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1. Introduction

A linear transformation T : V' — W of vector spaces is said to be an invertible if there is another linear transformation
denoted by T7! : W — V such that T oT = Iy = T o T, where Iy is an identity operator of V. In this case this T*
is unique and is called an inverse of T'. It is generally known that a linear transformation of vector spaces is an invertible
if and only if it is a bijection. Otherwise, it is non invertible [3]. But there are some linear transformations which have
an inverse from one side only; from the left side or from the right side. In this paper we provide necessary and sufficient
conditions to those linear transformations having an inverse from the left side only and we characterize the class of all left

inverses of these transformations in the case of finite dimensional vector spaces.

2. Preliminaries

Definition 2.1. Let V and W be vector spaces over a field F. A mapping T : V — W is called a linear transformation of

Vinto W if it satisfies the following properties;

T(x+y)=Tx+Ty foralx,y €V and

T (ax) = aTx for allz € V and all scalars o € F.

These two properties are called the linearity properties [1-3].

Definition 2.2. Let T : V — W be a linear transformation. Define kernel of T (or the null space of T) and Image of T
respectively by: kerT = {zx €V :Tex =0} and Img T = {Tz : x € V}. Then both kerT and Img T are subspaces of V

and W respectively [1].
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Theorem 2.3 ([1-3]). For any linear transformation T : V. — W. If V and W are finite dimensional say dimV = n and
dimW =m, then dimV = dim (ker T') 4+ dim (Img T').

3. Left-Invertible Linear Transformations

Definition 3.1. Let V and W be vector spaces over a field F. A linear transformation T : V. — W is called an injection if:

Te=Ty=z=y forallz,ycV.
Theorem 3.2 ([2]). A linear transformation T : V. — W is an injection if and only if ker T' = {0}.

Proof.  Suppose that T is an injection. Then it is clear that T'(0) =0 = 0 € ker T = {0} C ker 7. On the other hand:

rekerT =T =0=1T0
—Tx=1T0
=z =0 (. T is an injection)

= kerT C {0} CkerT

Therefore, ker T' = {0}.

Conversely suppose that ker T = {0}. For any z, y € V,

Te=Ty—=Tz-Ty=0=T@x—-y)=0=z—yckerT ={0}=z-y=0=—=z=y

Therefore T is an injection. (I

Theorem 3.3. Let V and W be finite dimensional vector spaces over the given field F. If a linear transformationT : V — W

is an injection, then dimV < dim W .

Proof. 1t is clear that I'mg T is a subspace of W and hence dim (Img T) < dimW . Also, from theorem 1 we have

dimV =dim(kerT ) + dim (Img T)
= dimV =0+dim(ImgT) (- kerT = {0})

= dimV =dim(ImgT) <dimW .

O

Definition 3.4. A linear transformation T : V. — W is is said to be left invertible if there exists a linear transformation

T, : W — V such that Ty o T = Iv where Iy is an identity operator of V.

Definition 3.5. A linear transformation T : V — W is is said to be left cancellable if for any vector space U over the same

field F and any linear transformations Th, To : U - V; ToTy =T o Ty = T = Ts.

The next theorem gives us two equivalent conditions (necessary and sufficient conditions) to a given linear transformation

to have a left inverse and it is included here for the completeness of the paper.

Theorem 3.6. Let V and W be finite dimensional vector spaces over a field F' such that dimV = n and dimW = m.

Then the following are equivalent for any linear transformation T : V — W.
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(i) T is an injection
() T 1is Left Invertible
(4i) T is Left cancellable
Proof. (i) = (ii) Suppose that T is an injection and let {zi,z2, ...,z,} be an arbitrary basis for V. Then

{Tz1,Tz2, ...,Tz,} forms a basis for Img T in W. For;

y € ImgT = y=Tx for somex € V.
= y=T (12 + a2x2+ -+ anxyn) for some a1, aa,...,an € F (. {x1,22, ...,zn} is a basis for V)

= y=oa1Tz1 +aTzs+ -+ anTx, (0T is linear)

Therefore, {Tzi,Tz2, ...,Tz,} generates ImgT. Also let anTz1 + aTx2 + -+ + ayTax, = 0 for some scalars

i, ag,...,0an € F

= T (a1@1 + aax2 + - + ann) =0
= a1 + ax2+ -+ apzn, € ker T = {0} (.- T is an injection)

= 171 + Qw2 + -+ anxy, =0

= a1=0, a2 =0, ...,an =0 (. {z1,22, ...,zn} is a basis for V)
Therefore {T'z1,Tx2, ...,Txn} is linearly independent and hence a basis for Im T. Put y1 = Tx1, y2 = T2, ... ,yn = TTn.
Then we have a linearly independent set {y1,y2, ...,yn} in W. If n = m, then {y1,y2, ...,yn} forms a basis for W and

hence Img T = W. Thus T is a surjection also and hence invertible. If n < m such that m —n = r, then Img T C W
so that we can choose an element y,4+1 in W — I'mg T. Since yn+1 ¢ I'mg T then it is not a scalar combination of these
yi’s and hence the set {y1,y2, -..,Yn, Yn+1} becomes linearly independent in W. let Uy be the subspace of W generated
by {y1,y2, .-, Yn, Ynt1}. Therefore since {y1,y2, ..., Yn, Ynt+1} is linearly independent we get that dimU; =n+ 1. If

n+1=mthen Uy = W and if n+1 < m, then we can choose another element y,42 in W — U and hence yn42 ¢ Ui, so that

this yn42 is not a linear combination of vectors y1,y2, ..., Yn, Ynt1. thus, the set {y1,y2, ..., Yn, Yn+1, Yn+2} is linearly
independent in W. Similarly doing this process r times, we get r = m — n vectors yn41, -..,Yntr in W — I'mg T such that
the set {y1,¥2, .-, Yn, Ynt1, - - Yntr = Ym} is linearly independent in W and hence forms a basis for W. Therefore for any
y € W there exists some scalars a1, az,...,Qn, ...,0n in F such that y = aqy1 + aey2 + - + @nYn + - - - + @mYm. Now for

any y € W, define a mapping f: W — V by: f(y) = ciz1+asze+- -+ antn fy = cayr +a2y2+- -+ @nyn+- -+ @mYm.
Since any element y in W can be uniquely expressed as a linear combination of elements of a given basis, it follows that f
is well defined. Now we prove that this f is a linear transformation of W into V.

Yy, 2€EW = y=a1y1 +a2y2+ -+ anYn + -+ @mym and z = B1y1 + Poy2 + - - - + BnyYn + - - - + BmYm for some scalars

ai’s and B;’s in F, 1 < ¢ < m. Therefore;

Jfly+2z)=f(a1+B1)yr+ (a4 B2)yz + -+ (@ + Bn) yn + - + (@m + Bm) ym)

(a1 +B1)z1+ (a2 + B2)za+ -+ (an + Bn) Zn

o121 + fir1 + asxe + foxz2 + - -+ QnTn + Brnn

a1z + azx2 + 0+ an@n + frz1 + Boz2 + -+ Brn

fFW)+ 7
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Also, for any scalar «a, consider:

flay) = fa(aiys +a2yz + -+ anYn + - + QmYm))
= f(aa1yr + aocoyz + - + aanyn + - - + 0mYm)

= a1l + 22 + -+ R Tn

a(onz: + aexa + - + onn)

=af(y)

This shows that f is a linear transformation. Moreover, f (y;)= z; for all 1 < i < n. Since {z1,z2, ...,z } is a basis for V,

any vector x in V is of the form a1x1 + agz2 + - - - + apxyn. Now for any x = a1x1 + agze + - - - + apxy, in V), consider:

foT (@) =1 (T (@)
= f (T (a1z1 4+ o2 + -+ + any )
= f(a1Tz1 + 2Tz2+ -+ anTzn ) (0 T is linear)
= floaays +asya+ -+ anyn ) (o Tax; =y; foralll <i<n)
=171 + a2x2 + -+ QnTn

=

Thus f oT = Iy, where Iy is an identity operator on V and therefore this f is a left inverse of T and hence T is left
invertible.

(i) = (iii) Suppose that T is left invertible and let f be the left inverse of 7. For any vector space U over the same field
F, let Th and T» be linear transformations of U into V such that;; ToTh =T oTs = fo ToTh = foT ol =T =Ts
and hence T is left cancellable.

(ili) = (i) Suppose that T is left cancellable. Let z1 and xz2 be any arbitrary vectors in V such that Tz1 = Tzs.
Consider a subspace U of V generated by {z1, z2} and define 71 and T> : U — V by: T (a121 + asz2) = (a1 + a2)z1 and
Ts (a1 + a2x2) = aqxy + asxs for all scalars a; and i in F. If = anz1 4+ asxe and y = Six1 + Bax2 are any vectors in

U and « is any scalar in F, then consider;

Ty (x +y) = Ti (x4 aowz + By + Paxz)
=T ((a1 + B1) 71 + (a2 + Ba2)z2)
= (1 + Bu) + (a2 + B2)) 1
= (a1 + a2) + (B1 + B2)) 21
= (a1 + az)x1 + (B1 + B2) 71
=Ti (c1z1 + a2z2) + Th (Brz1 + B2x2)

=T (x) +T1 (y)
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Also,

T1 (az) = Th (conx1 + aoezs)
= (a1 + aaz)z:
= a(a1 + a2)z1
= aT1 (11 + asxs)

= aTi (z)

Thus T1 is a linear transformation. Similarly:

To (z+y) = To (c1z1 + a2z2 + Biz1 + Lox2)
=T5 ((a1+ f1) z1 + (a2 + B2)x2)
= (o1 + B1) z1 + (a2 + B2) 22
= a1z1 + fiz1 + e + Paza
= a171 + aex2 + i1 + Pox2
=T (a121 + ew2) + To (Bix1 + Bax2)

=Tz (z) + T2 (y)

Also,

Ts (az) = T (aaiz1 + aoez?)
= ao1T1 + aaeTs
= a(aiz1 + ax2)
= aT> (11 + axa)

=aTs ()

Therefore T is again a linear transformation. Now for any z = aix1 + azxs in U, consider;

ToT: (32) = T(Tl (041331 =+ 052332))
=T ((a1 + a2)z1)

= (a1 +a2)Tzy (. T is linear)

On the other hand, consider;

ToTs(z) =T (T (121 + a2x2))
=T (1z1 + a2x2)
= a1Tz1 + axTzo (- T is linear)
=Tz + aeTz1 (- Tz =Txo)

= (a1 + a2)Txy
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Therefore we have that, T o Ty (x) = T o T>(x) for all x € U. Thus T o Ty = T o T3 and since T is left cancellable it follows
that, Ty = Tb;; that is Th (z) = T2 (x) for all z € U. In particular, Ti (z2) = T2 (z2) = x1 = 2 and hence T is an

injection. (I

Remark 3.7. We observe from the above theorem that any injective linear transformation has at least one left inverse and
in fact it is not necessarily unique. So, the question in this case is that how many left inverses can be there for a given
injective linear transformation? In the next theorem we characterize the set of all left inverses of a given injective linear

transformation.

Theorem 3.8. Let V and W be finite dimensional vector spaces over the field F such that dimV =mn and dim W =m and
T:V — W be an injection. For any arbitrary basis {x1,z2, ...,xn} for V, if we let £(T) = be the class of all left inverses
of T and, B (T) = {B: B is a basis for W, containing vectors Tx1,Txa,...,Txn and span [By — {Tx1,Tx2,..., Tz} N
span [Bs — {Tx1,Tx2,...,Tzn}] = {0} for any B1 # Bz € B (T)} Then there is a one to one correspondence between £ (1)
and B (T)}.

Proof. 1f B € B (T), then B is a basis for W containing Tx1, T2, ...,TTn. If B={y1,y2, ---,Yn, Ynt1, ---,Ym} then
by simple rearrangement of elements of B we can assume that y; = Tx; for all 1 < 4 < n. Therefore any y in W can be
expressed as y = a1y1 + a2y2 + -+ + QnYn + - - - + Amym for some scalar o;’s. Now for any B € 9B (T), define fg: W =V
by:

feloiyr +aoyz + -+ anyn + - + @mym) = 011 + 222 + - + Anp

Then as it is observed from the above theorem we get that fp is a a left inverse of T, so that fg € £(T). Now define
h: B(T) — £(T) by: h(B) = fp for all B € 9B (T). It is clear that this h is well defined. Now we prove that h is a
one-to-one correspondence.

Let B1 = {y1,Y2, --sYn, Ynt1, --->Ym} and Ba = {z1,22, ..., 2n, Znt1, ---,2m} € B (T) such that B; # Bs. Therefore
yi =2z = Tw; for all 1 <i <n and span [B1 — {y1,y2, -..,yn}] Nspan[B2 — {y1,y2, ...,yn}] = {0}. Now choose exactly

one element y € W — Img T, then y ¢ Img T and hence y is not a linear combination of y1,y2, ..., Yn.

Considering a basis B1, y can be expressed as y = a1y1 + asy2 + - - - + &nYn + + - - + @mYm for some scalars a1, sz, ..., Qm.
On the other hand, considering a basis B2 y can also be expressed as y = f1z1 + -+ Bnzn + -+ + Bmzm = Biy1 + -+ +
BnYn + Bnt1zn+1 + -+ + Bmzm for some scalars §1, B2, ... Bm. Now our claim is to see that a; # 3; for some 1 < i < n and

we use proof by contradiction. Suppose if possible that a; = 3; for all 1 < i < n.

aiyr +ooyz+ -t anyn + o+ amym = Biyr + 0+ Braln + Brsrzntr + 0 F Bmzm
= o1y1 t o2y + -t anYn t ot WmYm = a1yt + -+ nYn + Brt1zZnt1 + o+ Bmzm

— An4+1Yn+1 + An42Yn+2 —+ -+ AmYm = /Bn+lzn+1 + /Bn+22n+2 +---+ ﬂmzm

Ifu=ant1Ynt1t+- - +0mym = Bntiznt1+ -+ Bmzm. Thenu € span[B1 — {y1, ...,yn}Nspan [B2 — {y1,...,yn}] = {0}.
So that u = 0. Thus we have that: ant+1ynt1+ - +mym= 0 and Bnt12n+1+ - - +Bmzm= 0. Since each y;’s and z;’s are lin-
early independent to each other for n<i < m it follows that a;= 0 =g, for all n<i < m. Therefore, y=a1y1+a2y2+ - - - +AnYn

and hence y € Img T which is a contradiction to our choice of y.

Thus «a; # f; for some i, 1 < i < n. Therefore fp, (y) =a1z1+a2z2+ - +anTn # frx1+P2x2+ - - +Bnxn=fB, (y);; that
is, we get an element y € W—Img T such that fg, (y) # fB, (y) and hence fp, # fB, which implies that h (B1) # h (B2).
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Therefore h is a one to one map. Furthermore, we prove that h is an onto; for, let f € £(7T), then f is a left inverse of T
that is, f is a linear transformation of W into V such that f oT = Iy (an identity operator on V). So that f (Tz) = z for
all z € V. In particular, f (Tx;) = x; and hence f (y;) = x; forall 1 <i<n. z € V = = = acuz1+tasz2+ - +anz, for

some scalars ai, 2, ...,Qn

=z =o1f(Tz1)+af(z2) + - +anf(zn)
=z = f(a1Tx1+asTxe+ - +anTxy)
=z cImgf

=V CImg fCV

= Img f =V and hence dim (Img f) =dimV =n.

Since f is a linear transformation of W into V, we have that:

dim (ker f ) +dim (Img f) =dimW = dim(kerf)+n=m

In this case if m # n, then dim (ker f ) = m — n > 0, and hence ker f is a nontrivial subspace of W with dimension
m — n. So that we can choose m — n linearly independent vectors Yn+1, Yn+2,...,Ym in ker f . Thus f (yn+:) = 0 for all
1<i:<m—n.

Claim 1: The set B = {y1,y2, ---,Yn; Yn+1, ---,Ym} is linearly independent in W.

For any scalars aq, a2, ...,qm;

oy +a2yz + -+ AnYn + -+ amYm =0 (1)

= floayr +a2y2+ -+ WnlYn+ -+ WmYm) =0

= a1 f(y1) +aaf(y2) + -+ anf(yn) + -+ amflym) =0

= a1x1 + @2x2 + -+ nTp + g1 f (Ynt1) + o Famf(ym) =0 (o f () =2 foralll <i<n)
= az1+ @zt + @y =0 (. f(ynti) =0 forall 1 <i<m—n)

= a1 =0,02=0,...,a, =0 (" {z1,...,2,} is linearly independent in V)

Substituting the value of each «;’s in equation (1) we have that: ant1ynt1 + -+ + am¥ym = 0 and since each yny;’s are
linearly independent to each other, we get that ay4+; = 0 for all 1 < ¢ < m — n. This says that, a; = 0 for all 1 < i < m.
Therefore he set B = {y1,y2, ---,Yns Yn+t1is ---,Ym} is linearly independent in W and since B has exactly m elements, then
it becomes a basis for W containing y1,y2, ..., yn so that B € £(T).

Claim 2: f = fg = h(B)

Since B forms a basis for W, any y € W can be expressed as y = a1y1 + a2y2 + -+ + QnYn + - - + &mYm, then

f @) =f(aiyr +a2y2 + -+ anyn + - + Amym)
=a1f(yr) +af(y2) + -+ anflyn) + -+ amf(ym) (. {is linear)
=iz + a2+ -+ oo + Ang1f (Ynt1) + - Famflym) (0 f(ys) = forall 1 <i<mn)
=a1z1 + a2+ -+ onZn (2 f (Ynys) =0 forall 1 <i<m—n)
= fe(oayr + ooy + -+ nYn + - + AmYm)

= fs (y)
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Thus f = fg = h(B);; that is, h is an onto and hence a one-to-one correspondence. Thus, B (T") and £ (T) are equivalent

to each other. O
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