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1. Introduction

The weights play crucial role in studying the weighted discrete semigroup algebra ¢'(N, w) with the convolution product
[4, Section 4.6]. Moreover, many Banach algebra properties of £!(N, w) can be characterized in terms of the weight w. For
example, the £*(N, w) is semisimple if and only if inf{w(n)% : n € N} is positive [4, Theorem 4.6.9]. The weight w greatly
influences the Banach algebra structure of £'(N, w). For example, consider w;(n) = e and ws (n) = n? + 1. Then, unlike
21 (N, we), the algebra ¢'(N,w:) is a radical, unicellular, ordinary Banach algebra [4, Proposition 4.6.24]. In 1974, G. E.
Shilov asked the following question: Does there exist a radical weight w on N such that ¢*(N,w) contains a non-standard
closed ideal? [8, Page 189]. In 1984, M. P. Thomas succeeded to construct such weights [10]. There are some open problems
also. For example, whether there exists a semisimple weight w on N such that £* (N, w) is neither Arens regular nor strongly
Arens irregular? [5, Page 56]. There are several types of weights such as radical, semisimple, regular, convex, ordinary,
star-shaped, non-quasi-analytic, etc. [2-4, 6, 7]. We also note that the weights on N have a connection with arithmetical
functions in Number Theory [1].

These interesting facts motivated us to find a variety of weights on N. In this paper, we characterize, in terms of the constant
¢, the standard functions ccosh(n), csinh(n), n* + ¢, (n + )%, n ™% +¢, (W* + )™, e, e, e (ot log(n®) + ¢, and

[log(n) + c]* as weights. General Methods of constructing weights on arbitrary semigroups are given in [9].

2. Main Results

Throughout, we reserve the notation for two constants k € N and ¢ > 0.
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Theorem 2.1. Let ¢ > 0. Then

(1). The map w(n) = ccosh(n) is a weight on N if and only if ¢ > 2.

(2). The map w(n) = csinh(n) is a weight on N if and only if ¢ > ssiinnht;(fl)).

Proof.

(1). Assume that w is a weight on N. Then, for any n € N, we have

[\

" e = gou(2n) < Zw(n)? = %(e" +e ™2
c

o

This implies that 0 < (§ — 1)e*” + (£ — 1)e”** + ¢ (n € N) and hence we have ¢ > 2. Conversely, assume that ¢ > 2.

Define wi(n) = e", wz2(n) = e ", and wz(n) = 5. Clearly they are weights on N and hence w = w3z(w1 + wz) is a weight

on N.

(2). First we claim that, for k,m,n € N,

ek+1+ek71+efk+1+efk71 S2e2m+k71+2672m7k+1; (1)

The inequality (1) is clear because

k+1 k—1 —k+1 —k—1 2 k-1 2 k—1 —k—1 —k—1
e+—|—e +e +—|—e e’e +ee +e +e

IN

2 —1 2 —1 —2m— 1 —2m— 1
em+k +6m+k +e m—k+ +e mk+.

IN

The inequality (2) clearly holds for m = n. Now assume that m < n. Then n = m+k for some k > 1. By inequality (1)

above, we have

ek+1+ek71+efk+1+67k71 §262m+k71+2672m7k+1

2 1 —2m—k—1 1 -1 — 1 —k—1

= IR pmEmehel R R et e
S62m+k+l+672mfk71+262m+k71+2672mfk+1
e2m+k+1 + 672m7k:71 _ 62m+k71 _ 672mfk+1 + ek+l + 6’971

— 1 —k—1 2 1 —2m—k—1 2 —1 —2m— 1
+e k+ te k S e m+k+ +e m—k te m+k +e m—k+
Q2L _ 2mAk=1 _ —2m—k+1 + o 2m—k-1 < e2mtkt1 + o 2m—k=1

2 k—1 —2m—k+1 k+1 k—1 —k+1 —k—1
m+ +em+7e+7 76+7e

“+e e

e2m+k+l _ e2m+k71 _ 672m7k+1 + 672m7k71 S 62m+k+1 + 62m+k71

—om—k+1 k41 k-1 k41  —k-1 , —2m—k—1
4o EmTRL Rt —eF e +e

(61 o 671)(62m+k o —2m—k

= )< (' +e ) (e™ —e ™) (e —em )
— (=) e < (e Fe (e —e ™) (" —e ")

Thus the inequality (2) is proved.

Now assume that w is a weight on N. Then csinh(2) = w(l + 1) < w(lw(1) = *sinh?(1). Hence ¢ > =2h(2)

= sinh2(1)"
Conversely, assume that ¢ > ssiinnth((Zl))' Without loss of generality, we may assume that ¢ = Ssiin“hh2<(21)). Then
_ C, m+n —m—n
wim+n) = =(e —e )
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IN

(By inequality (2))

= cm sinh(m) sinh(n)

= ¢?sinh(m)sinh(n) = w(m)w(n).

Thus w is a weight on N. O

Next we prove that the power function n* + ¢ is a weight on N under some condition on ¢. In order to prove this, we need
to define two positive numbers; namely,
V2kt2 —3 1

o =0 and dp= 3t 2222k — PARES (3)

Theorem 2.2. Let k € N and ¢ > 0. Then

(1). k <4 if and only if ¢ > dy.

(2). If w(n) = n* 4 c is a weight on N, then ¢ > max{cy, dy}.

(3). If k < 4, then w(n) = n* + cx is a weight on N.

(4). If k > 5, then w(n) = n* + dy is a weight on N.

(5). The map w(n) = n* + ¢ is a weight on N if and only if ¢ > max{cy,dy}.
Proof.

(1). If k < 4, then one can check ¢, > dy manually. Conversely, assume that k > 5. Clearly ¢5 = 7122571 < V467 —16 = ds.

If £ > 6, then

k 3
2+2% < (5)*

2k—2 2k—2 k
-2

k 3k k
= 2" +22 42 <3 +2

— (2§+2k—1)2<3k+22k—2_2k

— 25 < \/3kp %2 _gk 9kl _ g,

On the other hand, ¢, = Vsl < 2% Thus ¢ < di for all k > 5.

2

(2). Assume that w is a weight on N. Then

2 re=wl+1) <wlw(l)=1+2c+c

<
8.1 e
4

— 2"<14c+l= +(§+c)

/OkE+2

22 3<—;
k42

V2 3-1_

B =

+

o

So that ¢ > cx. Also w must satisfy

Fre=w(l+42) <wlw?@)=2"+c+2%c+
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— 3F _2F <% 4 2%
3k _ 2k +22k—2 S (2k—1 +C)2

= Bk 422k-2 ok oMl <

So that ¢ > di. Thus ¢ > max{ck, di }.

(3). We shall prove this result in four cases.
Case-(i): k = 1. In this case, ¢ > 5. The inequality w(1+ 1) < w(1)w(1) follows from the proof of Statement (2)

above. For n > 2,

w(l+n)<n+c+na<(l+ca)(n+ca)=wl)wn).

For m,n > 2, we have

wim+n)=m+n+c <mn+c <wm)wn).
Case-(ii): k = 2. In this case, c2 > 1. Again w(1 + 1) < w(1)w(1) follows from the proof of Statement (2) above. For
n > 2,

wl+n)=142n+n’+c2 <n’®+c2+nc2+c5 =w(l)wn).

Finally, for m,n > 2, we have

1 1 co () c% c2 C2
- <1 <1 < (1
n m mknk — + mknk — * mknk 1+ m

Multiplying both sides by m*n*, we get w(m + n) < w(m)w(n).
Case-(iii): k£ = 3. In this case, cs > 2. Now this can be proved as per the arguments given in Case-(ii) above.

Case-(iv): k = 4. In this case, 3.4 < ¢4 < 3.5. The inequality w(1+1) < w(1)w(1) is clear. Let m =1 and n = 2. Now
Wl +2) < 84.5 <164 17(3.4) 4 (3.4)*> < 16 + 17ca + 5 = w(1)w(2),
and, for n > 3, we have
wl+n)<4n* +es < (A +ec)n® + (14 ca)es = w(l)w(n).
Finally, the m,n > 2 can be proved as in Case-(ii) above.

(4). By Statement (1) above, we have

V2R 23 -1

5 =cp <dp = 2" —3 < (1+2d)* = 2" +dr < (1 +dp)>.

Thus w(l 4+ 1) < w(1)w(l). Next we have

dp = \/3k + 22k—2 _ 9k _ 9k—1
— (02 + 2]671)2 _ 3k + 22](?72 _ 2k
— 2" 42 45 =3

— (1k —+ Cz)(zk —+ Cz) = 3’c + c2

Hence w(1)w(2) = w(1 + 2). The remaining two cases can be proved as in Case-(ii) of Statement (2) above.
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(5). The necessary condition is proved in Statement (2) above. For the sufficient condition, we first note that if w is a weight
on N and if w(n) > 1 (n € N), then w(n) = w(n) + d is also a weight on N for any d > 0. So, we can assume that

¢ = max{cy,dr}. Now the result follows from Statements (1), (3), and (4). O
Theorem 2.3. Let k € N and ¢ > 0. Then
(1). w(n) = (n+c)* is a weight on N if and only if ¢ > ¢i.
(2). win) = nik + ¢ is a weight on N if and only if ¢ > 1.
(3). w(n) = m s always a weight on N.
(4). w(n) = n%-ﬁ—c is never a weight on N.

Proof.

(1). Define wi(n) = n + ¢ (n € N). Then w(n) = wi(n)* for all n. Clearly, w is a weight if and only if w; is a weight. Now

the result follows from Theorem 2.2(5).
(2). Assume that w is a weight on N. Then, for all m,n € N,

e e = wlm ) Swmlu(n) = (o + ) (op + o)

Taking m,n — oo, we get ¢ < ¢?. Hence ¢ > 1. Conversely, assume that ¢ > 1. Then, for m,n € N,

mnf {1 + c(m +n)*} = mFn* + emFn*(m +n)*

(emF)(m + n)* + EmPnF (m + n)*

IN

IN

em® 4+ en® +1)(m + n)* + EmPnf (m +n)*

(
(em” + en® +1 4 AEmFn®) (m + n)*
(

em® 4+ 1)(en® +1)(m +n)*.

Dividing both sides by m*n*(m + n)*, we get w(m +n) < w(m)w(n).

(3). Let m,n € N. Then

M+ )" (" +0)" < [(m+n)" +"(n" +c)"

IN

[(m+n)* + ™ [(m+n)* + "

[(m + n)k + c]er".

Thus [(ern)lirC]er" < mk}&»cm nkic" which implies w(m + n) < w(m)w(n).

(4). Suppose, if possible, w(n) = is a weight. Then, for m,n € N,

1
nk+c

w(m+n) < w(m)w(n)
1 1 1
(m—+n)k+c S(171‘1“—&—0)(71’6—1—0
= (m" 4+ +¢) < (m+n)f+e
1 1 k C

c c
— . N N
(1+mk)(1+nk)_(n+m) +mknk

)

Taking m,n — oo, we get 1 < 0. It is a contradiction. So w is not a weight on N. O
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Theorem 2.4. Let k € N and ¢ > 0. Then

(1). win) = ™ is a weight on N if and only if 0 < ¢ < 1.
(2). wn) =e™ is a weight on N if and only if ¢ > 1.
(3). If c € NU{0}, then w(n) = e~ is a weight on N.
Proof.

(1). If w is a weight, then 2° = Inw(2) = Inw(1 + 1) < 2Ilnw(1) = 2. Hence ¢ < 1. Conversely, if ¢ < 1, then (m + n)¢ <

m® + nf, and so w(m + n) < w(m)w(n).

(2). If w is a weight, then —2° = Inw(1 4+ 1) < 2lnw(1) = —2. Hence ¢ > 1. Conversely, if ¢ > 1, then (m + n)® > m° + n°.

" is a weight on N.

Hence w(n) =e
(3). Clearly, [(m +n)* + ¢! > 2{[(m +n —1)F + ]!} > (m* + ¢)! + (n* + ¢)!. Thus w is a weight on N. O
Theorem 2.5. Let k € N and ¢ > 0. Then
(1). w(n) = log(n®) + ¢ is a weight on N if and only if log(2¥) < ¢(c — 1).
(2). w(n) = [log(n) + c]* is a weight on N if and only if log(2) < c(c — 1).
(3). If ¢ > ¢1 and log[(1 + ¢)*] > 2, then w(n) = log[(n + ¢)¥] is a weight on N.
(4). If ¢ > c1 and log(1 4 ¢) > 2, then w(n) = [log(n + ¢)|* is a weight on N.

Proof.

(1). Assume that w is a weight. Then log(2*) + ¢ = w(1 + 1) < w(1)? = ¢®. Conversely, assume that log(2*) < c(c — 1).

Since {(”T“)} is a decreasing sequence and ¢ > 1, we have

() | < ()

— log[(n 4+ 1)*] —log[n"] < ¢* — ¢

log < log(2") < ¢(c—1)

< log

— log[(n+1)*] + ¢ < clog(n”®) + ¢

— log[(n + 1)*] + ¢ < cllog(n*) + d.

Thus w(1 4+ n) < w(l)w(n). Now let m > 2, and n > 2. Since ¢ > 1, we have

2

log[(m + n)k} +c< log[(mn)k] +c< c[log(mk) + log(nk)] +c”.

Hence w(m + n) < w(m)w(n). Thus w is a weight on N.

(2). Define wi(n) = log(n) 4+ c¢. Then w(n) = wi(n)*. Clearly, w is a weight iff w; is a weight. By Statement (1) above, w;

is a weight if and only if log(2) < ¢(c — 1).

(3). Define wi(n) = (n + ¢)*. By Theorem 2.3(1), w1 is a weight. Then, by the hypothesis, w(n) = logwi(n) > 2 (n € N).
Hence w(m + n) = logwi(m + n) < loglwi(m)wi(n)] = w(m) + w(n) < w(m)w(n) because a > 2 and b > 2 implies

a+ b < ab. Thus w is a weight.
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(4). Define wy = n+c and w2(n) = logwi (n). By Theorem 2.3(1), w1 is a weight on N. By the hypothesis, w2(n) > 2 (n € N).
So wa(m + n) = logwi(m + n) < loglwi(M)wi(n)] = wa(m) + wa(n) < wa(m)wa(n). Thus wy is a weight. Hence

w(n) = wa(n)* is a weight on N. O

Remark 2.6. Note that the maps e/ ™™ and el smMIFIcosMI gre weights. But their ranges are contained in a bounded
subset of [1,00). Such weights are not interesting in studying the Banach algebra o (N, w). Moreover, N is the smallest
subsemigroup of R. If w is a weight on a subsemigroup S of R, then we can get a weight on N simply by w(n) = w(nso)
with some fixed so € S. On the other hand, we can extend weights on N to a subsemigroup S of R containing N under some
conditions on w [2, Section 8.4]. The reader could refer to [2, 5, 9] and references their in for more weights and for methods

of constructing them.
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