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1. Introduction

The concept of Hyperstructure Theory (Hyper compositional algebra) was born in 1934, at the eighth congress of Scandi-
navian Mathematicians, when F. Marty first defined a hypergroup as a set equipped with an associative and reproductive
hyperoperation and analysed their properties [4]. Algebraic hyperstructures represent a natural extension of classical al-
gebraic structure. In classical algebraic structure, the composition of two elements is an element, while in an algebraic
hyperstructures the composition of two elements is a set. Because of extensive applications in many branches of mathemat-
ics and applied Science, the theory of algebraic hyperstructures (or hypersystems) has nowadays become a well-established
branch in algebraic theory.

The theory of fuzzy sets, proposed by Zadeh [6] in 1965, has provided a useful mathematical tool for describing the behavior
of systems that are too complex or ill defined to admit precise mathematical analysis by classical methods and tools. In this
aspect, the concept of fuzzy groups was defined by Rosenfeld [5] and its structure was investigated.

In the year 1986 Atanassov [2] introduced intuitionistic fuzzy set as a generalization of fuzzy set. The study of Intuitionistic
fuzzy hyper algebraic structures has started with the introduction of the concepts of intuitionistic fuzzy hypergroups.

In this paper, our aim is to introduce the concept of fundamental relation on intuitionistic fuzzy I'-hypermodule as a

generalization of the usual fuzzy I'- hypermodule and Moreover, some their proposition are proved.

2. Preliminaries

In this section, some of the basic definitions are summarized that are needed in the following sequel.
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Definition 2.1 ([3]). Let X be any non-empty set. The map p: X — [0,1] is called a fuzzy subset of X.

Definition 2.2 ([1]). Let p be an equivalence relation on a fuzzy I'-hypersemigroup (M, o) and p,v be two fuzzy subsets on

M. We say that, ppv if the following conditions hold,
(i) if u(a) >0, then 3b € M w(b) > 0 and apb,
(i) if v(z) >0, then 3y € M :u(y) > 0 and zpy.

An equivalence relation p on a fuzzy U-hypersemigroup (M, o) is called a fuzzy regular relation (fuzzy strongly regular) on
(M, o) if, for all a,b,c € M, v € I, the following implications holds, apb = (aoyoc)p(boyoc) and (coyoa)p(coyob). This

condition is equivalent to, apa/,bpb/ = (aO’yOb)p(a/OFyOb/), for alla,b, a.b e M,~ €eT. (apa/,bpb/ = (aO’yOb)ﬁ(aIO’yOb/)).

Definition 2.3 ([1]). An equivalence relation p on a fuzzy I'-hypermodule (M, ®, ®) over a fuzzy I'-hyperring (R,HB,) and
a canonical fuzzy hypergroup (I', ®) is called a fuzzy regular relation on (M,®,®) if it is a fuzzy regular relation on (M, ®)

and for allz,y € M,r € R, a €T, then zpy = (r0a @ x)p(r®a®y).

Definition 2.4 ([1]). An equivalence relation p on a fuzzy I'-hypersemigroup (M, o) is called a fuzzy strongly regular relation
on (M,0o) if, for all a,a’,b,b’ € M, a € T, such that apb and a’pb’ then the following condition holds, (a o a0 a’) > 0,

(boaod’) > 0= zpy for all z,y € M.
Note 2.5 ([1]).
(i) If p is a fuzzy strongly relation on a fuzzy T'-hypersemigroup (M, o), then it is a fuzzy regular on (M, o).

(i) An equivalence relation p on a fuzzy U-hyperring (R,8,1) is called a fuzzy strongly regular relation on (R,H,H) if it

is a fuzzy strongly regular relation both on (R,H) and on (R,).

Definition 2.6 ([1]). Let p be a fuzzy strongly regular relation on a fuzzy I'-hyperring (R,8,) and 6 be a fuzzy strongly
regular relation on a canonical fuzzy I'-hypergroup (', %). An equivalence relation 6 on a fuzzy I'-hypermodule (M, ®, ®) over
a fuzzy U-hyperring (R, B8, ) and canonical fuzzy T-hypergroup (T, ®) is called a fuzzy strongly regular relation on (M, ®, ®)
if it is a fuzzy strongly regular relation on (M, ®) and if xdy,rps and o, then the following condition holds, for allu € M,
such that (r © a © z)(u) > 0 and for all v € M, such that (s ® B © y)(v) > 0, we get udv.

Remark 2.7 ([1]). We consider the following I'- hyperoperations on the quotient set M /5, T x§ = {zZ|]z € v + y} =
{Zl(z@y)(z) >0}, Foa©z ={z|z € raz} ={Z|[(roa6z)(z) > 0}.

Proposition 2.8 ([1]). Let (M,®,®) be a fuzzy I'-hypermodule over a fuzzy T-hyperring (R,HB,H) and canonical fuzzy
hypergroup (T, ). Let (M, +,.) be the associated I'-hypermodule over the corresponding I'-hypergroup (R, W, o) and canonical

hypergroup (T',*). Then we have,
(i) The relation § is a fuzzy regular relation on (M, ®,®) < (M/d,*,®) is a I'-hypermodule over (R,,0) and (T, *).

(ii) The relation § is a fuzzy strongly regular relation on (M,®,®) over (R,H,) and (I',®) < (M/§,*,®) is a I'-module
over R/p and T'/6.

Notation 2.9 ([1]). If we denote by L the set of all expressions consisting of finite fuzzy U'-hyperoperations either on R, T', M

or the external fuzzy I'-hyperoperations applied on finite sets of elements of R,I'; M then we have, zey < Ju € U : {x,y} C u.
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Definition 2.10 ([1]). An equivalence relation €* is called fundamental relation on a fuzzy I'-hypermodule (M, ®,®), if
€* is a fundamental relation on the associated T'-hypermodule (M,+,.). Hence, € is a fundamental relation on a fuzzy

-hypermodule (M, ®, ®) if and only if €* is the smallest fuzzy strongly equivalence relation on (M, ®,®).

Notation 2.11 ([1]). If we denote by UF the set of all expressions consisting of finite fuzzy I'-hyperoperations either on
R,T', M or the external fuzzy I'-hyperoperations applied on finite sets of elements of R,I', M then we have, xey < Ius,y €
UF : A{z,y} C ppy < ppy(x) >0 and ppy(y) > 0. The relation € is the transitive closure of €. So, in order to obtain a fuzzy
T'-module starting from a fuzzy T'-hypermodule, we first consider the relation €, then the transitive closure € of € and finally

the quotient structure (M/e*,*,®) of the fuzzy I'-hypermodule (M, ®,®).

Definition 2.12 ([2]). An Intuitionistic Fuzzy Set (IFS)A in X is an object of the form A = {{z, pa(x),va(z))|z € X},
where the functions pua : X — [0,1] and va : X — [0,1] denote the degree of membership (namely, pa(z)) and the degree
of non-membership (namely, va(x)) of each element x € X to the set A respectively, and 0 < pa(z) + va(z) < 1 for each
rzeX.

Definition 2.13 ([2]). Let A and B be Intuitionistic Fuzzy Sets of the forms A = {(z,pa(z),va(z))|lz € X} and B =

{(z, pp(x),v8(x))|x € X}. Then

(a) AC B if and only if pa(zx) < pp(z) and ya(z) > vp(x) for allz € X

(b) A= B if and only if AC B and BC A

(¢) The complement of A is denoted by A and is defined by A = {(z,va(z), pa(z))|z € X}
(@) AN B = {(z, pa(z) A pp(x),va(2) V y8(2))|2 € X}

(e) AUB = {(z,pa(x) vV pp(x),va(x) AyB(2))|2 € X}

The Intuitionistic Fuzzy Sets 0~ = {(z,0,1)|z € X} and 1~ = {(z,1,0)|z € X} are respectively the empty set and the whole

set.

3. Fundamental Relation on Intuitionistic Fuzzy I'-hypermodule

In [1], fuzzy regular relations are introduced in the context of fuzzy I'-hypermodules. In this section, we extend this notion
to Intuitionistic fuzzy I'-hypermodule. Let p be an equivalence relation on an intuitionistic fuzzy I'-hypersemigroup (M, o)

and A, B be two intuitionistic fuzzy subsets of M. We say that, ApB if the following conditions hold,
(1) if pa(a) >0, then3Ibe M : up(b) >0 and ya(a) >0, then 3b € M : yg(b) > 0= apb,
(ii)) pp(z) >0, then 3y € M : pa(y) >0 and yg(z) > 0, then 3y € M : va(y) > 0= zpy.

Definition 3.1. An equivalence relation p on an intuitionistic fuzzy I'-hypersemigroup (M, o) is called a intuitionistic fuzzy
regular relation (intuitionistic fuzzy strongly regular) on (M, o) if, for all a,b,c € M, € T, the following implications holds,
apb = (aoaoc)p(boaoc) and (coaoa)p(coaob). This condition is equivalent to, apa’,bpb’ = (a0 aob)p(a’ o aob’),

for all a,b,a’, b’ € M,a €T. [apa’,bpbt' = (a0 aob)p(a’ caol)]

Example 3.2. Let M = {0, 1}, then the four Intuitionistic fuzzy set of I defines an intuitionistic fuzzy I'-hypersemigroup
structure on I as follows,

Doao0=A= (z,pa(x),va(z)) whereu,q(a:):%l—k%z,’m(x):%—kb% with0<a1+b1 <1land0<az+b<1
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Ooaol =B = (z,us(x),vs(x)) where up(x) = T + % ,’yB(m):%?’—l—bT‘* with0 <a3+b3<1and0<as+bs <1
loao0=C = (z,uc(x),vc(x)) where po(x) = F + 58 ,’yc(ac):%f’—i—%6 with 0 < as+b5 <1 and 0 < ag+bs <1
loaol=D = (z,up(x),yp(x)) where up(x) = F + % ,7D(x):%7+bT8 with0<ar+br<1and0<ags+bs<1
Let p be an equivalence relation on M. Clearly, ApB since, pa(0) =a1 >0,31€ M : pug(l) =as >0 and v4(0) = b1 > 0,
31 € M : (1) =bs >0 = 0pl. Also, up(l) = as > 0, 30 € M : pa(0) = a1 > 0 and vp(1l) = by > 0, 3

0€ M :~v4(0) =b1 > 0= 1p0.

Definition 3.3. An equivalence relation p is an intuitionistic fuzzy U-hypermodule (M, ®,*) over an intuitionistic fuzzy
-hyperring (R, +,.) and an intuitionistic fuzzy canonical hypergroup (I',®) is called an intuitionistic fuzzy regqular relation
on (M, ®, *) if it is an intuitionistic fuzzy regular relation on (M, ®) and for all x,y € M,r € R,a € T, then zpy = (r*a

x)p(r * ok y) where prraxe(a) >0, then 3b € M : lriary(b) > 0 and Yrvarz(a) > 0, then 3b € M : Yrwaxry(b) > 0= apb.

Definition 3.4. Let (I', x) be an intuitionistic fuzzy canonical hypergroups. Let (R,+,.) be an intuitionistic fuzzy T-
hyperring. A nonempty set M together with two intuitionistic fuzzy T'- hyperoperation @, is called an intuitionistic fuzzy

left T'- hypermodule over (R,+,.) if the following conditions hold,
(1) (M,®) is an intuitionistic fuzzy canonical T'-hypergroup,
(2) ¥ : RxT x M — F*(M) is such that for all a,b € M, r,s € R, a, 8 € T we have,

(i) rxax(a®b)=(r+xa*xa)®(r+axb),
(i) (r+s)*xaxa=(r+xa*xa)® (sxaxa),
(i) rx (ax B)xa= (rxax*xa) P (r=x*a),

() rxax(sxfB*xa)=(rxaxs)*fx*a.

Proposition 3.5. An equivalence relation p is an intuitionistic fuzzy U'-hypermodule (M, ®, x) over an intuitionistic fuzzy
I-hyperring (R, +,.) and an intuitionistic fuzzy canonical hypergroup (I', ®) < p is a regular relation on (M,+,.) over the

I-hyperring (R, W, 0) and canonical hypergroup (T, X).

Proof. Let us assume that, the equivalence relation p is an intuitionistic fuzzy regular relation on (M, ®,*) over an
intuitionistic fuzzy I-hyperring (R, +,.)

Claim: p is a regular relation on (M, +,.). For that, let z,y € M,r € R,a € I'. We have zpy = (r* a*x)p(r * axy), then
by definition 3.3 trxaxz(a) > 0, then 3b € M : firxasy(b) > 0 and Yrxasz(a) > 0, then Ib € M 1 Yriaxy(b) > 0 = apb also
if ur*a*y(a/) >0, then 30 € M : prwaxa(b’) > 0 and ’Yr*a*y(a/) >0, then 38 € M : Ypruanz(b') > 0= a'pb’. Let apb and
a/pbl, where a, b, al, b e M. we have, (a ® a’)p(b ® bl) & the following conditions hold,

Poga’ (w) >0, then Jv € M : ppge (v) > 0 and

Yawa’ (0) >0, then 3v € M : g (v) > 0 = upv, also if 1,/ (t) > 0, then Jw € M @ pagae (w) > 0 and yew (t) > 0,
then 3w € M : Yoga (w) > 0= tpw. fu €a+a’,then Iveb+b : upv and if t € b+b, then Iwea+ad : tpw (ie)
(a+a)p(b+0b). Thus, apb,a’ph’ = (a+a')p(b+1b'). Hence, p is an intuitionistic fuzzy regular relation on (M, ®) < p is a
regular relation on (M, +). Conversely, let us assume that p is a regular relation on (M, +,.)

Claim: p is an intuitionistic fuzzy regular relation on (M, ®,*). If zpy,r € R,a € I', then we have (r x a * x)p(r * a * y)
(ie)treasz(u) > 0, then 3 v € M & prsasy(v) > 0 and Yrsase(u) > 0, then 3 v € M : Yrsasy(v) > 0 = upv, also if
Hrsaxy(t) >0, then 3w € M : plrsase(w) > 0 and Yrvasxy(t) > 0, then 3w € M 1 Yrvare(w) > 0 = tpw. If u € r.a.z, then
Jveray: upvandt € r.o.y, then 3w € ra.x : tpw (ie) (r.a.z)p(r.c.y). Thus, zpy = (r.a.x)p(r.a.y). Hence, p is an

intuitionistic fuzzy regular relation on (M, @, *). O
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Definition 3.6. An equivalence relation p is an intuitionistic fuzzy I'-hypersemigroup (M, o) is called an intuitionistic fuzzy
strongly regular relation on (M, o) if for all a,b,a’,b' € M,a € T',r € R,a € T, such that apa’ and bpb’, the following

conditions hold, figxoxa’ (T) > 0 and Yawowa’ () > 0 and pywoss (¥) > 0 and Yywoxs (y) > 0 = xpy for all x,y € M.

Remark 3.7. If p is an intuitionistic fuzzy strongly regular relation on an intuitionistic fuzzy I'-hypersemigroup (M, o),

then it is an intuitionistic fuzzy regular relation on (M, o).

Definition 3.8. An equivalence relation p on an intuitionistic fuzzy U-hyperring (R, +,.) is called an intuitionistic fuzzy

strongly regular relation on (R, +,.) if it is an intuitionistic fuzzy strongly regular relation on both (R,+) and (R,.).

Definition 3.9. Let p be an intuitionistic fuzzy strongly regular relation on an intuitionistic fuzzy I'-hyperring (R, +,.)
and 0 be an intuitionistic fuzzy strongly regular relation on an intuitionistic fuzzy canonical hypergroup (I',®). An equiv-
alence relation & on an intuitionistic fuzzy I-hypermodule (M, ®, x) over an intuitionistic fuzzy I-hyperring (R,+,.) and
intuitionistic fuzzy canonical hypergroup (T, ®) is called an intuitionistic fuzzy strongly regular relation on (M, ®,*) if it is
an intuitionistic fuzzy strongly regular relation on (M, ®) and if zdy,rps,adB, then the following conditions hold, for all

u € M such that pirsarz(t) > 0 and Yrraxe(v) > 0 and for all v € M such that pissgy (V) > 0 and Ys«gy(u) > 0 = udv.

Proposition 3.10. An equivalence relation § is an intuitionistic fuzzy strongly regular relation on (M, ®, x) < § is a strongly

regular relation on (M, +,.).

Proof. Let us assume that, an equivalence relation § is an intuitionistic fuzzy strongly regular relation on (M, ¢, *).
Claim: § is a strongly regular relation on (M, +,.). If zdy, xléy/ ,7ps, afB, then by definition 3.9 for all u,v € M, prsara(u) >
0 and Yrsasz(v) > 0 also, fswgey(v) > 0 and Ys«g+y(u) > 0 and for all t,w € M, fhrwasz (t) > 0 and Ypwawa (w) > 0 also,

Psxpry (W) > 0 and Yeuguy () > 0. Now, for all u,v € M,pu (u) > 0 and Yzgqr (v) > 0 also, p,q (v) > 0 and

z@z/
Vyay' (u) > 0 = udv. Similarly, for all t,w € M, we get tdw. Also, forallu € M :u €z + ' and forallve M :v €y + yl,
we get udv and for allt € M : t € r.a.x and for allw € M : w € s.8.y, we get tdw. Thus, (x—&—a:')g(y—i—y’) and (T.oz.a:)g(s.ﬂ.y).

Hence, § is an intuitionistic fuzzy strongly regular relation on (M, ®, x) < ¢ is a strongly regular relation on (M, +,.). O

Remark 3.11. We consider the following T'- hyperoperations on the quotient set M/ as, Tx§ = {Z|z € =z + y} =
{Zl(z®y)(2) > 0} where paay(z) > 0 and Yrgy(2) > 0F©a©Z = {Z|z € r.a.a}t = {Z|(rxaxz)(z) > 0}, where praxe(z) >0
and Yrxaxz(2z) > 0.

*

Definition 3.12. An equivalence relation €** is called fundamental relation on an intuitionistic fuzzy T-hypermodule

* ok

(M, ®, %), if € is a fundamental relation on the associated I'-hypermodule (M,+,.). Hence, €' is a fundamental relation

ok

on an intuitionistic fuzzy U'-hypermodule (M, ®,*) if and only if €™ is the smallest intuitionistic fuzzy strongly equivalence

relation on (M, ®, *).

Notation 3.13. If we denote by UF" the set of all expressions consisting of finite intuitionistic fuzzy T'-hyperoperations
either on R,T', M or the external fuzzy I'-hyperoperations applied on finite sets of elements of R,T', M then we have, 'y <
JA € UF" : {z,y} C A< pa(z) > 0 and ya(z) > 0 also pa(y) > 0 and ya(y) > 0. The relation €** is the transitive
closure of €. So, in order to obtain an intuitionistic fuzzy T'-module starting from an intuitionistic fuzzy T -hypermodule,
we first consider the relation €*, then the transitive closure €** of €* and finally the quotient structure (M/€"*,x,®) of an

intuitionistic fuzzy T-hypermodule (M, @, ).
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