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1 Introduction

The graceful labeling was introduced by A. Rosa [6] during 1967. He proved that the cycle C,, is graceful,
when n = 0,3 (mod 4). Acharya and Gill [1] have investigated graceful labeling for the grid graph
(P, x Pp,). Kaneria and Makadia [4] discussed gracefulness of (P, x Pp,) U (P X Ps), (Py X Pp) U (P %
P,)UC5y43, tensor product Pr(T},)P, and star of cycle C} (n = 0 (mod 4)). Kaneria et al. [5] proved that
join sum of Ky, ,,, path union of K, ,, and star of K, ,, are graceful graphs. Gallian [2] provide a dynamic
survey of graph labeling. It contains bibliographic references on the concept of graph labeling. Graph
labeling has various applications within mathematics, computer science and communication network,
such applications have been studied by Yegnanarayanan and Vaidhyanathan [8]. We begin with a simple,
undirected, finite graph G = (V, E) on p vertices and ¢ edges. For all terminology and notations we

follows Harary [3]. We give a brief summary of definitions which are useful in this paper.

Definition 1.1. A function f is called graceful labeling of a graph G = (V,E) iof f : V — {0,1,...,q}
is injective and the induce function f*: E — {1,2,...,q} defined as f*(e) = |f(u) — f(v)]| is bijective

for every edge e = (u,v) € E. A graph G is called graceful graph if it admits a graceful labeling.

Definition 1.2. Let G be a graph and G1,Gs,..., Gy, n > 2 be n copies of graph G. Then the graph

obtained by adding an edge from G; to Gi11 (i =1,2,...n — 1) is called path union of graph G.

Definition 1.3. A graph G is obtained by replacing each edge of K1 by a path P, of length n onn+1

vertices is called one point union for ¢ copies of path P,,. We shall denote such graph G by P.
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Definition 1.4. A graph G is obtained by replacing each vertices of P! except the central vertex by the
graphs Gy, Ga, ..., Gy, is known as one point union for path of graphs. We shall denote such
graph G by P! (G1, Ga,...,Gy ), where Pt is the one point union of t copies of path P,. If we replace
each vertices of P. except the central vertex by a graph H, i.e. G = Gy = -+ = Gy, = H, such one

point union of path graph, we shall denote it by P! (tn - H).

Definition 1.5. A graph obtained by replacing each vertex of K , except the apex vertex by the graphs
G1,Ga,...,Gy, is known as open star of graphs. We shall denote such graph by S(G1,Ga,...,Gy). If we
replace each vertices of K1 ,, except the apex vertex by a graph G, i.e. Gy = Gy = --- G, = G, such open
star of a graph, we shall denote by S(n - G).

2 Main Results

Theorem 2.1. P! (tn- P. x Ps) is graceful.

Proof. Let G be a graph obtained by replacing each vertices of P! except the central vertex by the grid
graph P, x P;. i.e. G is the graph obtained by replacing each vertices of K ; except the apex vertex by
the path union of n copies of the grid graph P, x Ps. Let ug be the central vertex of the graph G. Let
u; 5k (1 <k <rs) be the vertices of P, x Py, which is 4t copy of the path union of n copies of P, x P
lies in 4*" branch of the graph G, Vj=1,2,....,nandVi=1,2,...,t.

First we shall join u; j s with the vertex u; ;1 by an edge to form the path union of n copies of P, x P,
for i" branch of G,V j = 1,2,...,nand Vi = 1,2,...,t. Now we shall join u; 1 1 with the vertex uy by
an edge to form the one point union of path graphs G, V i =1,2,...,t.

We know that the grid graph P, x P; is a graceful graph on rs vertices and 2rs — (r + s) edges. Let
Vap (1 <a <r,1<b<s) be vertices of the grid graph P, x Ps.

Let f:V(P. x P;) — {0,1,...,2rs — (r + s)} be the graceful labeling with two sequences of labels,
among one is increasing another one is decreasing, which start by f(v11) = 2rs — (r + s) and end with
flors) = LQM%MJ If we take V(P X Ps) = {u1 = v11,Uu2 = V1,2, .., Up = V10, Upp1 = V21, .., U =
Vapy ..., Ups = Vp s} , then we have f(u1) = 2rs — (r +s) and f(u,,) = Lzm%(rmj

We shall define labeling function g for the first copy(branch) of the path union of n copies of P, x P
as follows. Let z = 2rs—(r+s). To define labeling function g : V (path union of n copies of P, x Ps) —
{0,1,...,q}, where ¢ = n(z + 1) — 1. We shall consider following two cases.

Case—1:2z=2rs— (r+s) is odd.

g(ur1k) = flug), when f(ur) < 5,VEk=1,2,...,7s,
= fug) + (¢ — 2), when f(ug) > 35, Vk=12,...,rs;

g(ur k) = g(ur j—1,5) — (2'51), when g(uy j_1x) > 2, VE=1,2,...,75,Vj=2,3,...
=g(u1j-1,%) + (Zzil), when g(uij_1x) < 2, VE=1,2,...,75,Vj=2,3,...

Case—1II : z = 2rs — (r + s) is even.

g(ur1k) = flug), when f(ur) < 5, VEk=1,2,...,7s,
= f(ur) + (¢ — 2), when f(ur) > 5, VE=1,2,...,7s;
guia k) = g(u11,rs+1-k) + (¢ — 2), when g(u1 1, rst1-k) < 2, VE=1,2,...,75,
= g(u1,1,rs4+1-k) — (¢ — 2), when g(u11,rst1-k) > 2, VE=1,2,...,75;
g(ur k) = g(u1,j—2k) + (2 + 1), when g(uy j_ox) < %, VE=1,2,...,r5,Yj =3,4,...

=g(u1j—2%) — (2 +1), when g(uy j_2x) > 2, VE=1,2,...,75,Vj=3,4,...
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Above labeling pattern give rise graceful labeling to the path union of n copies of P, x Ps, which lies in
first branch of the graph G. Now we shall define labeling function h : V(G) — {0,1,...,Q}, where Q
=t(g+1) =tn(z+1) =tn(2rs — (r +s) + 1) as follows:

h(ug) = 0;
h(ui jk) = glur k) +1, when g(u1jx) <4, Vk=1,2,...,75,Vj=1,2,....,n
=g(ujx) + (Q—q), when g(uyjx) >4, VE=1,2,...,75,Vj=1,2,...,n;
h(uz,jk) = h(urjx) + (Q — (q+ 1)), when h(uijk) < $, Vh=1,2,...,r,Vji=1,2,....n
= h(ui k) — (Q — (¢ — 1)), when h(uy jx) > %, Vk=1,2,...,rs,YVj=1,2,...,n;
h(uijp) = h(ui—2 ) + (g + 1), when h(ui—2jx) < %,
= h(uiz;k) = (¢+1), when h(ui—ajx) > §,
VE=1,2,...,rs,V5j=1,2,...,m;Vi=3,4,....,1;
Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph. O

Illustration 2.2. P3(9- P3 x P3) and its graceful labeling shown in ﬁgure.

Figure 1: A graph obtained by one point union for path of grid graph P; x P3 and its graceful labeling

Theorem 2.3. P!(tn- Ky ,,) is graceful tree.

Proof. Let G be a graph obtained by replacing each vertices of P! except the central vertex by the graph
K1 m. ie. G is the graph obtained by replacing each vertices of K ; except the apex vertex by the path
union of n copies of the graph K7 ,,,. Let ug be the central vertex for the graph G. Let ug;; (0 <i < m)
be the vertices of K1, which is I** copy of the path union of n copies of Ky lies in st branch of the
graph G,VI1=1,2,... ... ,nandV s=1,2,...,t.

First we shall join us ;o with the vertex us ;41,0 by an edge to form the path union of n copies of K ,,
for st branch of G,V 1 =1,2,...,n—1and V s =1,2,...,t. Now we shall join Us,1,0 With the vertex
ug by an edge to form the one point union of path graphs G,V s = 1,2,...,t. We shall define labeling
function f for the first copy (branch) of the path union of n copies of K ,, as follows: f : V(path union
of n copies of K1,.,) — {0,1,...,¢}, where ¢ = n(m + 1) — 1, defined by,

flui10) =g,

flura) =4 —1, Vi=1,2,...,m;
flur20) = flui,1,m) +1,

flui2:) =q—1, Vi=1,2,...,m;
flui10) = flur1—20) + (=1)m + 1], Vi=3,4,...,n,
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flurg) = fluri—o4) + (=1 m + 1], VIi=3,4,...,n,Vi=1,2,...,m.

Above labeling pattern give rise graceful labeling to the path union of n copies of K ,,,which lies in
first branch of G. Now we shall define labeling function ¢ : V(G) — {0,1,...,Q}, where Q@ = t(¢ + 1)
= t(n(m+ 1)) as follows:

g9(uo) = 0;
g(uri) = f(uig:) +1, when f(uy;) < m[%] + 252,
= flui:) +(Q —q), when f(uy1:) > m[%] + 252,
Vi=0,1,...,m,VI=1,2,...,n;
g(uz) = g(u1) +(Q — (¢ + 1)), when g(u1,,) < %, Vi=0,1,....m,VIi=12...,n
=g(ur:) — (@ — (g +1)), when g(uqy ;) > %, Vi=0,1,....mVI=12,...,n;
9(usii) = gus—2.1.4) — (=1)°(¢ + 1), when g(us—2,,:) < £,
= g(us—2,,:) + (=1)*(¢ + 1), when g(us—2.,:) > %7
Vs=3,4,...,t,Vi=0,1,... m,VIi=1,2,...,n;
Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph. O

Illustration 2.4. P§(9- K1) and its graceful labeling shown in ﬁgure@.
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Figure 2: A graph obtained by one point union for path of star graphs and its graceful labeling

Theorem 2.5. S(t-C,) is graceful graph, where n =0 (mod 4).

Proof. Let G be a graph obtained by replacing each vertices of K, except the apex vertex by the
cycle Cy(n = 0(mod4)). Let ug be the central vertex for the graph G. Let u,; (1 < i < n) be the
vertices of st copy of Cp, in G,V s =1,2,...t.

We shall join us; with the vertex ug by an edge to form the open star of cycles G = S(t - Cy,), V
s =1,2,...,t. The open star of cycles G = S(t - C,) has P = tn + 1 vertices and Q = t(n + 1) edges.
We define labeling function f : V(G) — {0,1,...,Q} as follows:

f(uo) =0;
flui) =Q— (551, Vi=1,3,...,n—1,
=, Vi=2/4,...,%,
=Z+1, Vi=24+22+4,...n
Flugs) = furs) — (n+1)(t—1), when f(ui;) > $,Vi=12,...,n
=fluy) +(n+1)(t-1), when f(ui;) < $,Vi=12,...,n;
flusi) = flus—2,) — (n+1), when f(us_2,;) > %, Vi=1,2,...,n,Vs=3,4,...,t
= flus_24) + (n+1), when f(us_0;) < $,Vi=1,2,...,n,Vs=34,...,t

Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph. O
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Illustration 2.6. Open star of 4 copies of Cs and its graceful labeling shown in figure-{3

Figure 3: A graph obtained by open star of Cg and its graceful labeling

Theorem 2.7. PL(tn-C,,) is graceful, where m =0 (mod 4).

Proof. Let G be a graph obtained by replacing each vertices of P! except the central vertex by the graph
Ch, where m = 0 (mod 4). i.e. G is the graph obtained by replacing each vertices of K7, except the
apex vertex by the path union of n copies of the graph C,,, (m =0 (mod 4)). Let ug be the central vertex
for the graph G. Let us;,; (1 < i < m) be the vertices of C!, , which is [!" copy of the path union of n
copies of C,, lies in st" branch of the graph G, V1 =1,2,... ... ,nandVs=1,2,...,t

First we shall join wus; ,», with the vertex us ;41,1 by an edge to form the path union of n copies of C,,,
where m = 0 (mod 4) for s branch of G, V1 =1,2,...,n—1andV s =1,2,...,t. Now we shall join
us 1,1 With the vertex ug by an edge to form the one point union of path graphs G,V s =1,2,...,t. We
shall define labeling function f for the first copy (branch) of the path union of n copies of Cy, (m =0
(mod 4)) as follows: f : V(path union of n copies of Cp,) — {0,1,...,q}, where ¢ = nm +n — 1,
defined by,

flur) =q—(5h), Vi=1,3,...,m—1,
= (52), Vi=2/4,...,%2
=i, Vi=1+2,%+4,...,m;

flur24) = flur14) + (g —m), when f(ui1,:) <4,Vi=1,2,...,m
= f(u114) — (g—m), when f(u11,:) >4,Vi=1,2,...,m;

fluri) = flur—2,) + (m+1), when f(uyy0,) <4,Vi=1,2,...,m,VI=34,...,n
= f(u1,-2,) — (m+1), when f(u1;-2;) > 2,Vi=1,2,...,m,VI=3,4,...,n.

Above labeling pattern give rise graceful labeling to the path union of n copies of C,, (m = 0(mod4)),
which lies in first branch of G. Now we shall define labeling function g : V(G) — {0,1,...,Q}, where
Q=tlg+1) =t(n(m+1)) as follows:

g9(uo) = 0;
g(urgs) = flui) + 1, Vi=24,....om VI=1,2,...,n
= f(ui:) +(Q —q), Vi=1,3,....m—1,VI=12,...,n;
g(uzi) = g(uiiq) +(Q — (g + 1)), Vi=13,....m—-1,VIi=1,2,... n,
=g(uii) — (Q—(¢+1)), Vi=24,....m VIi=12,...,n
9(usii) = glus—2.1:) — (=1) (g + 1), Vi=12,....m,VIi=12,...,n,Vs=34,...,t.

Above labeling pattern give rise graceful labeling to the graph G and so it is a graceful graph. O
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Ilustration 2.8. P}(12-Cy) and its graceful labeling shown in ﬁgure.

5 10 15 20

Figure 4: A graph obtained by one point union for path of cycles and its graceful labeling

3 Concluding Remarks

Labeled graph is the topics of current interest. We discussed here graceful labeling to P! (tn -; P. x Py),
Pi(tn - Ki,), P! (tn-Cy,) and S(t - C,). The present work contribute four new results. The labeling
pattern is illustrated for derived results. This work throws some light on the gracefulness of one point

union for path of graphs.
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