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1. Introduction

In this paper, we are conceder a simple graph G = (V, E), that nonempty, finite, have no loops no multiple and directed
edges. Let G be such a graph and let n and m be the number of its vertices and edges, respectively. The degree of a
vertex v in a graph G, denoted by d(v), is the number of vertices adjacent to v. For any vertex v of a graph G, the open
neighborhood of v is the set N(v) = {u € V : wv € E(G)}. We refer the reader to [8] for more graph theoretical analogist.
A subset D of vertices set V of G is called a dominating set of G if every vertex of v € (V — D) is adjacent to some vertex
in D. The concept of maximal domination number was introduced by V. R. Kulli et al. [10]. A dominating set D of
a graph G is maximal dominating set if V — D is not a dominating set of G. The maximal domination number v, (G)
of G is the minimum cardinality of a maximal dominating set. Any maximal dominating set with minimum cardinality

is called minimum maximal dominating (denoted MMD) set. For more details in domination theory of graphs we refer to [9].

The concept of energy of a graph was introduced by I. Gutman [6] in the year 1978. Let G be a graph with n vertices and m
edges and let A = (a;;) be the adjacency matrix of the graph. The eigenvalues A1, A2, ..., A\p, of A, assumed in non increasing
order, are the eigenvalues of the graph G. As A is real symmetric, the eigenvalues of G are real with sum equal to zero. The
energy E(G) of G is defined to be the sum of the absolute values of the eigenvalues of G, i.e. E(G) = i |Ai|. For more
details on the mathematical aspects of the theory of graph energy see [2, 7, 13]. The basic properties inclucii:nlg various upper
and lower bounds for energy of a graph have been established in [12, 14], and it has found remarkable chemical applications

in the molecular orbital theory of conjugated molecules [4, 5]. In this paper, we are MMD energy of a graph Ep(G). We
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are computed MMD energies of some standard graphs and a number of well-known families of graphs. Upper and lower
bounds for Ep(G) are established. It is possible that the MMD energy that we are considering in this paper may be have

some applications in chemistry as well as in other areas.

2. The minimum maximal domination energy

Let G be a graph of order n with vertex set V(G) = {v1,v2,...,vn} and edge set E(G). A dominating set D of a graph
G is maximal dominating set if V' — D is not a dominating set of G. The maximal domination number 7, (G) of G is the
minimum cardinality of a maximal dominating set in G. Any maximal dominating set with minimum cardinality is called

a MMD set. Let D be a MMD set of a graph G. The MMD matrix of G is the n x n matrix Ap(G) = (as;), where

1, ifUﬂ]j €k,
aij =N 1, ifi =7 and v; € M;

0, othewise.

The characteristic polynomial of Ap(G) is denoted by
fn(G, ) :==det (\] — Ap(G)) .

The MMD eigenvalues of the graph G are the eigenvalues of Ap(G). Since Ap(G) is real and symmetric, its eigenvalues are

real numbers and we label them in non-increasing order A1 > A2 > ... > A,,. The MMD energy of G is defined as:

Ep(G) = _|Ail
=1

We first compute the MMD energy of a graph in Figure 1.
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Figure 1.

Example 2.1. Let G be a graph in Fig. 1 with vertices {v1,v2,vs,v4,vs5,v6} and let its MMD set be D1 = {v1,v2,v5}. Then
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The characteristic polynomial of Ap, (G) is
Fn(GoA) = A% —30° — 44X 4 6X° + 507 — A,

Hende, the MMD eigenvalues are A1 ~ 0.3433, Ao &~ —1.4142, A3 ~ 1.4142, Ay =~ —0.8342, A5 =~ 3.4909, As = 0.0000.
Therefore the MMD energy of G is

Ep, (G) ~ 7.4468.

If we take another MMD set of G, namely Do = {v2,v3,v5}, then
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The characteristic polynomial of Ap,(G) is

Fn(GoX) = A% — 305 — 44X 4+ 6X% + 307 — 3]\,

the MMD eigenvalues are A1 = —1.2618, A2 =~ 0.6601, A3 ~ 3.6017, A4 =~ —1.0, A5 =~ 1.0000, A¢ = 0.0000. Therefore the
MMD energy of G is

Ep,(G) ~ 6.9236.

This example illustrates the fact that the MMD energy of a graph G depends on the choice of the MMD set. i. e. the
MMD energy is not a graph invariant. In the following section, we introduce some properties of characteristic polynomials

of MMD matrix of a graph G.

Theorem 2.2. Let G be a graph of order and size n,m. Let

Fn(GOA) = coA" + X"+ X" 2+ Fen

be the characteristic polynomials of MMD matriz of a graph G. Then

1. Co = 1.
2. Cc1 = —|D|
|D|
3. co = —m
2
Proof.

1. From the definition of f,(G, ).

2. Since the sum of diagonal elements of Ap(G) is equal to |D|, where D is a MMD set of a graph G. The sum of
determinants of all 1 x 1 principal submatrices of Ap(G) is the trace of Ap(G) , which evidently is equal to |D|. Thus,
(=D'er = |D|.
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3. (—=1)%cz is equal to the sum of determinants of all 2 x 2 principal submatrices of Ap(G) , that is

Qii Qg

o= Y

1<i<j<n | Qji Qjj

= > (aiaj; — aija;)

1<i<j<n
- Y wa- ¥4
1<i<j<n 1<i<j<n
()
2
O
Theorem 2.3. Let G be a graph of order n. Let A1, A2, ..., An be the eigenvalues of Ap(G). Then
(i) 22X =D
(i) S A7 = |D| + 2m.
Proof.
(i) Since the sum of the eigenvalues of Ap(G) is the trace of Ap(G), then > \i = > ai = |D|.
i=1 i=1
(ii) Similarly the sum of squares eigenvalues of Ap(G) is the trace of (Ap(G))?. Then
YIRED 9
i=1 i=1 j=1
SDILRS s
i=1 i#j
IR
=1 1<J
= |D| +2m.
O

Bapat and S.Pati [3] proved that if the graph energy is a rational number then it is an even integer.Similar result for

minimum dominating energy is given in the following theorem.

Theorem 2.4. Let G be a graph with a MMD set. If the MMD energy Ep(G) of G is a rational number, then
Ep(G) =|D| (mod2).

Proof.  Let A1, A2, ..., A\, be MMD eigenvalues of a graph G of which A1, Az, ..., A are positive and the rest are non-positive,

then
Dol =+ A2 F o+ A) = Qg+ Argz + o ).
i=1
=2M+ Xt X)) — (A F A+ ).
=2q— |D|. Where g =X 1+ A2 + ... + Ar.
Therefore, Ep(G) = 2q — |D|, and the proof is completed. O
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3. Minimum Maximal Domination Energy of Some Standard Graphs

In this section, we investigate the exact values of the MMD energy of some standard graphs.
Theorem 3.1. For the complete graph K,, n >2, Ep(K,)=n

Proof. Let K, be the complete graph with vertex set V = {vi,v2, - ,v,}. Then v, = n. Hence, the MMD set of a

complete graph is D = {v1,v2,- - ,vn}. Therefore, the MMD matrex is

11- 1
11 - 1
Ap(Kyn) =
11- 1
nxn
The respective characteristic polynomial is
A—-1 -1 -1
-1 A-1 -1
fn(Kn7 )\) -
-1 -1 - A—1
nxn
AN = n).
The MMD spectrum of K, will be written as
0 n
MMD Spec(K,) =
n—11

Therefore, the MMD energy of a complete graph is FEp(K,) = n.

O
Theorem 3.2. For the complete bipartite graph K, s, v < s, the MMD energy is at most (r + 1) + 2v/rs — 1.
Proof.  For the complete bipartite graph K, s, (r < s) with vertex set V = {v1,va,- -+ ,vp,u1,u2, -+ ,us}. The MMD set

is D = {v1,v2, - ,vp,ur}. Then

100 0111 1
010 - 0111 1
001 0111 1
000 1111 1
AD(KT,S) -

111 - 1100 ---0
111 1000 ---0
111 1000 ---0
111 1000

(r+s)x(r+s)
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The characteristic polynomial of Ap (K, s), where n =7+ s is

A—1 0 0 - 0 -1 -1 -1 -1
0 A—=1 0 -+ 0 =1 =1 —-1--- —1
0 0 A—=1--+ 0 =1 -1 -1 .- —1
0 0 0 -+ A—1 -1 -1 —1 - —1
In(Krs, A) =
-1 -1 -1 -1 A=1 0 0 0
-1 -1 -1 -1 0 X 0 0
-1 -1 -1 -1 0 0 A 0
-1 -1 -1 -1 0 0 0 A

=TI O T N =20 = s = DA+ (s — 1)

By analysing the last factor of f,, (K s, A) we get

Sa(Krs, ) =X A =1D)"H AP =20 = (rs — DA+ 7(s — 1)]
=Xt -1! [)\2(/\ —2) = (rs—=1)(A=2) = (rs+r —2)]

XTI (A =2V = (rs — 1))] .

Hence,
Fn(Krs, ) S X TTA=1)""" A =2)(A = Vrs — 2)(A — Vrs — 1).
it follows that

0 1 2 —y/rs—1 yrs—1
s—1r—11 1 1

MMD Spec(Ky,s) ~

Therefore, the MMD energy of a complete bipartite graph is

Ep(Krs) < (r+1)+2vrs—1.
The equality holds if r = s = 1. O

Theorem 3.3. Forn > 2, the MMD energy of a star graph Ki n—1 is at most 2+ 2v/n — 2. The equality holds if and only
ifn=2.

Proof. Let Ki,—1 be a star graph with vertex set V = {wo,v1,v2, -+ ,vn_1}, vo is the center, and the MMD set is

D = {vg,v1}. Then

1100
Ap(Kim1)=| 100 - 0

100 ---0

nxn
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The characteristic polynomial of Ap(K1,n—1) is

A—-1 -1 -1 -1
-1 A—-1 0 0
fn(Kl,n—l,)\) = —1 0 A e 0
-1 0 0 A

=X N =22 - (n—2)A+ (n—2)].

By analysing the last factor of f,(K1,n—1,\) we get

Il
>
3
|
w
—
>
|
N
=
=
>
[ V)
|
—
3
|
o
-
=

=A"PA=2) A=V —2) A+ vVn —2)
It follows that the MMD spectrum is

0 2 —yn—2 y/n-—2
n—31 1 1

MMD Spec(Kipn-1) ~

Therefore, the MMD energy of a star graph
ED(Klynfl) <2+4+2vn-—2.

O

p
The cocktail party graph, denoted by Kaxp, is a graph having vertex set V(Kaxp) = | {us, vi} and edge set E(Kaxp) =

i=1

{uiug, vivj, uvj,viu; 2 1 <i<j<p} ie. n=2p m= p2;3p and for ever v € V(Kaxyp), d(v) =2p — 2.
Theorem 3.4. For the cocktail party graph of order n = 2p, p > 3, the MMD energy is less than (4p — 5) + 24/2p — 1.

p
Proof. Let Kax, be the cocktail party graph having vertex set V(Kaxp) = | {ui,v;}. Then the maximal dominaion
i=1

P
number of Kaxp is Am(K2xp) = n — 1. And the MMD set of cocktail party graph is D = |J {us;,vi} — {vp}. Hence, the
i=1

MMD matrix of cocktail party graph is

1011 11
0111 11
1110 - 11
Ap(Kaoxp)| 1101 --- 11
1111- 10
1111 0

2pX2p
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The characteristic polynomial of Ap(Kaxp) is

A—1 0 -1 —1 -1 -1

0 A-1 -1 -1 -1 -1

-1 -1 x—=1 0 -1 -1

fo(Kaxp,A) =] -1 -1 0 M1 -+ —1 -1
-1 -1 -1 -1 A—1 0

-1 -1 -1 -1 0 A

2pX2p

=A='+ 1PN - (2p— 2N — (2p - DA+ (2p — 2)]

By analysing the last factor of f(K1,n—1,\) we get

FaKin) = A= DT+ P [{(A = (20— 2)) (N = (2 — 1)) = (2p — 2)°}]

<A=DTIAH D[ - (20 - 2) (N — (20 - 1)

Therefore,
-1 1 2p—2 —\2p—1 2p—1
p—2 p—1 1 1 1

MMD Spec(Kaxp) =
Hence, the MMD energy of cocktail party graph is

Ep(Kaxp) < (4p —5) 4+ 2/2p — 1.

4. Bounds for Minimum Maximal Domination Energy of a Graph

In this section we shall investigate with some bounds for MMD energy of graphs.

Theorem 4.1. Let G be a connected graph of order n and size m. Then

V2m + Ym < Eai(G) < v/n2m + ym)

Proof. Consider the Couchy-Schwartiz inequality

n 2 n n
(o) = (30 (30)
i=1 i=1 i=1
By choose a; = 1 and b; = |\;|, we get

(Ep(G))* = <ZM> < <Zl> (Z A?)
<n(2m+ |D|)

< n(2m + vm).
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Therefore, the upper bound is hold. For the lower bound, since

n 2 n
<Z Ai|> > AL
i=1 i=1

Then

X =2m +|D| = 2m + ym.

M=

(Ep(G))* >

7

Therefore.

ED(G) >V2m+ A

Similar to McClellands [14] bounds for energy of a graph, bounds for Ep(G) are given in the following theorem.

Theorem 4.2. Let G be a connected graph of order and size n,m respectively. If P = det(Ap(G)), then

Ep(G) > \/Qm + Ym + n(n — 1)P2/n,

Proof.  Since
(Ep(@))* = (ZNI) = (ZM) (ZM) =S +23 T vl
i=1 i=1 i=1 i=1 i#j

Employing the inequality between the arithmetic and geometric means, we get

1/[n(n—1)]

1
I > I\
=D o= (T

i#] i#j
Thus

1ln(n-1)]
(Ep(@)* = [N +nn—1) | [TININ]
=1

i#]

n 1/[n(n—1)]
> Z |)\Z|2 + n(n —1) (H |)\i|2(n1)>
i=1

i=j
2/n

= Z |)\z|2 +n(n — 1) H)\l
i=1

2]
=2m+ Ym +n(n — 1)P2/".

Then the proof is completed.

References

[1] C.Adiga, A.Bayad, I.Gutman and S.A.Srinivas, The minimum covering energy of a graph, Kragujevac Journal Science,

34(2012), 39-56.

[2] R.B.Bapat, Graphs and Matrices, Hindustan Book Agency, (2011).

[3] R.B.Bapat and S.Pati, Energy of a graph is never an odd integer, Bulletin of Kerala Mathematics Association, 1(2011),

129-132.



The Minimum Maximal Domination Energy of a Graph

[4] A.Graovac, I.Gutman and N.Trinajsti¢, Topological Approach to the Chemistry of Conjugated Molecules, Springer,
Berlin, (1977).
[5] I.Gutman and O.E.Polansky, Mathematical Concepts in Organic Chemistry, Springer, Berlin, (1986).
[6] I.Gutman, The energy of a graph, Ber. Math-Statist. Sekt. Forschungsz. Graz, 103(1978), 1-22.
[7] I.Gutman, X.Li and J.Zhang, Graph Energy, (Ed-s: M. Dehmer, F. Em-mert), Streib., Analysis of Complex Networks,
From Biology to Linguistics, Wiley-VCH, Weinheim, (2009), 145-174.
[8] F.Harary, Graph Theory, Addison Wesley, Massachusetts, (1969).
[9] T.W.Haynes, S.T.Hedetniemi and P.J.Slater, Fundamentals of Domination in Graphs, Marcel Dekker, Inc., New York,
(1998).
[10] V.R.Kulli and B.Janakiram, The mazimal domination number of a graph, Graph Theory Notes of New York, New York
Academy of Sciences, XXXIII(1997), 11-13 .
[11] J.H.Koolen and V.Moulton, Mazimal energy graphs, Advanced Appllied Mathematics, 26(2001), 47-52.
[12] H.Liu, M.Lu and F.Tian, Some upper bounds for the energy of graphs, Journal of Mathematical Chemistry, 41(1)(2007).
[13] X.Li,Y.Shi and I.Gutman, Graph Energy, Springer, New york Heidelberg Dordrecht, London, (2012).
[14] B.J.McClelland, Properties of the latent roots of a matriz: The estimation of w-electron energies, Journal of Chemistary

and Physics, 54(1971), 640-643.



	Introduction
	The minimum maximal domination energy
	Minimum Maximal Domination Energy of Some Standard Graphs
	Bounds for Minimum Maximal Domination Energy of a Graph
	References

