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1. Introduction

We will consider a simple, undirected and finite graph G = (V, E) on p = |V vertices and g = |E| edges. For all terminology,
notations and basic definitions we follows Harary [1]. For a Comprehensive bibliography of papers on different graph labeling
are given by Gallian [2].

In 1966 Rosa [3] defined a—labeling as a graceful labeling with an additional property. A graph which admits a—labeling is
necessarily bipartite. A natural generalization of graceful graph is the notion of k—graceful graph. Obviously 1—graceful is
graceful and a graph which admits a—labeling is always k—graceful graph, V k € N. Ng [4] has identified some graphs that
are k—graceful, V k € N, but do not have a—labeling.

Kaneria and Jariya [5, 6] define smooth graceful labeling and semi smooth graceful labeling. Every smooth graceful graph
is also a semi smooth graceful graph. They proved cycle C, (n = 0 (mod 4)), path P,, grid graph P, x P, and complete
bipartite graph Ks , are smooth graceful graphs. Vaidya and Vyas [7] have proved that D2(P,), B%,n, S/(Bn,n), M(Cy),

D f, are mean graphs. Here we will recall some definitions which are used in this paper.

Definition 1.1. A function f is called graceful labeling of a graph G = (V,E) if f: V — {0,1,...,q} is injective and the
induce function f*: E — {1,2,...,q} defined as f*(e) = |f(u) — f(v)| is bijective for every edge e = (u,v) € E(G). A

graph G is called graceful graph if it admits a graceful labeling.

Definition 1.2. A semi smooth graceful graph G, we mean it is a bipartite graph with |E(G)| = q and the property that
for all non—negative integer 1, there is an integer t (1 <t < q) and an injective function g : V(G) — {0,1,...,t —1,t +
Lt+1+1,...,9+1} such that the induced edge labeling function g* : E(G) — {1+ 1,2+ 1,...,q+ 1} defined as g*(e) =
|f(u) — f(v)| is a bijection for every edge e = (u,v) € E(QG).
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Definition 1.3. Bistar By, . is the graph obtained by joining the apex vertices of two copies of star K1 n by an edge. B,Ql’n

is the square of B, ,, obtained by joining each pair of two vertices of Bn,n at distance 2 by a new edge.

Definition 1.4. Let G = (V, E) be a graph. Then the splitting graph of G is denoted by s’ (@), which obtained by adding
to each v € V, by a new vertex v such that v is adjacent to those vertex of G, which are adjacent to v in G. i.e. If
V = {v1,v0,...,vn}, then take V' = {vy,vy,...,0,} and S (G) = (VUV ,EU{(u,v"),(u ,v)/(u,v) € E}). Observe that
V(S'(G)) = 2AV(G)] and |E(S"(G))| = 3|E(G)]-

2. Main Results

Theorem 2.1. B, , is a semi smooth graceful graph.

Proof. We know that By, ., bistar graph obtained by joining apex vertices of Ki,, and K1, by a new edge. Let
V0, Uly -« s Umy U0y Uy - - « , Upn D vertices of Bm,n. Obviously E(Bm.n) = {(uo, vo), (vo,v1), ..., (Vo,vm), (uo,u1), ..., (uo,un)}
ie. |[V(Bmn) = m+n+2and |[E(Bmn) = m+n+ 1. We shall define vertex labeling function f : V(Bmn) —
{0,1,...;t=1,t+0Lt+14+1,...,q+1}, where ¢ = |E(Bmn)|=m+n+1,¢t=m+1 and [ is the arbitrary non-negative

integer as follows,

flw)=qg=m+n+1+1;

f(uo) = m;

flvi)=1i-1, Vi=1,2,...,m;
fluj) =q—j+1, Vi=1,2,...,n.

Above labeling pattern give rise a semi smooth graceful labeling to the graph B, », as it will produce edge labels (vo,v1) =
g+ 1, (vo,v2) = q—1+1...,(vo,vm) =qg—m+1+1=n+24+1(u,v0) =n+1+1(vo,u1) = n+1(uo,u2) =
n—1+1,...,(uo,un) = 14+1. Thus f and its induced function f* both are bijective maps. Therefore By, is a semi smooth

graceful graph. (I

Ilustration 2.2. Bs and its semi smooth graceful labeling shown in figure 1. Here ¢ = |E(Bag)| = 11.

Figure 1. B4,6 and its semi smooth graceful labeling

Theorem 2.3. S’ (Bm,n) 15 a semi smooth graceful graph.

’

Proof. Let G = S (Bmmn), splitting graph of Bpn. Let V(G) = {vo,v1,...,Vm,Uo0,U1,---
...,un,vé,v;,..,,v;n,u:),u;,...,uln} Obviously E(S/(Bm,n)) = E(Bm,n)U{(vo,v;)(i = 1,2, ...,m),(v(),vi)(i =
1,2,...,m), (vo, uo), (o, v0), (o, ug)(j = 1,2, -..ym), (wo,u5)(j = 1,2, ...on}. ie. V(S (Bunn))| = 2[V(Buan)|l =
2(m + n + 2) and |E(S/(Bm,n))| = 3|E(Bmn) = 3(m + n + 1). We shall define vertex labeling function
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f: V@G — {0,1,....,t =1, t+l,t+1+1,...,q+ 1}, where ¢ = |E(G)] = 3(m+n+1), ¢t = 2m+ 2 and [ is
the arbitrary non-negative integer as follows,

Fwo) = g +1, f(uo) = 2m, f(vo) =2m +3n+ 141, f(ug) = 2m + 1;

fwi) =m+ (i —1), Vi=1,2,...,m;
Flw)) =m—i, Vi=1,2,...,m;
fluz) =2m+2j +1, Vi=1,2...,n;
Fuy) = 2(m+n) +§ +1, Vi=12...,n.
Above defined labeling pattern give rise a semi smooth graceful labeling to the graph G. O

Illustration 2.4. S,(ng) and its semi smooth graceful labeling shown in figure 2. Here ¢ = |E(Sl Bs5)| = 27.

19+

Figure 2. SI(B3,5) and its semi smooth graceful labeling.

Theorem 2.5. S’ (Pn) is a semi smooth graceful graph.

Proof. Let P, be the path on consecutive v1,vs, ..., v, vertices. For the graph S/(Pn) added vertices corresponding to

’

V1,02, ..., Vp ATE V1, Vs, . .., V. Obviously [V(S(Pr))| = 2n and |E(S,(Pn))| =3n-3.

We shall define labeling function f : V(S (P,)) — {0,1,...,t—1,t+1,t+1+1,... ... ,q+1}, where ¢ = |E(S' (P,))| = 3n—3,
t =3|%] — 1 and [ is the arbitrary non-negative integer as follows,
fwi)=q—33G-1)+1, when i is odd,
=(3) -2, when i is even, Vi=1,2,...,n;
Fw) = f(w) =1, Vi=1,2,...,n

Above defined labeling pattern give rise a semi smooth graceful labeling to the graph S’ (Pp) and so s’ (Pp) is a semi smooth

graceful graph. O

Illustration 2.6. S/(P7) and its semi smooth graceful labeling shown in figure 3. Here q = |E(S/(P7))\ =18.

17+ 0 14+ 3 11+ 6 8+l

18+ 1 15+ 4 12+ 7 9+

igure 3. ' P7) and its semi smooth graceful labeling.
Fig 3. S
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Theorem 2.7. Let G be a semi smooth graceful graph. A graph obtained by joining G and B,Zmn with an arbitrary path Py

is graceful.

Proof. Let K be the graph obtained by joining a semi smooth graph G, Bfn,n with an arbitrary path P.. Let ¢1 = |E(G)],
g =1r—1,q93 = 2(m+n)+ 1. Let G be a semi smooth graceful graph with semi smooth vertex labeling function
f:V@G) —A{0,1,...;t —1,t+1,t+1+1,...,q1 + 1}, whose induced edge labeling function is absolute difference of end
vertices for each edge and ¢ € {1,2,...,¢1}, | be an arbitrary non-negative integer.

Since G is a bipartite graph, we shall have following partitions of V(G).

Vi={ueV(G)/flu) <t}

Va = {u € V(G)/f(u) > 1}

Let wo € V(G) be such that f(wo) =t — 1, such vertex would lies in V4, otherwise 1+ [ edge label can not be produce in G.
In fact 1+ 1 edge label can be produce by the vertices of G whose vertex labels are t — 1, ¢t + [ and they are adjacent in G.
Let wo = w1, wa, ..., w, be the vertices of P. Let u;(: =0,1,...,m),v;(j =0,1,...,n) be vertices of Bfn’n with w, = vo.

Obviously |E(K)| = q1+¢2+¢3 = q1+r+2(m+n). Now we define vertex labeling function g : V(K) — {0,1,...,¢q1+¢2+4gs}

as follows.

g(w) = f(w), when w € Vi;
g(w) = f(w) =1+ 74 2(m +n), when w € Va;
gwi) =t+r+2(m+n)— 3, when 1 is even,

:t+i;3, wheniisodd ,Vi=1,2,...,7;

Case—I : r is odd.

9(vo) = g(wr) , g(uo) = g(wr) + gs;

g(vj) = g(wr) + 7, Vi=1,2,...,n
g(ui) = g(wr) +n +1, Vi=1,2,...,m;
Case—1II : r is even.

g(vo) = g(wr—1) + g3 , g(uo) = g(wr—1) + 1;

9(v;) = g(wr—1) +7 + 1, Vi=1,2...,n
g(u;) = g(wr—1) +n+i+1, Vi=1,2,...,m.
Above labeling function give rise graceful labeling to the graph K and so it is graceful. O

Illustration 2.8. A graph obtained by joining s’ (Ps) and B§73 with path Ps and its graceful labeling is shown in figure 4

Figure 4. A graph obtained by joining S,(P4) and B§13 with path P; and its graceful labeling.
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