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1. Introduction

In the field of applied mathematics, when we try to find the solution to the real world phenomenon then it leads to convert the
said phenomenon into integral equation and partial integro differential equations. The partial integro-differential equations
occurs in various branches of science,engineering and applied mathematics [2—4]. Literature survey revels that many authors
have contributed to have the solution of partial integro-differential equations [17, 18]. Integral transform method was the
most favorable method that has been used to solve ordinary and partial differential equations. In this paper ,we wish to
apply double Sumudu transform to solve partial integro differential equations. Tchuenche and Nyimvua [6] express the
double Sumudu transform as polynomials or convergent infinite series and studied its applications. Adem Kiligman [7] use
the double Sumudu transform to solve wave equation in one dimension having singularity at initial conditions. Hassan
Eltayeb and Adem Kiligman [8] applied two techniques double Laplace transform and double Sumudu transform to solve the
new wave equation with non-constant coefficient and establish a relationship between double Laplace transform and double
Sumudu transform. Mohammed S. Mechee [10] studied the double Sumudu transform for solving differential equations
with some applications. Recently Shams A. Ahmed [11, 12] have applied double transform named the Laplace-Sumudu
transform (DLST) to unravel integral differential equations. Some more applications of double Sumudu transform can be
seen in [9, 13-16]

In this method, we apply the double Sumudu transform to partial integro-differential equation which transform partial
integro-differential equation into an algebric equation instead of transforming to ordinary differential equation. Solving this
algebric equation and using the inverse Sumudu transform we can have the exact solution to given partial integro-differential

equation. This method is more illustrated by solving some partial integro-differential equations.
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1.1. Sumudu Transform

For the function f(¢) the Sumudu transform is defined by Watugala [1]

S[f(t)] =G(u) = /0Oo e 'f(ut)dt  u € (—71,70) (1)

provided the integral on the right hand side exists.The Sumudu transform of functions f(¢) (¢ > 0) are come to exists
1l
which are piecewise continuous and of exponential order defined over the set A=[f(t)/3 M,71, 72 > 0 ,|[f(t)] < M e™ jif

t € (—1)7 x [0,00)]. The above transform can be reduced to following form with suitable change in the variable

SIf(H)] = Glu) = + / T fnyde @)

The inverse Sumudu transform of function G(u) is denoted by symbol S™'[G(u)] = f(t) and is defined with Bromwich

contour integral [5]

y+iT
STG(w)] = f(t) = lim — / e* G (u)du (3)

1.2. Double Sumudu Transform

Letf(t,x);t,x € Ry be a function which can be expressed as a convergent infinite series, then its double Sumudu transform
is given by [6]
F(u,v) = S5[f(t,2); (u / / D f(t, 2)dtdx )

In this paper, we wish to solve some partial integro differential equations so that we require the double Sumudu transform

of the partial derivatives with respect to = and ¢, which are as follows

sﬁ%;(mv)}: // *<+>‘9f(”)(,x)dtdx

:—F(u,v)—lF(O,U)
= 12F(u7’v) 12F(07 )_*8 g;v)

Double Sumudu transform of first and second order partial derivative with respect to t is of form

Sa {afgt’ x);(u,v)} = / / (%Jr%)%(t, x)dtdz

I
S |
E
=
<
|
SRR
E
S
2

Sy {%;(u,v)} - / / (i +E >‘9f(t TIGD) (¢ 2 dtde

1 10F(u,0)
v2 2 (w0 = v Ot

—F(u v) —

2. Main Results

Now to illustrate the method, we consider the general linear partial integro differential equation of the form

Zazatl+253U+cu+Zd/ Ki(t—s %dS—i—f(x,t):o )
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where f(z,t) and K;(t — s) are known functions and a;s, bjs,d;s and c are constants (with prescribed conditions). Apply

double Sumudu transform to given partial integro differential equation (5), we get

Zalsz{—}JerSz{—}Jrc& JerSz{/ Ki(t—s % :|+Sz[f( £)] =0

Using double Sumudu transform of partial derivatives and convolution theorem, we get

m i—1 i—1 ke

1 " T (u,0) 1 0"T(0,v)
E a; | =T (u,v) — E ,Ui—kSz [ 90 ” E b ik St { p ]
i=0 k=0 k=0

+ T'(u,v) + ZdK + F(u,v) =0 (6)

Lt z 20

where T'(u,v) = Sa[u(z,t)], F(u,v) = S2[f(z,t)], Ki(v) = S2[Ki(t)]. Equation (6) is an algebric equation in T'(u,v), solving
this equation and applying inverse double Sumudu transform to T'(u,v), we get an exact solution u(x,t) of given partial

integro differential equation (5)

3. Illustrative Examples
Example 3.1. Consider the PIDE
t
Ut — Uge + U+ / e Yu(x,y)dy = (® 4+ 1)e’ — 2 (7)
0
with initial condition u(x,0) = 2%, us(x,0) = 1 and boundary condition u(0,t) = t,u,(0,t) = 0.
Solution: Apply double Sumudu transform to given PIDE (7)

Safue] — Saliza] + Salu] + S [ / ez, y)dy} = Sl + Del] - S22 (8)

%T(u, V) — %T(u, 0)] - {%T(u,v) - %T(o,v) - %TI(Ow)} £ T0) + 0.7

Tu,v) = (20° + 1)% 2 (9

— v

Now applying the single Sumudu transform to initial conditions and boundary condition, we get

Solu(z,0)] = S2[z?] = 2u® Safut(z,0)] = S2[1] =

Solu(0,8)] = Sa[t] = v Solua(0,8)] = S2[0] = 0

Using above conditions in equation (9), we get

i den ] - [ 2020
e [t =] = [ s o
T(u,v) = 2u” + v (12)

Now apply the inverse double Sumudu transform on both sides, we have
Sy T (u,v)] = S5 ' [2u® + 0] =2 + ¢

This is the required exact solution to given PIDE.
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Example 3.2. Consider the PIDE

t
Upy = Ugp + 2/ (t — y)u(z,y)dy — 2€° (13)
0
with initial condition u(x,0) = e, ui(x,0) = 0 and boundary condition u(0,t) = cos(t).

Solution: Apply double Sumudu transform to given PIDE (13)

Sofuee] = Safus] + 285 { /0 - e, y)dy] ~ Sa[e"]

U%T(m V) — ;—QT(u, 0) — %Tt(u,o)} _ ET(W) - %T(Q v)] + 202 T (u,0) - 24 1 - (14)
Now applying the single Sumudu transform to initial conditions and boundary condition, we get
Salu(,0)] = Sale”) = T(w,0) = 7 ! -
Safut(z,0)] = S2[0] = T3(u,0) =0
Salu(0,6)] = Saleos(t)] = T(0,v) = § +1U2
Using above conditions in equation (14), we get
T(u,v) |:’l]712 B % B 21)2} - [v2(11— u) u(l—ll—v2) 1 E u] (15)
o [“ ) = [ S ] 1o
T(u,v) = m (17)
Now apply the inverse double Sumudu transform on both sides, we have
Sy T (u,v)] = S5t {;} =¢”.cos(t)
A=+ 07
This is the required exact solution to given PIDE.
Example 3.3. Consider the PIDE
t
s + Ussr — 2/0 sinh(t — Y)ugze(z,y)dy =0 (18)

with initial condition u(x,0) = 0,u¢(x,0) = z,uy = 0 and boundary condition u(0,t) = 0,u;(0,t) = sin(t), us=(0,t) = 0.

Solution: Apply double Sumudu transform to given PIDE (18)

Safue] + Safus] — 25 { /0 " sinh(t — y) e (z, y)dy] —0

%T(u, v) — %T(% 0)} + {%T(u, v) — U%T(u, 0) — %Tt(u, 0) — %Ttt(u, 0)]

= T ) — L 1(0,0) - L Tu(0,0) - L1ha(0,0)] =0 (19)
1—02 |ud v u3 v w2 " v u T T
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Now applying the single Sumudu transform to initial conditions and boundary condition, we get

Sau(z,0)] = S2[0] = T(u,0) =0 Salue(z,0)] = Salz] = Ti(u,0) = u
Soluse (x,0)] = S2[0] = The(u,0) = 0 Salu(0,£)] = S2[0] = T(0,v) =0
Sl (0, 8)] = Safsin(t)] = T (0,v) = § va S5 [ta (0, 8)] = S2[0] = Tha(0,v) = 0

Using above conditions in equation (19), we get

1 1 v? _u v?
T, ) [; B m] AT e T (20)
w v(u® — vt —vP) _ (u?® —udv* — %)
T(u,v) { udvt(1 — v2) ] L)?u?(l +02)(1 —v?) (21)
T(u,v) = ﬁ (22)

Now apply the inverse double Sumudu transform on both sides, we have

uv

SQ_I[T(U‘7U)] = 52_1 {m

] = x.sin(t)
This is the required exact solution to given PIDE.

4. Conclusion

we have successfully applied the double Sumudu transform method to solve the linear partial integro-differential equations

which converts the given partial integro-differential equations into an algebric equation, which we can solve by using the

inverse Sumudu transform to have the exact solution.

References

[1] G. K. Watugala,Sumudu transform: a new integral transform to solve differential equations and control engineering

problems, Model Assisted Statistics and Applications, 24(1)(1993), 35-43.

[2] M. Dehghan, Solution of a partial integro-differential equation arising from viscoelasticity, Int. J. Comp. Math., 83(2006),
123-129.

[3] J. Medlock and M. Kot, Spreading disease: integro-differential equations old and new, Mathematical Biosciences,

184(2)(2003), 201-222.

[4] J. M. Yoon, S. Xie and V. Hrynkiv, A4 Series Solution to a Partial Integro-Differential Equation Arising in Viscoelasticity,
TAENG International Journal of Applied Mathematics, 43(4)(2013).

[5] R. S. Pathak, Integral Transforms of Generalized Functions and their Applications, Gordon and Breach Science Pub-
lishers, (1997).

[6] M. Jean Tchuenche and Nyimvua S. Mbare, An Application of the double Sumudu Transform, Applied Mathematical
Sciences, 1(1)(2007).

[7] A. Kilicman and H. E. Gadain, An Application of Double Laplace Transform and Double Sumudu Transform,
Lobachevskii Journal of Mathematics, 30(3)(2009), 214-223



Application of Double Sumudu Transform in Partial Integro-Differential Equations

(8]

[12]

[13]

[14]

[15]

[16]

(17]

18]

A. Kilicman and Hassan Eltayeb, Double Laplace transform and double Sumudu transform for solving partial differential
equations, 13th International Congress on Computational and Applied Mathematics.

Hassan Eltayeb and Adem Kilicman, On Double Sumudu Transform and Double Laplace Transform, Malaysian Journal
of Mathematical Sciences, 4(1)(2010), 17-30

Mohammed S. Mechee and Abbas J. Naeemah, A Study of Double Sumudu Transform for Solving Differential Equations
with Some Applications, International Journal of Engineering and Information Systems, 4(1)(2020), 20-27.

Shams A. Ahmed, Tarig M. Elzaki and Abdelgabar Adam Hassan, Solution of Integral Differential FEquations
by New Double Integral Transform, Abstract and Applied Analysis, 2020(2020), Article ID 4725150, 7 pages,
https://doi.org/10.1155/2020/4725150.

Shams A. Ahmed, Applications of New Double Integral Transform in Mathematical Physics, Abstract and Applied
Analysis, 2021(2021), Article ID 6625247, 8 pages, https://doi.org/10.1155/2021/6625247.

F. Jarad and K. Tas, Application Of Sumudu And Double Sumudu Transforms To Caputo-Fractional Differential Equa-
tions, Journal of Computational Analysis And Applications, 14(3)(2012), 475-483.

Hamood Ur Rehman, Muhammad Shoaib Saleem and Ayesha Ahmad, Combination Of Homotopy Perturbation
Method(HPM) and Double Sumudu Transform To Solve Fractional Kdv Equations, Open J. Math. Sci., 2(1)(2018),
29-38.

S. K. Q. Al-Omari, Generalized Functions for Double Sumudu Transformation, International Journal of Algebra,
6(3)(2012), 139-146.

M. O. Eshag, On Double Laplace Transform and Double Sumudu Transform, American Journal Of Engineering Research,
6(2017).

Ranjit R. Dhunde and G. L. Waghmare, Solving Partial Integro-Differential Equations Using Double Laplace Transform
Method, American Journal of Computational and Applied Mathematics, 5(1)(2015), 7-10.

Jyoti Thorwe and Sachin Bhalekar, Solving Partial Integro-Differential Equations Using Laplace Transform Method,

American Journal of Computational and Applied Mathematics, 2(3)(2012), 101-104.



	 Introduction
	Main Results
	Illustrative Examples
	Conclusion
	References

