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1. Preliminaries

Let F be a field. A ring A is an algebra over F' (briefly F-algebra) if A is a vector space over F' and the following compatibility
condition holds (sa).b = s (a.b) = a.(sb) for any a,b € A and any s € F. A is also called associative algebra (over F'). The

dimension of the algebra A is the dimension of A as a vector space over F.

Theorem 1.1 ([2]). Let A be a n-dimensional algebra over a field F. Then there is a one to one algebra homomorphism

from A into M, (F), the algebra of n-matrices over F.

Let G = {g1 =1,92,...,9n} be a finite group of order n and F a field. Define FG = {a191 + a2g2 + -+ + angn : a; € F}.
FG is n-dimensional vector space over F' with basis G. Multiplication of G can be extended linearly to F'G' by using
group operation of G. Thus F'G becomes an algebra over F' of dimension n. FG is called group algebra. The following

identifications should be realized.
(i). Orge = 0pc = 0.
(i1). 1rge = grc = g-

(iii). arlp = arg.

A group G is metacyclic if it has a cyclic normal subgroup N such that G/N is cyclic. Equivalently, G has cyclic subgroups
H and K such that H <G and G = HK [3]. If HN K = {1} also, then G is called a split metacyclic group. Otherwise,
it is called non-split. If G is a non-split metacyclic group, then G has a presentation of the following form [4]. G =

(o, B:a" =1,8™ = a', Ba = a"B), where 7™ = 1(mod n) and tr = t(mod n). |G| = nm. The general element of G is of
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the form a‘8?, where 0 < i <n—1and 0 < j < m—1. If t = 0, we get the presentation of a split metacyclic group

G=(a,8:a"=p"=1,a=a"B); r™ = 1(mod n). By direct substitution we have the following in G.

v .
Lemma 1.2. %" = a"" Y, where u,v are integers.

A circulant matrix M on parameters ag, a1,...,an—1 is defined as follows
ap QAan—-1 --- Qa1
a ap - as
M (ag,a1,...,40n-1) =
An—1 An—2 -+ 4o

M is said to be circulant block matrix if it is of the form M (Mi, Mo, ..., My,). i.e. it is circulant blockwise on the blocks

]\41,]\427 . .,Mn. Thus

My M, --- M
Ms M; -+ Ms
M =
M, M,_1 My
2. Main Result
The general element of the group algebra FG is given by w = wo + w1 + -+ + wm—1, where w; = (ao; +
ayio + -+ + an,uo/“l)ﬁi for i« = 0,1,...,m — 1. We take the following natural basis of the group algebra

FG. B = {1,01,...,01"_1;6,045,...,a"_lﬂ;...;Bm_l,aﬁm_l,...,oz"_lﬂm_l}. This can be written as follows: B =
{1,a,...,a"71}ﬁ0 U {1,&,...,&”71}/3 U---u {1,&,...,anfl}ﬁm71. Briefly, = Bo U B1 U --- U By,—1, where B; =
{1, a,. .., a"fl} (9. Let Tp : FG — M, (F) be the linear transformation of our matrix representation relative to the basis

B. Let Tp; = T |B;. By [1, Theorem 3] we have the following.

Lemma 2.1. T, (wo) = M (aoo, @10, ---,a0n-1,0)-
By Lemma 1.2, we have B;; = {1, a,. .., a"_l} B = {1, a’”i, e ,a(”_l)ri } B9, By division algorithm i + j = gm + v;
0<wv<m-—1; Biti = BImH = (3m)98Y = 98", Then B;; = {aqt,aq”Ti, .. .,oﬂ”("*l)ri}ﬁv. By construction of the

linear transformation we get:

Lemma 2.2. T5; (w;) is obtained by columns interchange of M(aoi,a1i,...,an—1,i) according to the order of the elements

i 1yt
aqtyaqtﬁ-r ,.”’aqt-&-(n ot

With notations as above and by the construction of the linear transformation 7', we have the following main result.

Theorem 2.3. The matriz representation of w = wo+ w1+ -+ wm—1 in F'G relative to the basis B = BoUB1U---UBp,_1

is given by
Tgo (wo) Tsy (Wm-1) --+ Th,, , (w1)
Tp, (w1)  Tp, (wo) -+ Tg,, , (w2)
TB (w) =
Ty (Wm-1) Tpy (Wm-2) --+ T, (wo)
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Now, we discuss the special case of G when t = 0. Thus G = (o, 8: " = ™ =1, fa = a" ), where r™ = 1(mod n). It is
the split case.

Let {1, a..., an_l}ﬁj = {ﬁjlﬂ_j,ﬁjaﬂ_j, . ,Bja"_lﬁ_j}. Call the matrix obtained from the basis {1,a, . ,a"_l}ﬁj
by M?’ .

By Lemma 2.2, Tg; (w;) = M* (aoj, aij,-..,an—1,5). Thus we have

Corollary 2.4. Let F be a field and G a split metacyclic group as above. The representation of the general element
m—1n—1 L m—

S S aijatf in FG is given by the circulant block matriz M (M (aio), M? (ain),..., M ' (aim_l)); i=0,1,...,n—1.
§j=0 i=0

It is the same result of [1, Theorem 4].

3. Application

We compute matrix representations of F'D4 and F'Q4, where Dy = <a, B:a'=p%=1Ba= a35>, the dihedral group and
Qs = <a, B:at=1a%=p%pa= a3ﬁ>, the quaternion group. Q4 is a non-split metacyclic group.

Let al 4+ ba + ca® + da® + e + faf + go® S+ ha® B be the general element of F D4 and By = {1, a,a?, a3} the natural basis
of FDy. B1 = {1,a,a2,a3}6, Bg = {1,a3,a2,a}, B? = {1,a3,a2,a} 8.

adcbd e f h

b adc s f e
TBO (wo) = M(a7 b7 C,d) = ) TBO (wl) =M (67 f»gvh) = 5

cbad g helf

dcba hefg

adcbd e f h

b adc s f e
TBl ('LU()) = M(aa ba C7d) = ) TB1 (wl) =M (67 fvgah) =

cbad g hef

dcba hefyg

Then

T (w)y=1| ... L by corollary 2.4.

MP(e, f,g,h) © M(a,b,c,d)

-a d ¢ b 1 e fgh-
b a d ¢ f g h e
c b a d g h e f
d ¢ b a h e f g
e f g h a d ¢ b
f g h e b a d c
g h e f c b a d

| h e f g cd ¢ b a |
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Now for FQu, let w = wo+w1 € FQu, where wo = al+ba+ca’+da® and wy = ef+ faf+ga?B+haB. B = BoUB;, where
By = {l,a,aQ,a3} and By = {1,a,a2,a3},8. r = 3,t = 2. Then Byo = {1,(1,(12,(13},B071 = {l,a?’,aQ,a} B,Bi,0 =

{1,a,a2,a3} B,Bi1 = {a2,a, 1,a3}. By Theorem 2.3

Try(wo) © T, (w1) MPoo(a,b,c,d) © MPi(e, f,g,h)

Ty (w1) : T, (wo) MPoi(e, f g, h) © MP1o(a,b,c,d)

which is the following 8-square matrix

-adc b ghef-
b a d ¢ h e f g
c b a d e f g h
d ¢ b a f g h e
e f g h a d ¢ b
f g h e b a d c
g h e f c b a d
hoe f g ¢ d ¢ b a |

Note that the two matrix representations of F'D, and F'Q, are distinct.
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