +yll (s + 1) = L] (s), [yl @), s = ||=lly .t =
lylly and s+t > [lz+ylly, then |lz 4yl (s +1) < L([[=]l (s), lyll (£))-

Theorem 11.8 ([51]). . Let (X,|.||,L,R) be an FNLS and lim,_,o+ R(a,a) = 0. Then (X,|.||,L,R) is a Hausdorff

topological vector space, whose neighbourhood base of origin is {N (e,a) ;€ > 0,a € (0,1]}, where N (¢,a) = {w : HxHZ <€}

Definition 11.9. Let (X, |.||, L, R) be an FNLS. A sequence {zn}oo, C X converges to x € X, if limp 00 [|@n — ||, for

every a € (0,1] denoted by limy,,— o0 Tn = T.

Definition 11.10. Let (X,|.||,L,R) be an FNLS. A sequence {xzn},., C X is called a Cauchy sequence if

limym n—soo ||Tm — xn||: =0 for every o € (0,1].

Definition 11.11. Let (X, ||.||, L, R) be an FNLS. A sequence A C X is said to be complete if every Cauchy sequence in

A, converges in A. The fuzzy normed space (X, ||.||, L, R) is said to be a fuzzy Banach space if it is complete.

Theorem 11.12. Let j = +1. Let ¢ : U™ — F* (R) be a function such that 3,7, 2317 ¢ (2lJ )a converges and

lim - (2%): =0 (99)

l—oo 23l]

for allz € U™ and let f : U — V be a function satisfying the inequality

D" @), < @) (100)

o @

for all x € U™. Then there exists a Unique cubic function C : U — V such that

(2¥z) "
1 (z) = c(@)lly < ﬁe Z 23k] (101)
for all x € U. The function C (z) is defined by
f(27z)
C(z) = lim WV elU. (102)

l—o0 23l
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Proof.  Assume j=1. Replacing (z1,x2, T3, ..., T») by (,0,0,...,0) in (99), we get
IS (22) = 8f (2) |5 < e¢(2,0,0,...,0) (103)

for all z € U. Dividing 23, we obtain

Hf(?”) - f(a:)) I& < 21—36¢(m,0,0,...,0) (104)

for all z € U. Let ¢ (z)) = ¢ (2,0,0,...,0) in (10.6), we arrive

1182 - @) it < gres (105)

for all z € U. Now replacing = by 2z and dividing by 2% in (104) and adding the resultant inequality with (104), we obtain

f 2z 1 ¢ (2x))
229 ) < oo oot + 22 (09
for all z € U. In general for any positive integer 1, we have
f (2's) L1 S
Hszu>as??;2%
<332 o)

<

l.’L‘
for all x € U In order to prove the convergence of the sequence { (2231 ) }, replace = by 2™z and dividing by 23™ in (106),

for any m,[ > 0, we arrive

+ +
fe geralt 1 |i@ems)
BTy~ om = Sam || f(2™z)|| nonumber (108)
[e3 [e3
o (2" "),
<
— 23 23(k+m)
2k+m )+
< 23 23(k:+m) (109)

l
— 0 as m — oo for all x € U. Hence the sequence {f(;;)} is a Cauchy sequence. Since V is complete,there exists a
mapping C' : V' — V such that

o f(2z
C(z) = llg]élo %,Vaz ceU

Letting I — oo in (107), we see that (100) holds for 2 € U. To prove C satisfies (11), replacing 2 by 2'z and divided by2*
in (99), we arrive, 2%6 HDf (QZ:r) H: < 23l ep (2 x) forall x € U". Letting [ — oo and in the above in equality, we see that

|DC (z)||f = 0. Hence C satisfies (11) for all z1, 22,3, ...,7, € U. To prove C is unique, let B (z) be the another Cubic

B}

mapping satisfying (11) and (100). Then

IC @) - B@I: = 5 {Hc (2 a:) _B (ZZx)

1 LN 1 LT
< e {le () —r )| el () -5 (2)] ]
6 21z}
= 23162 93 (k1)
— 0 as | — oo for all x € U. Hence C is Unique. For j = —1, we can prove of the similar type of stability result. This
completes the proof of the theorem. O
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The following corollary is a immediate consequence of Theorem 10.1 concerning the stability of (11).

Corollary 11.13. Let A and S be a non-negative real numbers. If a function f : U — V satisfying the inequality

A?
IDf @)y < AT, (), s #3 (110)

A (i)™ @ Th (D)) s # 3
for all x1,x2,z3,...,xn € U™, then there exists a Unique Cubic function C : U — V such that

A
7]

If @) = e@ls < § el (111)

[8—2°

mogmre 2™,

forallxzeU.

12. Fixed Point Stability Results

In this section, the authors proved the generalized Ulam-Hyers Stability of the n-dimensional cubic functional equation (11)

in Felbin’s type spaces with the help of the fixed point method.

Theorem 12.1. Let f : U — V be a mapping for which there ezxists a function ¢ : U™ — F* (R) with the condition

+
¢ (),
for all x € U, satisfying the functional inequality
IDf (@)l <o ()] (113)

for all x1,z2,23,...;xn € U, and « € (0,1]. If there exists L = L (i) < 1 such that the function

N
T — ¢)(l’)a - 6¢ (250707 70) ’
has the property
Led ()] < Leo (a)] (114)
€

for all x € U. Then there exists a Unique Cubic function C : U — V satisfying the functional equation (1) and (11)

I (@) — e @) < 2

+
o< 1_Led>(:v)a,Vx€U (115)

Proof. Let d be the general metric on §2, such that

d(f,s) =inf {k € (0,00);||f (z) — g ()| < ked ()} 2 €U}.
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It is easy to see that (§2,d) is complete. Define G : Q — Q by Gf (z) = L f (e;x), for all x € U. For f,g € Qand z € U,

we have

Therefore G is strictly contractive mapping on Q with Lipschitz constant L. Replacing (x1, 2, x3, ..

(111), we get

for all z € U. Using the definition ¢ (x)z in the above equation and for ¢ = 0, we have

for all x € U. Hence, we arrive

€

d(f,9) =k=|If (@) — g @)} < keo (x)]

€

7

= G (@)~ Gg @IF < Zhed ()]

3

=d(Gf(z),Gg(z)) < KL

d(Gf,Gg) < Ld(f,9)

IS (22) = 8f ()| < ed (2,0,0,...,0)

+<1 .
s I < geow)

ie., ||Gf(z) - f(2)| < Leo (x)F

d(Gf(z),f(x))<L=L""

for all x € U. Replacing x by 5 in (114), we obtain

for all € U. Using definition of ¢ (z); in the above equation and for i = 1, we have

T < et (g,o,o,..,,o)

@

Jrr -1

Jrir -1 (3)

<ot

ie,|| f (z) — Gf (z)||1 < ¢ (x)] for all z € U. Hence, we arrive

d(f(z),Gf(x))<1=L"

for all z € U. From (115) and (117), we can conclude

d(f(2),Gf (@) S L' < o0

< 3 ke (elx)z

o Zn) by (z,0,0,...

(117)

(118)

(119)

(120)

for all x € U. Now from the fixed point alternative in both cases, it follows that there exists a fixed point C of G in 2 such

that

k
C(z) = lim %,\m eU

k—oo

(121)

In order to prove C' : U — V satisfies the functional equation (11), replace = by efz and divide by €* in (111), we get

1 o
ﬁDf (i)

K3

‘ €

[eY 7
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for all x € U. Letting K — oo in the above in equality and using the choice of C and ¢, we conclude C satisfies the functional
equation (11). Since C is Unique fixed point of G in the set A = {f € Q/d (f,¢) < oo}, therefore C is Unique function such
that

I (@) = C (@)1 < Keo (2)] (123)

for all z € U. Again using the fixed point alternative, we obtain

1
<
A(f,e) < 77 d(,GF)
1—i
fe., d(f0) <
) n Ll—z N
e, 1F (@)~ c @)} < £ ep @) (124)
for all z € U. This completes the proof of the theorem. O

The following corollary is immediate consequence of Theorem 11.1 concerning the stability of (11).

Corollary 12.2. Suppose that a function f : U — V satisfies the inequality

€,
IDf @)l < §eXp, (il f)™, s#3
€ (0 (el )™ @ T (leallf)) s s # 2

for all x1,x2,z3,..,2n € U™, where ¢ > 0. Then there exists a Unique cubic mapping C : U — V such that

€

17
|8_€725|e £l

T

forallz e U.

Proof.  Let ¢(x)1' =€) (||xl||::)s for all x1,x2, 23, ...,xn, € U™. Then for s < 3,7 =0, and for S > 3,7 = 1, we arrive

n
=1

1 e\t 1 k k k e \T
ﬁe(ﬁ €; T = ﬁecﬁ €, L1,€;,T2,€,T3,..,€; T
€; « €

n
—3)k S
= e ()
=1

[e3

-0 as k — oo. Thus, (110) is holds. But we have ¢ (ac);r =e¢p (g,(), 0, ..,()) has the property

%ed) (eix)" = Lep (z)) ,Vx € U.
€

Hence ¢ (z) = ee|z|® = <e||z||® for all z € U. Replacing = by €;z and divide by €} in above inequality, we get

1 € s
Leo (ea)? = gope (leal?)

i

_3 € s
=7 e (eial)

=& ed ()]
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for all z € U. Hence the inequality (112) holds when, L == €2, that is

Now from (113), we prove the following cases:

Case:1 2°73 for s<3 if i=0;

2573 € s
If (=) - C(@HZ < mge (||:c||:)
= g Uld)
Case:2 237° for s>3; if i=1
_s\1-1
(23 ) € +

N

If @) = e@lly < JT—5=g¢ (I2112)°

Il
-

results for

¢(x); =¢ and 45(1‘)2=6<Z(Iwz|2)m@ﬂ(lwz|§)s>

=1 =1

. Hence the proof is complete. O

References

[1] J.Aczel and J.Dhombers, Functional equation in several variables,cambridge univ,press, (1989).

[2] M.Arunkumar, S.Murthy and G.Ganapathy, Stability of generalized n-dimensional cubic functional equation in fuzzy
Normed spaces, International joural of Pure and Applied Mathematics, 77(2)(2012), 179-190.

[3] T.Aoki, On the stability of linear transformation in Banach spaces, J. Math. Soc. Japan, 2(1950), 64-66.

[4] M.Arunkumar and S.Karthikeyen, Solution and stability of n-dimensional Quadratic functional equation, Direct and
fized point methods, Inter journal of advanced Mathematical sciences, 2(1)(2014), 21-33.

[5] C.Back and M.S.Moslenian, On the Stability of a orth. gonally cubic functional equations, Kyungpook math.J., 47(2007),
69-76.

[6] T.Bag and S.K.Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math., 11(3)(2003), 687-705.

[7] Y.H. Bae and K.W. Jun, On the Hyers-Ulam-Rassias Stability of a quadratic functional equation, Bull. Korean.Math.Soc.,
38(2)(2001), 325-336.

[8] H.Y.Chu and D.S.Kang, On the stability of an n-dimensional cubic functional equation, J. Math.Anal. Appl.,
325(1)(2007), 595-607.

[9] 1.S.Chang and H.M.Kim, On the Hyers-Ulam Stability of a Quadratic functional equations, J. Ineq. Appl. Math.,
33(2002), 1-12.

[10] S.Czerwick, Functional Equations and Inequalities in several variables, world scientific, River edge, NJ, (2002).

107



General Solution and Generalized Hyers-Ulam Stability of n-dimensional Cubic Functional Equation in Various Normed Space: Direct and
Fixed Point Methods

[11] S.S.Chang, Y.J.Cho and S.M.Kang, Nonlinear operator Theorey in Probabilistic metric space, Nava science publishers,
Huntington, Ny, USA, (2001).

[12] S.C.Cheng and J.N.Mordeson, Fuzzy linear operator and Fuzzy mormed linear spaces, Bull. Calcutta Math. Soc.,
86(1994), 429-436.

[13] C.Felbin, Finite dimensional fuzzy normed linear space, Fuzzy sets and systems, 48(1992), 239-248.

[14] P.Gavruta, A generlization of the Hyers-Ulam-Rassias Stability of approzimately additive mappings, J. Math.
Anal.Appl., 184(1994), 431-436.

[15] A.Ghaffarri and A.Alinejad, Stabilities of cubic mappings in fuzzy normed spaces, Adv. Indiff. Eqn., 2010(2010), Article
ID150873.

[16] T.Gantner, R.Steinlage and R.Warren, Compactness in fuzzy topological spaces, J. Math. Anal. Appl., 62(1978), 547-562.

[17] O.Hadzic and E.Pap, Fized point theory in probabilistic metric spaces, vol.536 of Mathematics and its Applications,
Kluwer Academic, Dordraecht, The Netherlands, (2001).

[18] O.Hadzic, E.Pap and M.Budincevic, Countable extension of triangular norms applications to the fized point theory in
probabilistic metric spaces, Kybernetika, 38(3)(2002), 363-382.

[19] D.H.Hyers, On the stability of functional equation, Proc. Nat. Acad. Sci.O.S.A, 27(1941), 222-224.

[20] D.H.Hyers, G.Isac and Th.M.Rassias, Stability of functional equation in several variables, Birkhauser, Basel, (1998).

[21] K.w.Jun and HM.Kim, The generalized Hyers-Ulam-Rassias Problem of Cubic functional equation, J. Math. Anal.
App., 27(2002), 867-878.

[22] S.M.Jung, Hyers-ulam-Rassias-Stability of functional equation in Mathematical Analysis, Hadronic Press, palm Harbor,
(2001).

[23] Y.S.Jung and J.S.Chang, The Stability of a cubic type functional equation with the fixed point alternative, J. Math.
Anal. Appl., 306(2005), 752-760.

[24] K-W.Jun and H.M. Kim, On the Hyers-Ulam-Rassias Stability of a cubic functional equation, Jyaath.Ineq.Appl.,

6(2)(2003), 289-302.

A K.Katsaras, Fuzzy topological vector spaces, 11, Fuzzy sets and systems, 12(1984), 143-154.

I.Kramosil and J.Michalek, Fuzzy metric and statistical metric spaces, Kybernetica, 11(1975), 326-334.

S.V . Krishna and K.K.M.Sarma, Separation of fuzzy normed linear spaces, Fuzzy sets and systems, 63(1994), 207-217.

Pl.Kannappan, Functional equations and inequalities with Applications, Springer monographs in Mathematics, (2009).

[29] O.Kaleva and S.Seikkala, On fuzzy metric spaces, Fuzzy syst., 12(1984), 215-229.

[30] O.Kaleva, The completion of fuzzy metric spaces, J. Math. Anal. Appl., 109(1985), 194-198.

[31] O.Kaleva, A comment on the completion of fuzzy metric spaces, Fuzzy set syst., 159(16)(2008), 2190-2192.

[32] H.A.Kenary, S.Y.Jang and C.Park, Fized point approach to the Hyers-Ulam Stability of a functional equation in various
normed spaces, Fixed point theory and applications, doi:10.1186/1687-1812-2011-67.

[33] R.Lowen, Fuzzy set theory (ch.5: Fuzzy real number), kluwer, Dordrecht, (1996).

[34] B.Morgolis and J.B.Diaz, A fized point theorem of the alternative for contractions on a generalized complete metric
space, Bull. Amer. Math. Soc. 12674(1968), 304-309.

[35] F.Moredlou, S.Rezaee and I.Sadeqi, Stability of cauchy functional equation in Febin’s type spaces; A fized point approach,
Iranian Joural of Fuzzy systems (submitted).

[36] A.K.Mirmostafee and M.S.Moslehian, Fuzzy version of Hyers-Ulam-Rassias theorem, Fuzzy sets syst., 159(6)(2008),
728-729.

[37] A.K.Mirmostafee, M.Mirzavaziri and M.S.Moslehian, Fuzzy stability of the jensen functional equations, Fuzzy sets and

108



S.Murthy, M.Arunkumar and V.Govindan

systems, 159(6)(2008), 730-738.

[38] A.K.Mirmostafee and M.S.Moslehian, Fuzzy approzimately cubic mappings, Information sciences, 178(19)(2008), 3791-
3798.

[39] A.Najati, Hyers -ulam-Rassias Stability of a cubic functional equation, Bull. Korean Math. Soc., 44(4)(2007), 825-840.

[40] K.H.Park and Y.S.Jung, Stability of a cubic functional equation on groups, Bull. Korean Math. Soc., 41(2)(2004),
347-357.

[41] J.M.Rassias, On approxzimately of approzimately linear mappings, J. Funct. Anal., USA, 46(1982), 126-130.

[42] J.M.Rassias, Solution of the Ulam problem for cubic mapping, An. Univ. Timic. Soaraser. Mat-In form., 38(1)(2000),
121-132.

[43] Th.M.Rassias, On the stability of the linear mapping in Banach Spaces, Proc. Amer. Math. Soc., 72(1978), 297-300.

[44] J.M.Rassias, On approzimately of approzimately linear mappings by linear mappings, Bull. Sc. Math., 108(1984), 445-
446.

[45] J.M.Rassias, Solution of the Ulam Stability problem for the cubic mapping, Glasnik Mathemetico, 36(56)(2001), 63-72.

[46] Th.M.Rassias, Functional equations,Inequalities and applications, Kluwer Acedmic Pulishers, Dodreeht, Bostan London,
(2003).

[47] K.Ravi and M.Arunkumar, On the generalized Hyers-Ulam-Rassias Stability of a cubic functional equation, International
Review of Pure and applied Mathematics, 2(1)(2006), 13-23.

[48] K.Ravi, M.Arunkumar and J.M.Rassias, On the Ulam Stability for the orthogonally general Euler-Lagrange type func-
tional equation, International jourel of mathematical science, 3(8)(2008), 36-47.

[49] V.Radu, The fized point alternative and the stability of functional equation, Seminer on Fixed point theory Cluj Napoca,
IV(2003).

[50] S.E.Rodabaugh, Fuzzy addition in the L-fuzzy real line, Fuzzy sets Syst., 8(1982), 39-51.

[61] I.Sadeqi and M.Salehi, Fuzzy compacts operators and topological degree theory, Fuzzy sets Syst. 160(9)(2009), 1277-1285.

[62] I.Sedeqi, F.Moradlou and M.Salehi, On approzimate Cauchy equation in ‘Felbin’s type fuzzy normed linear spaces,
Submmited to Joural.

[63] B.Schweizer and A.Sklar, Probahilistic metric spaces, North-Holl and series in Probability and Applied Mathematics,
North-Holl and Publishing, Newyork, NY,USA, (1983).

[54] A.N.Sherstnev, On the notation of a random normed space, Doklady Aka demii Nauk sssR, 149(1963), .280-283.

[55] S.M.Ulam, Problems in modern Mathematics, Science Editions, Wiley, New york, (1964).

[66] A.Wiwatwanich and P.Nakmahachalasint, On the Stability of cubic functional equation, Thai J.of Msth., Special Is-
sue(2008), 69-76.

[67] J.Xiao and X.Zhu, On linear topological structure and property of fuzzy normed linear space, Fuzzy sets Syst., 125(2002),
153-161.

[58] J.Xiao and X.Zhu, Topological degree theory and fized point theorems in fuzzy normed space, Fuzzy sets Syst., 147(2004),
437-452.

[59] S. Zhang, J.M.Rassias and R.Saadati, Stability of a Cubic functional in intutionistic random normed spaces, Appl.
Math. Mech. Engl. Ed31(1)(2010), 21-26.



	Introduction
	General Solution of the n-dimensional Cubic Functional Equation (11)
	Preliminaries of Fuzzy Normed spaces
	Fuzzy Stability Results: Direct Method
	Fuzzy Stability Results: Fixed Point Method
	Preliminaries of Random Normed Space
	Random Stability Results: Direct Method
	Random stability Results: Fixed Point Method.
	Stability Result: Intuitionistic Fuzzy Normed Space
	Stability Results: Fixed Point Method
	Stability Results: Felbin's type Spaces
	Fixed Point Stability Results
	References

