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1. Introduction and Preliminaries

Throughout in present paper, we use the following standard notations:

N:={1,2,3,...}, No:={0,1,2,3,...} =NU{0} and Z := {-1,-2,-3,...} = Z; \{0}. Here, as usual, Z denotes the set
of integers, R denotes the set of real numbers, R™ denotes the set of positive real numbers and C denotes the set of complex
numbers. The Pochhammer symbol (or the shifted factorial) (), (A, v € C) is defined, in terms of the familiar Gamma

function, by
rA+v) 1 (v =0;x € C\{0})
AA+1D)...(A+n—-1) (r=neN;AeC)
it is being understood conventionally that (0)o := 1 and assumed tacitly that the Gamma quotient exists. In 1997-98, the

Laguerre polynomials of m-variable are defined by Khan and Shukla [1, 2] in the following form

[[a+a),

i—1 m
T1, T2, T3, ..., Tm) = ](T\I’é )[_n§1+a1,1+Ot271+Oé3,--~71+Oém;1’17$27953,~--’$m} (1)

L(0<17042,0437---,0<m)(
n

In 1920-21 P. Humbert defined multi-variable hypergeometric function wém) in the form [3]

(m) . .
s [a;c1, 2,8, ...y Cm @1, T2, T3, -« .y T
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_ i (a)k1+k2+k3+---+km xllleémxgs s xlfnm (2)

s o (eri (e2)ka (8)ks - - (Cm )i (B1)!(R2)!(Rs)! - . (Km)!

where |z1| < 00, |z2| <00, |x3] <00, ...,|Tm|< oco.

Binomial theorem:

a a; = "
(1—t)""=1F t :Z(a)na ;o <1 (3)
-3 n=0
Multiple series identities [3]:
Z Z Z ...Z(ﬁ(n;k‘l,kmk&---vkm)
n=0 k1=0 ka=0k3=0  km=0

k1+kot+ks+...+km<n

=> > S(n — Ky — ks — ks — ... — ki K, Ko s, - Kom) (4)
n=0

k1,k2,ks,.... k=0

k1+kot+ks+...+km<n

Z Z ¢(’I’L;k1,k’2,k3,...,k’m)

n=0 K1 ,k2,K3 e ki =0
:Z ZZZ'“Z¢(n+kl+k2+k3+"'+km;k17k27k37'“7k'ﬂl) (5)
n=0 k1=0 ka=0 kg=0  ky=0
If m-variable polynomial sets  on(z1,22,23,...,Tm) has a  generating function of the form
e'd1(z1t) 2 (z2t)d3(z3t) . .. pm(Tmt) given by equation (24) then Theorem 4.1 yields another generating function in
the form (1 —¢)"°G (ll—i, 22t ozt f—i"f) given by equation (26) for same polynomial set o, (x1, T2, T3, .-, Tm).

2. Partial Differential Equations Associated with Polynomial Sets
on(21, 22,23, ..., Tm)

Theorem 2.1. If

e'pr(z1t)po(at)ds(wst) ... G (mt) = Y on(T1, 22,25, .., 2o )" (6)
n=0
then
7] 0 7] 7]

<x1a—xl +$287562+m387233+'“+xm%) oo(w1,T2,T3,...,Tm) =0 (7)
and forn > 1
(xi—&—x i—l—x i—i—---—i—x i)U (z1, 2, Tm)—n on(T1,T2,T Tm) = —on—1(T1,T2,T Zm) (8)

law1 281’2 362?3 mawm n L1, L2, L3, ... ,Lm n L1, L2, L3y...ydbm) — n—1\41,4L2,L3,...,Lm

Proof. Let us consider the generating relation of the type

e’ pr(z1t)po(at) s (x3t) ... G (Tmt) = Y on(@1, 22,23 .., Tp)t" 9)
n=0
Suppose
F = 6t¢1 (l‘ﬂf)(ﬁz (mzt)¢3 (a:3t) e ¢m($mt) (10)

or

F=c'¢1¢2¢3...0m
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Then
oF t
or b 11
o1 te'p1padps ... ¢ (11)
OF 4
2 =te Pprdad3 ... Pm (12)
oF ;
87283 =tle g10203 ... Pm (13)
similarly
oF ¢ /
— = L. 14
oo~ te 19203 . .. Py, (14)
and
8F ’ / U /
i €' P1dags ... pm + 116 P1P2d3 ... P + T2e P12 .. pm + T3€' P12 .. P + ...+ Tme P1o2ds ... By, (15)
Eliminating ¢1, %, ¢2, ds, b3, P, oo .. .. , ¢m and ¢, from the above equations, we obtain
7] 0 3] 3] oF
— — — 4 ... m=—— | F—t— = —tF 1
(“’laxl R P P axm) ot (16)
From equations (9) and (16), we have
9 9 9 . n
E:: (xla o +1:28 +x3(9x3 +...+xmm) on(T1, T2, 3, ..., Tm)t" — Z: n on(T1,T2,23, ..., Tm)t
:—Zan (z1,22,23,...,2 "H ZU" 1(x1, T2, T3, ..., T )"
Now equating the coefficients of like powers of t, we get (7) and (8). O
3. Series Representation of Polynomials o, (1,22, 23,...,25)
The series representation of o, (1, T2, T3, ..., Tm) is given by on(z1, T2, T3, ..., Tm)
= z": ”il "*ki*’Q "*k1*k2*k2374..7km,1 a1(k'1) a2(l€2) ag(kg) ...am(km)mlklxgkz.’rgka ...mmk’"
K1=0 k=0 ka—0 k=0 (T’L—kl —kz—k;g ——k}m)'
k1+kot+ks+...+km<n
= (_n)k1+k2+k3+m+kmal(k17,3|a2(k2) a3(k3) "'am(km) (—5E1)k1(—$2)k2(—x3)k3 .._(_xm)km (17)
K1,k kg sk =0 ’
where {ai(k1)}, {a2(k2)}, {as(ks)}, ...,{am(km)} are bounded sequences of arbitrary real or complex numbers,
YV okjoe {0,1,2,...}; 1<j<m.
Proof.  Suppose the functions ¢1, ¢2, @3,.......... ,6m in (6) have the formal power-series expansions.
¢1(ur) = > ar(k)uy';  a1(0) #0 (18)
k1=0
$o(us) = > as(ko)us®;  as(0) #0 (19)
k2=0
¢a(us) = > as(ks)us®;  as(0) #0 (20)
k3=0
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and
Grnln) = 3 @b )uls an(0) #0 (21)
k=0
Then (6) yields
ion(xl,xz,xg, T )"
n=0

> > & & & tn+k1+k2+k3+m+km
=y > ar (k1) ag (k2)ak? . am (k) akm (22)
n=0

n!
k1,k2,k3,....,km=0

Now using multiple series identity (4), we get

oo
Z {Un(xlyx27x37 s 7xm)}tn
n=0

ey n—ky— n—ky—ky—kg— ..~k _
e n kim—k1 k2 TR ! ai(ki)az(k2)as(ks) ... am(km)21 " 22225 an |,
:Z ZZ Z Z (n— k1 — ky — ks — ... — km)! t (23)
n=0 | k1=0 k2a—0 k3—0 Fem =0 ! L
Now comparing the coefficients of t" in equation (23), we get the series representation (17) for op (21, 2,23, ..., Tm). [

4. General Theorem Associated with Generating Relation and Gen-
erating Function

Theorem 4.1. If

e'pr(z1t)po(at)ds(wst) ... G (@mt) = Y on(T1, 32,23, ., 2o )" (24)
n=0
and
Pr(ur) = > ar(k)uyt;  ga(us) = Y az(ko)us?;
k1=0 ko=0
$3(uz) = Y as(ks)us’; () = Y (k) up™; (25)
k5=0 k=0
where a1(0) #0, ,a2(0) #0, ,a3(0) #0,...,am(0) #0
then
—c 1t x2t w3t Tmt \ = n
(1—1t) G(l_t, T 1—t) _;(C)nan(m,m,mg,.,.,xm)t (26)
where ¢ is arbitrary and
G(wl, W2,W3, ..., wm)
=D 33 D (Okitkatkato tbmar (k1) az(ka) as(ks) ... am(km)wy ws2wh® . wy (27)
k1=0 ko=0 k3=0 km=0
where {ai(k1)}, {az(k2)}, {as(ks)}, ...,{am(km)} are bounded sequences of arbitrary real or complex numbers,
vV k; e {0,1,2,...}; 1<j<m.
Proof. Now consider the new series in the form
Z(C)nan(m,xz,xg, cey T )t
n=0
B oo n n—kyn—ki—ko n—ki1—ka—ks—...—kpp—1 (C)nal(]f1)a2(k2)...am(km)l’lkla?ka ...il'mkm .
_Z ZZ Z Z (n—ki — ko — k3 — —km)! t (28)
n=0 \ k1=0 ka=0 k3—0 Kk =0 t— Rz R Pm
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Now using multiple series identity (5), we get

Z(c)nan(xh Ty, T )"
n=0
- i i (s that ot 1(B1) a2(ka) - am (k) (@1t)" (@2t)™ ... (@)™ | 0 (29)
n=0 \k1,k2,....,km=0 (n)'

= > (ODkitkattkmar (k1) a2(ka) . am (k) (21t) (@2t)" L (@mt) "
k1,k2,...;km=0

x>y — t (30)
n=0

= > (Dkitkatrtknai(kn) aa(ka) . am(km) (@10) (221)*2 L (2t) 7 x
k1,k2,....km=0

C+k1+k2+---+k7n§
x 1k t (31)

)

= Z (C)k1+k2+m+kmll1(l€1) az(kz) e am(km) (mlt)kl (xzt)k2 . (xmt)km X
k1,k2,...;km=0

« (1 _ t)*(c+k1+k2+m+km) (32)
Therefore
> (@non(@r,m,. o wn )t =(1=6)"C > (ki kot ka1 (k1) a2(k2) ... am (k)X
n=0 k1,k2,...;km=0
o zit \*' [ xot \ 2 Zmt ) (33)
1—¢ 1—¢t) “\1-¢t
_ t xot Tmt
—(1-p a2 L, T
(1-1) (l—t’l—t’ 1t
where G ({14, 20, 2ul) is defined by the equation (27). m

5. Applications of Theorems 2.1 and 4.1 in Generating Relations

If ¢1(u1), d2(u2), ps(us)...dm(um), are specified in hypergeometric forms, then Theorem 4.1 gives for polynomial sets

on(x1,T2,23,...,2m), a class of generating relation involving m-variable hypergeometric polynomials.

a2aa37“wa7n)(

Now apply Theorems 2.1 and 4.1 to Laguerre polynomials of m-variable Lgf”’ Z1,%2,%3,...,Tm) due to Khan,

M. A. and Shukla, A. K. defined explicitly by (1)

I+a)n(l4+a2)n(l+as)n...(1+ am)n
(n!)m

a1,00,03,...,0 _
Lo 0 em) (o) gy 3, ... Tm) =

X ‘l/gm) [-n; 1+ a1, 14+, 1+as,..., 1+ Qm;x1, 22,23, ..., Tm] (34)
Now consider a polynomial set in the form

(n!)mflLﬁo‘l’0‘2’0‘3 """ o"")(xl, T2, T3y -+, Trm)

(1 + al)n(l + OCZ)n(l + aS)n cee (1 + Olm)n

Un($1,$2,$3, .. .,-’L’m) =
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and
1ulk
d1(u1) = oF1(—; 1+ ai;—ur) = Z BT a0 1+a1 n
1
oo 1)F2 0k
d2(u2) = oF1(—; 1+ az; — Z ol 1+a2 n
2
oo 1) ughs
#3(uz) = oF1(—; 1+ as; — Z 1+az "
3
similarly
oo km
Gm(um) = oF1(—; 1+ am; — Z T‘é)k
Then
—_1)k1 —1)ke2 _1)ks —1)km
arlhn) = — 0 ) = — DT ) = D S pp——

Eil(1+on)w, kol(14 az)r,’ E3l(14 as3)r,

Then generating relation is given by

e oF1 (=14 ar;—zit)oFi(—; 1 + az; —z2t)oFi(—; 1 + as; —z3t) ... o F1(—; 1 + iy —Tnt)

1 1,090,000 N
m L( 1,02,03,. M)(l’l,l'Z,l’s,---,l’m) "

Z:: 1+a1 1+a2)n(1+a3)n(1+am)n

‘We use Theorem 2.1 to conclude that

9] o} 1o} 0 (a1,02,a3,...,0m,)
" [le,ez,as,.am T2, T3, ..., Tm) =0
<$178m1 +x2—8x2 +$375m3 +... 4z axm) o (@1, w2, T3 Tm,)

and for n > 1,

(a1,a2,03,...,am)
p )Ln M, T2, T3y . oy Tm)
m

S R R )
You, " POxs om0
(a1 +n)(az +n)...(am +n) L(a17027&3»»-~,am)

(a1,02,03,...,00m)
-n Ln ( npm—1 n—1

T1, T2, T3y ey Tm) = — (z1,22,23,. ..

(01,a27037»<»,am)(

In applying Theorem 4.1 to Laguerre polynomials of m variables L, T1,%2,X3, .-, Tm), and

oo
ko k3

G(w1, w2, w3, ..., W) = Z Z Z Z C) ey +hahst..+hm 01 (K1) a2(k2) as(ks) ... am(km)wi wh?wi® ...

k1=0 k=0 k3=0 k=0

oo k km

(C)k1+k2+k3+-~+km wszwg 3. Wm
kqlkalks! . .. km!(l —+ al)kl (1 + OéQ)kQ(l —+ Ckg)k3 - (1 + am)km

(_1)k1+k2+k3+~‘+kmwlk1

k1,k2,ks,....;km=0

:wém) [1+a,1+as,l+as,...,1+ am; —wi, —wa, —ws, ..., —Wmn]

Therefore Theorem 4.1 yields

_ —x1t —xot —x3t —Tmt
1—6)~™ |1 1 1 1+ a2
( ) 2 |:Cv + o1, 1+ a2, 1+ as, 1+« 11t 1-¢ "1 ¢
i — ) L(al’az’&‘q’"“’QM)(atl,Jlg,xg,...,mm) N
— 1+Of1 (1+a2)n(1+a3)n(1+am)n

n=0
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