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1 Introduction

The graceful labeling was introduced by A. Rosa [6] during 1967. He proved that the cycle Cn is graceful,

when n ≡ 0, 3 (mod 4). Acharya and Gill [1] have investigated graceful labeling for the grid graph

(Pn ×Pm). Kaneria and Makadia [4] discussed gracefulness of (Pn ×Pm)∪ (Pr ×Ps), (Pn ×Pm)∪ (Pr ×

Ps)∪C2f+3, tensor product P2(Tp)Pn and star of cycle C?
n (n ≡ 0 (mod 4)). Kaneria et al. [5] proved that

join sum of Km,n, path union of Km,n and star of Km,n are graceful graphs. Gallian [2] provide a dynamic

survey of graph labeling. It contains bibliographic references on the concept of graph labeling. Graph

labeling has various applications within mathematics, computer science and communication network,

such applications have been studied by Yegnanarayanan and Vaidhyanathan [8]. We begin with a simple,

undirected, finite graph G = (V,E) on p vertices and q edges. For all terminology and notations we

follows Harary [3]. We give a brief summary of definitions which are useful in this paper.

Definition 1.1. A function f is called graceful labeling of a graph G = (V,E) if f : V −→ {0, 1, . . . , q}

is injective and the induce function f? : E −→ {1, 2, . . . , q} defined as f?(e) = |f(u) − f(v)| is bijective

for every edge e = (u, v) ∈ E. A graph G is called graceful graph if it admits a graceful labeling.

Definition 1.2. Let G be a graph and G1, G2, . . . , Gn, n ≥ 2 be n copies of graph G. Then the graph

obtained by adding an edge from Gi to Gi+1 (i = 1, 2, . . . n− 1) is called path union of graph G.

Definition 1.3. A graph G is obtained by replacing each edge of K1,t by a path Pn of length n on n + 1

vertices is called one point union for t copies of path Pn. We shall denote such graph G by P t
n.
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Definition 1.4. A graph G is obtained by replacing each vertices of P t
n except the central vertex by the

graphs G1, G2, . . . , Gtn is known as one point union for path of graphs. We shall denote such

graph G by P t
n(G1, G2,. . .,Gtn), where P t

n is the one point union of t copies of path Pn. If we replace

each vertices of P t
n except the central vertex by a graph H, i.e. G1 = G2 = · · · = Gtn = H, such one

point union of path graph, we shall denote it by P t
n (tn ·H).

Definition 1.5. A graph obtained by replacing each vertex of K1,n except the apex vertex by the graphs

G1,G2,. . .,Gn is known as open star of graphs. We shall denote such graph by S(G1, G2, . . . , Gn). If we

replace each vertices of K1,n except the apex vertex by a graph G, i.e. G1 = G2 = · · ·Gn = G, such open

star of a graph, we shall denote by S(n ·G).

2 Main Results

Theorem 2.1. P t
n (tn · Pr × Ps) is graceful.

Proof. Let G be a graph obtained by replacing each vertices of P t
n except the central vertex by the grid

graph Pr × Ps. i.e. G is the graph obtained by replacing each vertices of K1,t except the apex vertex by

the path union of n copies of the grid graph Pr × Ps. Let u0 be the central vertex of the graph G. Let

ui,j,k (1 ≤ k ≤ rs) be the vertices of Pr × Ps, which is jth copy of the path union of n copies of Pr × Ps

lies in ith branch of the graph G, ∀ j = 1, 2, . . . , n and ∀ i = 1, 2, . . . , t.

First we shall join ui,j,rs with the vertex ui,j,1 by an edge to form the path union of n copies of Pr×Ps

for ith branch of G, ∀ j = 1, 2, . . . , n and ∀ i = 1, 2, . . . , t. Now we shall join ui,1,1 with the vertex u0 by

an edge to form the one point union of path graphs G, ∀ i = 1, 2, . . . , t.

We know that the grid graph Pr × Ps is a graceful graph on rs vertices and 2rs− (r + s) edges. Let

vab (1 ≤ a ≤ r, 1 ≤ b ≤ s) be vertices of the grid graph Pr × Ps.

Let f : V (Pr × Ps) −→ {0, 1, . . . , 2rs− (r + s)} be the graceful labeling with two sequences of labels,

among one is increasing another one is decreasing, which start by f(v1,1) = 2rs − (r + s) and end with

f(vr,s) = b 2rs−(r+s)
2 c. If we take V (Pr×Ps) = {u1 = v1,1, u2 = v1,2, . . . , ur = v1,r, ur+1 = v2,1, . . . , u2r =

v2,r, . . . , urs = vr,s} , then we have f(u1) = 2rs− (r + s) and f(urs) = b 2rs−(r+s)
2 c.

We shall define labeling function g for the first copy(branch) of the path union of n copies of Pr ×Ps

as follows. Let z = 2rs−(r+s). To define labeling function g : V (path union of n copies of Pr×Ps) −→

{0, 1, . . . , q}, where q = n(z + 1)− 1. We shall consider following two cases.

Case−I : z = 2rs− (r + s) is odd.

g(u1,1,k) = f(uk), when f(uk) < z
2 , ∀ k = 1, 2, . . . , rs,

= f(uk) + (q − z), when f(uk) > z
2 , ∀ k = 1, 2, . . . , rs;

g(u1,j,k) = g(u1,j−1,k)− ( z+1
2 ), when g(u1,j−1,k) > q

2 , ∀ k = 1, 2, . . . , rs, ∀ j = 2, 3, . . . , n

= g(u1,j−1,k) + ( z+1
2 ), when g(u1,j−1,k) < q

2 , ∀ k = 1, 2, . . . , rs, ∀ j = 2, 3, . . . , n;

Case−II : z = 2rs− (r + s) is even.

g(u1,1,k) = f(uk), when f(uk) < z
2 , ∀ k = 1, 2, . . . , rs,

= f(uk) + (q − z), when f(uk) ≥ z
2 , ∀ k = 1, 2, . . . , rs;

g(u1,2,k) = g(u1,1,rs+1−k) + (q − z), when g(u1,1,rs+1−k) < q
2 , ∀ k = 1, 2, . . . , rs,

= g(u1,1,rs+1−k)− (q − z), when g(u1,1,rs+1−k) > q
2 , ∀ k = 1, 2, . . . , rs;

g(u1,j,k) = g(u1,j−2,k) + (z + 1), when g(u1,j−2,k) < q
2 , ∀ k = 1, 2, . . . , rs, ∀ j = 3, 4, . . . , n

= g(u1,j−2,k)− (z + 1), when g(u1,j−2,k) > q
2 , ∀ k = 1, 2, . . . , rs, ∀ j = 3, 4, . . . , n;
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Above labeling pattern give rise graceful labeling to the path union of n copies of Pr × Ps, which lies in

first branch of the graph G. Now we shall define labeling function h : V (G) −→ {0, 1, . . . , Q}, where Q

= t(q + 1) = tn(z + 1) = tn(2rs− (r + s) + 1) as follows:

h(u0) = 0;

h(u1,j,k) = g(u1,j,k) + 1, when g(u1,j,k) < q
2 , ∀ k = 1, 2, . . . , rs, ∀ j = 1, 2, . . . , n

= g(u1,j,k) + (Q− q), when g(u1,j,k) ≥ q
2 , ∀ k = 1, 2, . . . , rs, ∀ j = 1, 2, . . . , n;

h(u2,j,k) = h(u1,j,k) + (Q− (q + 1)), when h(u1,j,k) < Q
2 , ∀ k = 1, 2, . . . , rs, ∀ j = 1, 2, . . . , n

= h(u1,j,k)− (Q− (q − 1)), when h(u1,j,k) > Q
2 , ∀ k = 1, 2, . . . , rs, ∀ j = 1, 2, . . . , n;

h(ui,j,k) = h(ui−2,j,k) + (q + 1), when h(ui−2,j,k) < Q
2 ,

= h(ui−2,j,k)− (q + 1), when h(ui−2,j,k) > Q
2 ,

∀ k = 1, 2, . . . , rs, ∀ j = 1, 2, . . . , n; ∀ i = 3, 4, . . . , t;

Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph.

Illustration 2.2. P 3
3 (9 · P3 × P3) and its graceful labeling shown in figure–1.

Figure 1: A graph obtained by one point union for path of grid graph P3 × P3 and its graceful labeling

Theorem 2.3. P t
n(tn ·K1,m) is graceful tree.

Proof. Let G be a graph obtained by replacing each vertices of P t
n except the central vertex by the graph

K1,m. i.e. G is the graph obtained by replacing each vertices of K1,t except the apex vertex by the path

union of n copies of the graph K1,m. Let u0 be the central vertex for the graph G. Let us,l,i (0 ≤ i ≤ m)

be the vertices of K1,t which is lth copy of the path union of n copies of K1,m lies in sth branch of the

graph G, ∀ l = 1, 2, . . . . . . , n and ∀ s = 1, 2, . . . , t.

First we shall join us,l,0 with the vertex us,l+1,0 by an edge to form the path union of n copies of K1,m

for sth branch of G, ∀ l = 1, 2, . . . , n − 1 and ∀ s = 1, 2, . . . , t. Now we shall join us,1,0 with the vertex

u0 by an edge to form the one point union of path graphs G, ∀ s = 1, 2, . . . , t. We shall define labeling

function f for the first copy (branch) of the path union of n copies of K1,m as follows: f : V (path union

of n copies of K1,m) −→ {0, 1, . . . , q}, where q = n(m + 1)− 1, defined by,

f(u1,1,0) = q,

f(u1,1,i) = i− 1, ∀ i = 1, 2, . . . ,m;

f(u1,2,0) = f(u1,1,m) + 1,

f(u1,2,i) = q − i, ∀ i = 1, 2, . . . ,m;

f(u1,l,0) = f(u1,l−2,0) + (−1)l[m + 1], ∀ l = 3, 4, . . . , n,
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f(u1,l,i) = f(u1,l−2,i) + (−1)l−1[m + 1], ∀ l = 3, 4, . . . , n, ∀ i = 1, 2, . . . ,m.

Above labeling pattern give rise graceful labeling to the path union of n copies of K1,m,which lies in

first branch of G. Now we shall define labeling function g : V (G) −→ {0, 1, . . . , Q}, where Q = t(q + 1)

= t(n(m + 1)) as follows:

g(u0) = 0;

g(u1,l,i) = f(u1,l,i) + 1, when f(u1,l,i) ≤ mdn2 e+ n−2
2 ,

= f(u1,l,i) + (Q− q), when f(u1,l,i) > mdn2 e+ n−2
2 ,

∀ i = 0, 1, . . . ,m, ∀ l = 1, 2, . . . , n;

g(u2,l,i) = g(u1,l,i) + (Q− (q + 1)), when g(u1,l,i) <
Q
2 , ∀ i = 0, 1, . . . ,m, ∀ l = 1, 2, . . . , n

= g(u1,l,i)− (Q− (q + 1)), when g(u1,l,i) >
Q
2 , ∀ i = 0, 1, . . . ,m, ∀ l = 1, 2, . . . , n;

g(us,l,i) = g(us−2,l,i)− (−1)s(q + 1), when g(us−2,l,i) <
Q
2 ,

= g(us−2,l,i) + (−1)s(q + 1), when g(us−2,l,i) >
Q
2 ,

∀ s = 3, 4, . . . , t, ∀ i = 0, 1, . . . ,m, ∀ l = 1, 2, . . . , n;

Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph.

Illustration 2.4. P 3
3 (9 ·K1,8) and its graceful labeling shown in figure–2.

Figure 2: A graph obtained by one point union for path of star graphs and its graceful labeling

Theorem 2.5. S(t · Cn) is graceful graph, where n ≡ 0 (mod 4).

Proof. Let G be a graph obtained by replacing each vertices of K1,t except the apex vertex by the

cycle Cn(n ≡ 0(mod4)). Let u0 be the central vertex for the graph G. Let us,i (1 ≤ i ≤ n) be the

vertices of sth copy of Cn in G, ∀ s = 1, 2, . . . t.

We shall join us,1 with the vertex u0 by an edge to form the open star of cycles G = S(t · Cn), ∀

s = 1, 2, . . . , t. The open star of cycles G = S(t · Cn) has P = tn + 1 vertices and Q = t(n + 1) edges.

We define labeling function f : V (G) −→ {0, 1, . . . , Q} as follows:

f(u0) = 0;

f(u1,i) = Q− ( i−1
2 ), ∀ i = 1, 3, . . . , n− 1,

= i
2 , ∀ i = 2, 4, . . . , n

2 ,

= i
2 + 1, ∀ i = n

2 + 2, n
2 + 4, . . . , n;

f(u2,i) = f(u1,i)− (n + 1)(t− 1), when f(u1,i) >
Q
2 , ∀ i = 1, 2, . . . , n

= f(u1,i) + (n + 1)(t− 1), when f(u1,i) <
Q
2 , ∀ i = 1, 2, . . . , n;

f(us,i) = f(us−2,i)− (n + 1), when f(us−2,i) >
Q
2 , ∀ i = 1, 2, . . . , n, ∀ s = 3, 4, . . . , t

= f(us−2,i) + (n + 1), when f(us−2,i) <
Q
2 , ∀ i = 1, 2, . . . , n, ∀ s = 3, 4, . . . , t.

Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph.
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Illustration 2.6. Open star of 4 copies of C8 and its graceful labeling shown in figure–3.

Figure 3: A graph obtained by open star of C8 and its graceful labeling

Theorem 2.7. P t
n(tn · Cm) is graceful, where m ≡ 0 (mod 4).

Proof. Let G be a graph obtained by replacing each vertices of P t
n except the central vertex by the graph

Cm, where m ≡ 0 (mod 4). i.e. G is the graph obtained by replacing each vertices of K1,t except the

apex vertex by the path union of n copies of the graph Cm (m ≡ 0 (mod 4)). Let u0 be the central vertex

for the graph G. Let us,l,i (1 ≤ i ≤ m) be the vertices of Cl
m, which is lth copy of the path union of n

copies of Cm lies in sth branch of the graph G, ∀ l = 1, 2, . . . . . . , n and ∀ s = 1, 2, . . . , t.

First we shall join us,l,m with the vertex us,l+1,1 by an edge to form the path union of n copies of Cm,

where m ≡ 0 (mod 4) for sth branch of G, ∀ l = 1, 2, . . . , n − 1 and ∀ s = 1, 2, . . . , t. Now we shall join

us,1,1 with the vertex u0 by an edge to form the one point union of path graphs G, ∀ s = 1, 2, . . . , t. We

shall define labeling function f for the first copy (branch) of the path union of n copies of Cm (m ≡ 0

(mod 4)) as follows: f : V (path union of n copies of Cm) −→ {0, 1, . . . , q}, where q = nm + n − 1,

defined by,

f(u1,1,i) = q − ( i−1
2 ), ∀ i = 1, 3, . . . ,m− 1,

= ( i−2
2 ), ∀ i = 2, 4, . . . , m

2 ,

= i
2 , ∀ i = m

2 + 2, m
2 + 4, . . . ,m;

f(u1,2,i) = f(u1,1,i) + (q −m), when f(u1,1,i) <
q
2 , ∀ i = 1, 2, . . . ,m

= f(u1,1,i)− (q −m), when f(u1,1,i) >
q
2 , ∀ i = 1, 2, . . . ,m;

f(u1,l,i) = f(u1,l−2,i) + (m + 1), when f(u1,l−2,i) <
q
2 , ∀ i = 1, 2, . . . ,m, ∀ l = 3, 4, . . . , n

= f(u1,l−2,i)− (m + 1), when f(u1,l−2,i) >
q
2 , ∀ i = 1, 2, . . . ,m, ∀ l = 3, 4, . . . , n.

Above labeling pattern give rise graceful labeling to the path union of n copies of Cm (m ≡ 0(mod4)),

which lies in first branch of G. Now we shall define labeling function g : V (G) −→ {0, 1, . . . , Q}, where

Q = t(q + 1) = t(n(m + 1)) as follows:

g(u0) = 0;

g(u1,l,i) = f(u1,l,i) + 1, ∀ i = 2, 4, . . . ,m, ı∀ l = 1, 2, . . . , n,

= f(u1,l,i) + (Q− q), ∀ i = 1, 3, . . . ,m− 1, ∀ l = 1, 2, . . . , n;

g(u2,l,i) = g(u1,l,i) + (Q− (q + 1)), ∀ i = 1, 3, . . . ,m− 1, ∀ l = 1, 2, . . . , n,

= g(u1,l,i)− (Q− (q + 1)), ∀ i = 2, 4, . . . ,m, ı∀ l = 1, 2, . . . , n;

g(us,l,i) = g(us−2,l,i)− (−1)i(q + 1), ∀ i = 1, 2, . . . ,m, ∀ l = 1, 2, . . . , n, ∀ s = 3, 4, . . . , t.

Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph.
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Illustration 2.8. P 3
4 (12 · C8) and its graceful labeling shown in figure–4.

Figure 4: A graph obtained by one point union for path of cycles and its graceful labeling

3 Concluding Remarks

Labeled graph is the topics of current interest. We discussed here graceful labeling to P t
n(tn ·;Pr × Ps),

P t
n(tn ·K1,n), P t

n (tn · Cm) and S(t · Cn). The present work contribute four new results. The labeling

pattern is illustrated for derived results. This work throws some light on the gracefulness of one point

union for path of graphs.

Acknowledgement

The authors of this paper would like to thanks the reviewers for their valuable suggestions.

References

[1] B.D.Acharya and M. K. Gill, On the index of gracefulness of a graph and the gracefulness of

two−dimensional square lattice graphs, Indian J. Math., 23(1981), 81-94.

[2] J.A.Gallian, A Dynamic Survey of Graph Labeling ,The Electronics Journal of Combinatorics,

17(2014), #DS6.

[3] F.Harary, Graph theory, Addition Wesley, Massachusetts, (1972).

[4] V.J.Kaneria and H. M. Makadia, Some graceful graphs, J. of Maths. Research CCSE, 4(2012), 54-58.

[5] V.J.Kaneria, H.M.Makadia, M.M.Jariya and Meera Meghpara, Graceful labeling for complete bipar-

tite graphs, Applied Math. Sci., 8(103)(2014), 5099-5104.

[6] A.Rosa, On certain valuation of the vertices of a graph, Theory of Graphs, (Rome, July, 1966),

Goden and Breach, N. Y. and Paris, (1967), 329-335.

[7] S.K.Vaidya, N.A.Dani, K.K.Kanani and P.L.Vihol, Cordial and 3-equitable labeling for some star

related graphs, International Mathematical Forum, 4(2009), 1543-1553.

[8] V.Yagnanarayanan and P.Vaidhyanathan, Some intresting Applications of Graph Labeling, J. Math.

Comput. Sci.,2(5)(2012), 1522-1531.


	Introduction
	Main Results
	Concluding Remarks

