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Abstract: Let G be a graph with p vertices and g edges.The graph G is said to be a super pair sum labeling if there exists a bijection
£ from V(G)UE(G) to {o, £1,42,...,+ (Héﬁ)} when p+q is odd and from V(G)U E(G) to {11, 2.+ (me)}
when p + ¢ is even such that f(uv) = f(u) + f(v). A graph that admits a super pair sum labeling is called a super pair
sum graph. In this paper, we investigate super pair sum labeling of some H-graphs.
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1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E) be a graph with p vertices
and ¢ edges. For notations and terminology we follow [2]. Path on n vertices is denoted by P, and a cycle on n vertices is
denoted by C,,. K1, is called a star and it is denoted by Sy,. The bistar By, » is the graph obtained from K5 by identifying
the center vertices of K1 ., and K1, at the end vertices of K> respectively. By, , is often denoted by B(m). The union
of two graphs G1 and G2 is a graph G1 U G2 with V(G1 U G2) = V(G1) U V(G2) and E(G1 U G2) = E(G1) U E(G2).
The H-graph of a path P,, denoted by H, is the graph obtained from two copies of P, with vertices vi,vs,...,v, and
U1, U2, ..., Uy by joining the vertices Unt1 and Ungr if n is odd and the vertices CENS) and un if n is even. The corona
of a graph G on p vertices vi,v2,..., v, is the graph obtained from G by adding p new vertices ui,us,...,u, and the new
edges u;v; for 1 < ¢ < p. The corona of G is denoted by G ® K;. The graph P, ® K; is called a comb. The 2-corona of a
graph G, denoted by G ® S is a graph obtained from G by identifying the center vertex of the star Sz at each vertex of G.
The graceful labelings of graphs was first introduced by Rosa in 1961[1] and super vertex graceful labeling of some standard
graphs was discussed in [5]. The concept of pair sum labeling was introduced and studied by R. Ponraj et al. [3, 4]. Let G

be a (p, ¢) graph. A one-one map f : V(G) — {£1,+2,...,+p} is said to be a pair sum labeling if the induced edge function
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fe: E(G) — Z — {0} defined by fe(uv) = f(u)+ f(v) is one-one and fe(E(G)) is either of the form {+ki, +k,...,£ka} or
{xk1, tko,..., iquq} according as g is even or odd. A graph with a pair sum labeling defined on it is called a pair sum
graph.

Motivated by Ponraj and Parthiban, R. Vasuki et al. introduced the concept of super pair sum labeling [6] and discussed the
super pair sum behaviour of some standard graphs like path, K1, bistar By, , form > 1,n > 1, P[2n;S,,] forn > 1,m > 1,
comb, Cap, K1,m U K1, and the caterpillar S(z1,z2,...,2,). A graph G with p vertices and g edges is said to have a super
pair sum labeling if there exists a bijection f from V(G) U E(G) to {0, +1,4£2,...,+ (%)} when p + ¢ is odd and from
V(G)UE(G) to {:I:l, +2,...,+£ (%ﬂ)} when p+ ¢ is even such that f(uv) = f(u)+ f(v). A graph that admits a super pair
sum labeling is called a super pair sum graph.

A super pair sum labeling of P; ® K; is shown in Figure 1.

1310-3 6 9 2 -7 -2 5 -6-11-101

Figure 1.

In this paper, we prove that the graphs H-graph H,, corona of a H-graph, 2-corona of a H-graph and the disconnected

H-graph 2H,, for n > 3 are super pair sum graphs.

2. Super Pair Sum Graphs

Theorem 2.1. The H-graph G is a super pair sum graph.

Proof. Let ui,us,...,un and v1,vs,...,v, be the vertices of the H-graph G. The graph G has 2n vertices and 2n — 1
edges.
Define f : V(G) U E(G) — {0,£1,£2,...,£(2n — 1)} as follows:

—1, 1 <i<nandiis odd
fui) =
2n — 1+ 1, 1 <4i<nandiiseven
n—i+1, ifnisodd,1<i<mnandiisodd
—(n+1), ifnisodd, 1 <i<mnandiiseven
flvi) =
—(n+1), if niseven, 1 <¢<mn andis odd
n—i+1, if niseven, 1 <i<n and i is even

f(uiui+1):2n—2i, 1§i§n—1

f('UiUi+1) = —2i, 1 S 7 S n—1
f(u&vm) =0, ifnisoddand

2 2

f (u%Hv%) =0, if niseven.
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It can be verified that f is a super pair sum labeling and hence G is a super pair sum graph. For example, a super pair sum

labeling of H7 and Hg are shown in Figure 2.

-1 2Ne)

1 7

12 -2
13¢ -9

10 4
-3 5

8 .6 134
11— 111

6 -8
-5 +3

4 10
94 13

2 -12
-7 1

Hz

Figure 2.

Theorem 2.2. The graph H, ® K1 is a super pair sum graph.

Proof. Let ui,uz,...,u, and vi,vs,...,v, be the vertices on the path of length n — 1. Let u; and v} be the pendant
vertices at u; and v; respectively, for 1 <4 < n. The graph H,, ® K; has 4n vertices and 4n — 1 edges.
Define f: V(G) U E(G) — {0,£1,£2,...,+(4n — 1)} as follows:

1
Fluzic) =4n—4i+3, 1<i< {"* J
1

fluzi) =1—-4i, 1<i< [”_

-
flugig) =3—4i, 1<i< {n—zi—lJ
n

fluy)=4n—4i+1, 1<i< [ ;ﬂ
<

—2n—4i+3, 1<i<2 andnisodd
f(vaio1) =

2n — 4i + 3, 1<i< 3 and n is even

2n —4i+ 1, 1 <4< 21 and nis odd
flv2i) =

—2n —4i+1, 1<i< 3 and n is even

, 2n — 4i + 3, 1<i< 2 and nis odd
f(vgii1) =

—2n — 471+ 3, 1 <i< % and n is even
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f(Uéz) =

—2n—4i+1, 1<i< 2 andnisodd
2n — 41+ 1, 1 <4< % and n is even

f(’UiUi.t,q) = —4i, 1§ 7 S n—1
floiv)) =2—4i, 1<i<n
f(uwvﬂ) =0, ifnisoddand
2 2

f (u%Hv% =0, if niseven.

Thus, f is a super pair sum labeling and hence H,, ©® K; is a super pair sum graph. For example, a super pair sum labeling

of H7 ® K1 and Hg ® K3 are shown in Figure 3.

30
-1 26 27-15"_—2'13 28
24 -4 26
22 -6 29—
25+ -3 1l¢——-17 24
20 8 5. 22
1416_7 , -1_214 o518
2] 0 .21 16
12 .16 . 14
8 -20 2110 1110722 .5
17811 34—22. 55 8 24
5 4 -2?26 _13,6_,19 3.,&._29
13—5—415-274—%° .1 4 o8
H; 6 K, 172 | 15314 -30 ,1
Hs © Ky

Figure 3.

Theorem 2.3. The graph H, ® S2 is a super pair sum graph.

Proof. Let ui,us,...,u, and v1,v2,...,v, be the vertices on the path of length n — 1. Let w;u}, u;u) be the path attached

at u; and v;v},v;v] be the path attached at v;,1 < i < n. The graph H,, ® S2 has 6n vertices and 6n — 1 edges. Define
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f: V(G UE(G) = {0,£1,£2,...,£(6n — 1)} as follows:

f(’u,27;71) :6n—6i—|—5, 1

fluz)=1-6i, 1<i<

flug_1)=5—-6i, 1<i<

fluy) =6n—6i+3, 1

flugia)=3-6i, 1<i<

flup) =6n—6i+1, 1<i
—3n — 61+ 4,
f(v2iz1) =
3n — 67+ 5,
3n — 61 + 2,
f(v2i) =
—3n — 61+ 1,
, 3n — 62 + 6,
f(UQi—l) =
—3n — 61+ 5,
—3n — 61+ 2,
f(Uéz) =
3n — 67 + 3,
. 3n — 61+ 4,
f(v2i—1) =
—3n — 61+ 3,
. —3n — 6¢, 1
flvg;) =
3n—61+ 1, 1

fwuip) =6n—6i, 1<i<n
fluui) =6n—6i+4, 1<
fluul)y=6n-6i+2, 1<i
fovig1) = —6i, 1<i<n-1
fluw)) =—6i+4, 1<i<n
flovi)=—6i+2, 1<i<n

):0, if nis odd and

~
IS
3
t
<
3
A

f (u%+1v%> =0, ifniseven.

[\

Sis[”_ﬂ
1

< "n—l-‘
- 2
<4< ™ and n is odd

2

and n is even

,_.
IN
IN

0|3

3

1§i§%andnisodd

and n is even

w3

ISiS”T“andnisodd

and n is even

—
IN
.
IN
0|3

—1
2

H
A
IA

‘3

and n is odd

and n is even

w3

ISiS”T“andnisodd

1 <4< % and n is even

<i< 231 and n is odd
and n is even
-1
<n

<n

It can be verified that f is a super pair sum labeling and hence H,, ® Sz is a super pair sum graph. For example, a super

pair sum labeling of Hs ® S2 and Hg ® S2 are shown in Figure 4.
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-1-34 2«19
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Figure 4.

Theorem 2.4. The disconnected graph 2H,, for n > 3 is a super pair sum graph.

Proof. .,u,, and vi,v5, ..., v., be the vert

Let uy, uj, ..

ices of the first copy of H, and uf,u5,...,ul and v{,v%,..., vl be

the vertices of the second copy of H,. The graph 2H, has 4n vertices and 4n — 2 edges. Define f : V(2H,) U E(2H,) —

{£1,£2,...,£4n — 1} as follows:

2

—(An+1) +1,
—-(Bn+1)+1,
n 41,

n+1,
—(3n+1)+1,
2n +1,
—(2n+1)+1,
3n+ 4,
3n+1,
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1 <i<nandiis odd

1 <¢<nandiiseven

if nis odd, 1 <i<n and i is odd
if nis odd, 1 <i <mn and 7 is even
if nis even, 1 <i <n and i is odd
if nis even, 1 <1i <mn and 7 is even
1 <i<nandiis odd

1 <¢<nandiiseven

if nis odd, 1 <7 <n and i is odd
if nisodd, 1 <i<mn and 7 is even
if niseven, 1 <i<n andiis odd

if nis even, 1 <47 <n and 7 is even
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fluiuip,) = —4n+2i, 1<i<n-—1

fiviga) = —2n+2i, 1<i<n-—1

" "
f Un4+1VUnt1
2

)
»)
)
)

Thus, f is a super pair sum labeling and hence 2H,, is a super pair sum graph for n > 3. For example, a super pair sum

labeling of 2H~7 and 2Hg are shown in Figure 5.

1t +21 15 r-7
-26-12 2 186
27 9 -13 23
-24-1¢ 4 18
3t -1917 b-5
.22 -8 6 20
25t 911114125
20 -6 8 22
5 +1719 -3
118 -4 10 24
23 13 -9 27
-16 -2 12 26
74 1521, -1
2H,

Figure 5.
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