International Journal of Mathematics And its Applications
Volume 3, Issue 3—A (2015), 13-22.
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Mathematics And its Applications

Characterization of the Generalized Weibull-Gompertz

Distribution Based on the Upper Record Values

Research Article

A.H.El-Bassiouny!, Medhat EL-Damcese?, Abdelfattah Mustafa'! and M.S.Eliwa'*

1 Mathematics Department, Faculty of Science, Mansoura University, Egypt.

2 Mathematics Department, Faculty of Science, Tanta University, Egypt.

Abstract:

This paper introduces characterization of the generalized Weibull-Gompertz distribution based on the upper record values.
Several properties are studied in this paper such as reversed (hazard) function, moments, maximum likelihood estimation,
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1. Introduction

Record values and the associated statistics are of importance in many life fields such that weather, economic, sports data

“Olympic records or world records in sport”and life testing. Also, one of the most important applications of records in

reliability studies, the structure k — out — of — n : G(F') where the structure functions (fails) when or more out of the

components are functioning (failing).

This structure includes the cases of series and parallel systems when k£ = n and k = 1, respectively. Suppose we are interested

in predicting the lifetime of the system when r components have failed, for some 1 < r < k < n. The lifetime of the system

corresponds to the (n —k —r + l)th future record value. On the other hand, in industry many products fail under stress, an

electronic component ceases to function in an environment of too high temperature and a battery dies under the stress of time.

But the precise breaking stress or failure point varies even among identical items. Hence, in such experiments, measurements

may be made sequentially and only the record values are observed. Thus, the number of measurements made is considerably

smaller than the complete sample size. This “measurement saving”can be important when the measurements of these

experiments are costly if the entire sample was destroyed. So; many authors have studied record values and the associated

statistics; see, for example, Balakrishnan and Chan [4], Pawlas and Szynal [8], Raqab [9], Al Zaid and Ahsanullah [2],

Ahsanullah [1], Soliman et al. [10] and Grine Azedine [5].
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Characterization of the Generalized Weibull-Gompertz Distribution Based on the Upper Record Values

Let X1, Xa,...,Xn be asequence of independent and identically distributed random variables with CDF F(z) and PDF f(z).

Set Y, = max (X1, X2,...,X,),n > 1, Xj is said to be an upper record and is denoted by Xy ;) if Y; > Y;_1,5 > 1. We

can transform from upper records to lower records by replacing the original sequence of {X;} by {—X;,i > 1}.

2. Generalized Weibull-Gompertz Distribution(GWGD)

The random variable X is said to be has GWGD if it has the following CDF for a,b,c,d > 0 as follows:

—az? (eczd71>
Fx(z;a,b,¢c,d,0) =1—¢ ;x>0 (1)

where b and d are shape parameters, a is scale parameter and c is an acceleration parameter. The probability density

function fx(z;a,b,c,d) is

—az? ecwd7 cx®
fx(z;a,b,¢,d) = abz" e ( 1)+ (1 + %xd - efcmd) . (2)
The survival function can be obtained as follows
—az? chd —
R(z;a,b,c,d) =€ ( 1),ac>0 (3)
The hazard function h(z) is
h(z;a,b,c,d,0) = bz e (1 + (%dmd — eiczd> . (4)

The reversed hazard function r(z) is

b( cad ) d
1 —ax’|e —1)+cx _nd
abz e (1 + c—:acd —e )

r(z;a,b,c,d) = o (eczd _1) . (5)

1—e

2.1. The Cumulative Distribution Function of GWGD Based on the Upper Record
Values

Let Xy, Xu(2),---,Xu) be the first upper record values of size n then the probability density function f(z) of upper
record values Xy () is
1

fulz) = ) ()(—=InR(z))" ", -0 < z < 00 (6)

substituting from Equations (2) and (3) into Equation (6), we get the probability density function of the nth upper record

Xuv(n) is given by

_ a”b nb—1 —cz? n-1 cd d —czd 7azb<eczd—1)+nczd
fn(x)—r(n)w (1 e ) <1+ bx e e ,x > 0. (7

Figure 1 provides the PDFs of GWGD(a, b, ¢, d) based on the upper record values for different parameter values, it is

immediate that the PDFs can be decreasing and unimodal.
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Figure 1. The PDF plots for upper record values from GWGD

Lemma 2.1. Let Xy1), Xu(2),- .., Xum) be the first upper record values of size n which have GWGD then, the cumulative

distribution function Fy(x) of upper record values Xy () is

ny 00 nmti-1 oo itg il P —
_ a"b (—1)Ha'd [ nti-1 bitld+nb
i=o0 j=o Il=o ]
(n+i—j)l—(n+i—j—1)l+ cd(n 41— j)'z? ®)
bi +1ld + nb b(bi+1d+d+nb) )"
Proof.
F,(z)=P(X <z)= /fn(w)dx
0
— a"b [ nb—1 —ca? E cd g —cad 7“zb(ecxd71)+”czd
= () T (1 ) (1 + b T e dx
0
a™b acd a™b
I I I
T ™ T 2~ T )
where

0
- b d
_ _ 1 —azx (ecz —1>+ncac
Iz=/mnb+d1(1—e Cx) e dx
0
p b d d
_ _d\n—1 _—azx (ecx —1)+(n—1)cx
Igz/x”bl(l—e Cz) e dx
0
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Now, we want to get the value of I, since

—ax? eczd,1 - (71)1a2xb1 . - Z Z b 'cxd —cat ’
() g N ) § D et () et
i—0 1=0
then
— (-1)'a’ /I nb4bi—1 —epd\ ML p(ntiez?
I, = - T (1 —e ) dx
iz:; ’L! 0
oo n4i—1 ) — b
_ Z z+] i n+ii—1 / xnb+bi—1€(n+i*j)0xddx
i=0 j=0 ' J ’
_in+i 1i z+] n+17])l (%) n—}—i—l xnb+bi+ld
i=0 j=0 1=0 (b + bi+ ld+) J |
Similarly;
:inili 1+Jn+Z_J)ll Pl nt+i—1 porbitld+d
o o &l (nb o+ bi+1d + d) j '

i D't (n+i—j—1)'dd [ n+i-1 Lrbtbitld

1
= =S = A(nb + bi + 1d) j

Substituting from Equations (10), (11) and (12) into Equation (9), we get Equation (8).

On the other hand, the reliability function R, (x) of upper record values Xy () is

n oo n+i—1 oo iti il .
_ a”b (=1 Ha'c n+i—1 bit+ld+nb
Ru(z) =1— ) Z ' Ziﬂu ‘ x x
i=o0 j=o l=o J
m4i—5) ' —(n+i—7—1)" N cd(n+1i—j)a?
bt +1d +nb b(bi + ld + d + nb)

d

B () T'(n)
n =
np 2 sl it i n+i—1 .
R PP B x G
i=o0 j=o Il=o j

Also; the reversed hazard rate function r,(z) is

d

a\n—1 d —a.:tb ecxd—l +ncx
a™b xnbfl (1 _ec® ) (1 + ﬂmd e c® ) e
b

o] i n i—1
> 7“1)1;‘]&161 * gbitldtnb x G
i=o0 j=o l=o R ]

where

G:((n+ifj)l*(n+i—j71)l cd(n+i— j)a )

bi + ld + nb b(bi + ld + d + nb)

(11)

(12)

(14)

The following Figure 2 provides the hazard rates functions of GWGD(a, b, ¢, d) based on the upper record values for

different parameters values, it is immediate that the hazard rates functions can be decreasing and increasing.
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Figure 2. The hazard rate function plots for upper record values from GWGD

3. Statistical Properties of GWGD Based on the Upper Record
Values

3.1. The Median and Mode

It is observed that the mean of GWGD based on the upper record values cannot be obtained in explicit forms. It can be
obtained as infinite series expansion so, in general different moments of GWGD based on the upper record values. Also, we

cannot get the quartile x4 in a closed form by using the equation F,(zg4;a,b,c,d) — ¢ = 0. Thus, by using Equation (8), we

find that
o n+i—1 oo (_l)iJrjaiCl n + 1 —1 bitld-prb
> > . a x
i=o0 j=o Il=o Vi
(n+ifj)l7(n+ifj71)l cd(n-}-i—j)%? _ql'(n) (16)
bi+ Id +nb b(bi+ld+d+nb) )]  a"b

The median m(X) of GWGD based on the upper record values can be obtained from Equation (16), when ¢ = 0.5, as follows

n+i—1 (71)i+jaicl n+ 1—1

o0 o0
bitld+nb
22 2w I R

i=o j=o l=o J
(nti—j)'=(+i—j-1"  cdn+i-j) ags) _ C(n) (17)
bi + Id +nb b(bi+1ld+d+nb))  2ba™

Moreover, the mode of GWGD based on the upper record values can be obtained as a solution of the following nonlinear

equation
if (z:a,b,c,d)=0
dCC n - Wy Uy by -
d nb—1 —cz? n—1 cd d ) —az? (eczd—1)+nczd .
= [w (1 e ) (1 +Zat—e e =0. (18)

It is impossible to obtain the explicit solution in general case. It has to be obtained numerically.
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3.2. Moments

The following Lemma 3.1 gives the 7' moment of the upper record value Xu(n) from size biased GWGD.

Lemma 3.1. Let Xy1), Xv(2),-- -, Xu(n) be the first upper record values of size n which have GWGD then, the rth

of the n*™ upper record value Xum), say ,u;(n), is given as follows for a,b,c,d >0 and x > 0

oo n+i—1 oo - .
ab H'Ja n+i—1 r+(n+i)b+1d
e D I I e M B e

zo]olozll'dcj d J

((n+i)’{l+W}—(n+i—1)’>.

Proof.
/’L:‘(n) = /xrfn(x;a, b,c,d)dx
0
_ a’nb r r+nb—1 —cz? n-l1 cd d —czd _azb(ecmd_1>+nczd
_F(n)/x (1 € ) (1+b$ e )e dx
0
’ a™b a"cd a™b
= I I I
I’Lr(n) F(TL) 1+ F(n) 2 F(n) 3
where

—azb (e _1 i (—l)iaimbi d i > (—1)iai1‘bi cod od\?
) s U (et )y U e ()
1=0 1=0
then
co -1 i1 oS} . nti—1 . d
I]_ _ Z ( ') a / $r+nb+bz 1 (1 —e —cx ) (n+7.)cz dx
i—0 0
. a\nti—l . . . . .
Since 0 < (1 —e ) < 1 for x > 0, then by using the binomial series expansion we have
. n+i—1 .
(1 _ 7cxd)"+1*1 _ Z (_1)i n+i—1 efcj(cd
§=0 J
then
oo n4i—1 i+ i y [e’s)
-1 ]a n+l 1 r+n 7— —jcz® (n+i)ez?
II:Z % / prTnbtbicl —jeat J(n+ijea? 5
i=0 =0 & J 0

i+ 11 1 e oo .
(=) (n +i)le n+1i—1 . r(ntibtld oY
r+(n+i)b+1ld o

adlld(ey)— a j

m

i D)™ (nti)ca [ nti=1 F(r+(n+z’)b+ld)
. .\ rt(nti)btid -5 _]-
i=0 j=o0 =0 4!l d(cj) d j d

moment

(19)

(21)
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Similarly;

) L r+(n+ti)b+id+d .
i=0 j=o0 1=o0 ¢!l d(cj) a j d

Iz=inf i (_1()i+j(n_~_i.)lclai n+i—1 F(T—&—(n—&—i)b—l—ld—l—d). (22)

(23)

r+(n+1)b+ld

i(_l)ﬁ-]'(n_'_i Dida® [ n+i—1 F(r+(n+i)b+ld>
i=0 j=0 1=o 4! lld(cj) J d

Substituting from Equations (21), (22) and (23) into Equation (20), we get Equation (19).

4. The Mean Past (Residual) Life Time MPL (MRL) for GWGD
Based on the Upper Record Values

The mean past lifetime (MPL) corresponds to the mean time elapsed since the failure of T; given that T'— ¢ < ¢. In this
case, the random variable of interest is [t — T;]T; < t],4 = 1,...,n. This conditional random variable shows the time elapsed
since the failure of T; given that it failed at or before t. The expectation of this random variable gives the mean past lifetime

(MPL) P(t).

Lemma 4.1. Let Xy 1), Xu(2),---, Xvum) be the first upper record values of size n which have GWGD then the mean past

lift time of the n'™ upper record value XU (ny, say pa(t), is given as follows for a,b,c,d >0 andt >0

ath S it e )itiaic (n+i—1) )
pelt) = ¢ Z >y B A
i=0 j=0 1=0 i
m+i—j) —(n+i—j—-1) cd(n +i — j)'te (24)
(bi+ld+nb)(bi+ld+nb+1) bbi+ld+d+nb)(bi+ld+d+nb+1)

Proof.  Since

1

Pt = 5 /0 Fu(z)de (25)

It is easy to prove this Lemma by using Equations (8) and (25). On the other hand, in reliability theory and survival analysis
to study the lifetime characteristics of a live organism there have been defined several measure such as the mean residual
life time m(t). Assuming that each component of the system has survived up to time t, the survival function of 7; — ¢ given

that T; > t; i = 1,...,n. This is the corresponding conditional survival function of the components at age t. O

The following Lemma 4.2 obtains that we can get the MRL by MPL, F),(t) and expectation value M’l(n)'

Lemma 4.2. Let Xy1), Xv(2),-- -, Xu(n) be the first upper record values of size n which have GWGD then the mean residual

life time of the n*™ upper record value Xu(ny say mn(t), is given as follows for a,b,c,d >0 andt >0

ma(t) = (1= Fa() ™" (i) + pu() Fu(t) — t) (26)

where Fi(t), 1y (ny and pa(t) are given from Equations (8), (19) and (24) respectively.

Proof.  Since

map (¢ Rn / R, (

1,7F() {M(n) /too Rn(w)dfc} (27)
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from Equation (25), we get
peOF ) =t~ [ Ru()ds
t

Substituting from Equation (28) into Equation (27), we get Equation (26).

5. Parameters Estimation

5.1. Maximum Likelihood Estimates

(28)

In this section, we derive the maximum likelihood estimates of the unknown parameters of GWGD based on upper record

values where ¢ = 0.001. Consider we observe n upper record values X = {Xy), Xv(2),.-., Xu(n)} from a sequence of

independent and identically distributed random variables following a GWGD with probability density function in Equations

(2) and (3). Arnold et al. [3] give the likelihood function as

f(xU(’L)7 a, b7 C, d)

n—1
= f(zymy;a, b, e, d
Fleuwm) )}:[1 R(zy@y;a,b, c,d)

Substituting from Equations (2) and (3) into Equation (29), we get

L:—ami( ) (b—1 Zlnxl—&—Zln(l—kgxf_e_“?)+Cix?+”(lna+lnb)

i=1

Differentiate Equation (32) with respect to a,b and d, we get

oL b n
OL _ b (et 1) 4.7
da v (e + a’

d
8L . b d Cﬂ?n %Z'Zd +II‘? T
oc ATnlne —I-sz +Z (1+ cd xd efcz,‘})’

d_d

oL d cond 7 l—i—cb:cl Inz; + cxle —eof In g,

9 facxnxne Inz; + y +c T; Yn ;.
(1+ cd d efczi) =

(29)

(30)

Equating Equations (??), (??) and (??) by zero and numerical solving with respect to a, b and d. The MLE of , say a(b, ¢, d)

can be obtained as

5.2. Asymptotic Confidence Bounds

In this section, we derive the asymptotic confidence intervals of these parameters when a, b and d, by using variance

covariance matrix I; ' see Lawless [6], where I, ' is the inverse of the observed information matrix

-9%L -9%L -9%L
da? Dadb Hdadd
71 = | =9%L -8’L -9%L
0 dbda 0b2  0bdd
-9%2L -8%’L -8%L

ddda 0ddb  9d?

thus,

(35)
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cov(b, d) (36)

The derivatives in Iy are given as follows:

FL_ —n
da? a2’
0*L

b cad
9a0h = —x, (e n— 1) Inz,,
2
;;d = —czlazle °*% In Tn,
a

&*L

e —ax?, (emﬁz - 1) (Inz,)? b2 + Z (

n

QCd:v cdxﬁl 2
d d + Z ( ) a2
c d e—czl) Rt (1 + %ix;i N efczi) bt

)

9*L b Z cxd _ cdzd In z;

d
acz, xne’ ln a:n

o0bod - = <1+ cd d _ e—cf ) Pt ( cl;imd e—cx;i) b2

d
cxf cdzd Inz; —cxd
n Cditfl ( . + LTL +C.T?e cT; ln.Tl)
+ Z

2 )
d
i=1 (1+ ed pd e““m) b2
2
0L _ b _d c:c 1 2 b _2d cz 1 1
Sz = 4CTnTne (n:cn) —ac z, T, e (nﬂcn +c zd an)
i=1
n 2cz§i Inz; cdzg(lnzi) d_—czd 2 .2d —cz
N Z " + . + cxfe % (Inx;)? — Aa?de i (Inx;)?
d
i=1 (1 + %dxil — eiczi)
cxd cdxd Inxz; d —cazd 2
n »- + — 45— tcxse i Inx;
-2 :
d
i=1 (1 + 5 cd d e_c”i)

We can derive the (1 — §)100% confidence intervals of the parameters a, b, d by using variance covariance matrix as in the

following forms

+ Zs\/var(a), b+ Z

Q>

var(b) and d+ Z% var(d)

3 s
2 2

where Z ;s is the upper (g)th percentile of the standard normal distribution.
2

6. Data Analysis and Discussion

We apply the results of this paper to one real data set. The data is presented in Lawless [7], page 319. It consists of the

survival times in days of 16 lung cancer patients:

6.96/9.30| 6.96 | 7.24 | 9.30 | 4.90 (8.42|6.05|10.18|6.82
8.58|7.77(11.94|11.25|12.94|12.94

From this data set, we extract a sample of upper records: 6.96, 9.30, 10.18, 11.94, 12.94 . Using the method of maximum

likelihood estimates, we get the values of parameters and log-likelihood (L) in the following Table 1

MLEs of the parameters of GWGD(a, b, d)|log-likelihood (L)
a=0.21074|b = 3.934 d = 0.000779 —6.635

Table 1. The MLEs of the parameters and L
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By substituting the MLE of unknown parameters in Equation (35), we get estimation of the variance covariance matrix as

0.94485 —1.74507 0.01121
Io' = | —1.74507 0.12936 —0.12927
001121 —0.12927 0.12920

The approximate 95% two sided confidence interval of the parameters a, b and c¢ are [0, 2.12], [3.22, 4.64] and [0, 0.705]

respectively.
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