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1. Introduction

Let X and Y be a v — homogeneous normed spaces on the same filed K, and f : X — Y be a mapping. We use the notation
H . H for the norms on both X and Y. In this paper, we investigate first functional inequalities when X is a v — homogeneous

real or complex Banach space and Y is a v — homogeneous complex Banach space
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Y

ﬂ(kf(ixk“Jr Z@)—Hcf(] 1“”“*]— Z%)— jzk;f(x2+j>—2jzk;f(xj)>
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Y

where ( is fixed complex number with ’ ﬁ‘ <1, and

when X is a v — homogeneous real or complex Banach space and Y is a v — homogeneous complex Banach space
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where (3 is a fixed complex number with ’ 5‘ < %
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The notions of homogeneous real or complex Banach space will remind in the next section. The Hyers-Ulam stability

was first investigated for functional equation of Ulam in [31, 32] concerning the stability of group homomorphisms. The

f<:c+y) = () +1(v)

is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive mapping.

functional equation

The Hyers [16] gave firts affirmative partial answer to the equation of Ulam in Banach spaces. After that, Hyers'Theorem
was generalized by Aoki [1] additive mappings and by Rassias [27] for linear mappings considering an unbounded Cauchy
difference. A generalization of the Rassias theorem was obtained by Gavruta [15] by replacing the unbounded Cauchy

difference by a general control function in the spirit of Rassias’ approach.

155 = )+ 3)

is called the Jensen equation. The functional equations

f<x+y> +f<x—y> :Qf(x) +2f(y)

is called the quadratic functional equations. The functional equations

/(£52) o (552) -t )

is called the Jensen type quadratic functional equations [17, 20, 21] for more information on functional equations. The

Hyers-Ulam stability for functional inequalities have been investigated such as in [13]. Gildnyi showed that is if satisfies the

24 () +24(v) = £ (7)

Then f satisfies the Jordan-von Newman functional equation

21(2) +21() = (on) o)

See also [28]. Gildnyi [13, 14] and Fechner [12] proved the Hyers-Ulam stability of the functional inequality. Choonkil Park®

functional inequality

<) e

[9] proved the quadratic p-functional inequalities. Recently, in [2, 3, 4, 9] the authors studied the Hyers-Ulam stability for

(o5 () 10-10)

the following quadratic functional inequalities.
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and

<

2f<“5;;y+§> +2f<‘”;y —é) —f(mﬁy) - f(2)

in homogeneous real and complex Banach spaces.

5<f(9°;’~*+z> +f<*”§y —z) —2f<“§y> —2f(2)>H (5)

In this paper, we solve and proved the Hyers-Ulam stability for two quadratic S-functional inequalities (1)-(2), ie the
quadratic 8 -functional inequalities with 2k—variables. Under suitable assumptions on spaces X and Y, we will prove that
the mappings satisfying the quadratic S-functional inequatilies (1) or (2). Thus, the results in this paper are generalization
of those in [2, 3, 4, 9] for quadratic S-functional inequatilies with 2k-variables. The paper is organized as followings: In
section preliminaries we remind some basic notations in [29] such as F' — norm is called y-homogeneous (’y > 0). Section
3 is devoted to prove the Hyers-Ulam stability of the quadratic 8- functional inequalities (‘,@‘ < 1) (1) and (2) when X
is y1-homogeneous (71 <1 ) real or complex normed space and Y is y2-homogeneous (v2 < 1) complex Bananch space.
Section 4 is devoted to prove the Hyers-Ulam stability of the quadratic 8- functional inequalities (’ﬁ‘ < %) (1) and (2)
when X is yi1-homogeneous (’yl <1 ) real or complex normed space and Y is y2-homogeneous (’yz < 1) complex Bananch

space.

2. Preliminaries

Definition 2.1 (F*- spaces). Let X be a linear space. A nonnegative valued function H . H is an F'—norm if it satisfies the

following conditions:
(1). HxH =0 if and only if v = 0;
(2). H)\xH = HxH for all x € X and all X with ’)\’ =1

(

NS

sl < e ¢ ot

(4). |Anz]| = 0, 2 05
(5). ( An ’ 50, 20— 0.
Then (X, . H) is called an F*-space. An F-space is a complete F*-space. An F-norm is called 3-homgeneous (/6' > 0) if

B
HtajH = ’t‘ Haz” forallz € X andt € C.

2.1. Solutions of the inequalities

The functional equation
(40) = o(2) +50)

is called the cauchuy equation. In particular, every solution of the Cauchy equation is said to be an additive mapping.

The functional equation f % = % (m) + %f(y) called the Jensen equation. The functional equation

f<x+y> +f<my> :Zf(x) +2f(y)

is called the quadratic functional equation. In particular, every solution of the quadratic functional equation is said to be a

quadratic mapping. The stability of quadratic functional equation was proved by Skof [30] for mappings f : E1 — Ea, where

83
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E, is a normed space and Fs is a Banach space. Cholewe [8] noticed that the theorem of Skof is still true if the relevant

domain F; is replaced by an Abelian group. The functional equation

u(#52) v2r(75) = 16) +10)

is called a Jensen type quadratic equation [17, 20, 21]. Throughout this paper, let k be a fixed integer with k& > 2.

3. Quadratic y-functional Inequality

In This section, assume that 3 is a fixed complex number with |3| < 1. We investigate the quadratic S-fuctional inequality

(1) in y-homogeneous complex Banach space.

Lemma 3.1. An even mapping f : X — Y satisfies

(3o e )+ s (22 - ) 23 (32) 22 s
B(kf (Zkarg 41 Z%)-Hcf( l’k+] _Zm7> _2Zf($k+J)_QZf xj) (6)

forall zj,xry; € X forall j =1 =k if and only if £ : X = Y is quadratic mapping.

Proof.  Assume that f: X — Y satisfies (6). Letting ; = x4+, =0, for all j =1 — k in (6), we get

Ol SN HOIN

So f(0) = 0. Letting zx4+; =0, z; =z for all j =1 — k in (6), we get Hf(kx) — kf(m)HY < 0 and so f(kw) = k:f(:v) for

‘21@

all x € X. Thus
i(3)=2/@) ¥ zex (7)

It follows from (6) and (7) that:

() £) )

k ,
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(2 e ) e - 13 ) 23 () 2 sten)
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1 Jj=1 Y
o - k k k - k
k Th+j k+j
) () o - ) e () —2 st
Jj=1 j=1 j=1 j=1 j=1 Y
and so
LA k k k - k
k Thtj k+j
() (S -e) -5 22 0(0) o
j=1 =1 j=1 j=1 j=1
for all x;,zr4; € X for all j =1 — k. The converse is obviously true. O

Lemma 3.2. An even mapping £ : X — Y satisfies f(0) =0 and
oy - 1 & k - k
k k k+j
kf<§j Yoo §jxj>+/cf( ”—kE:xj)—QE:f( k“>—2§:f(xj)
; e

Jj=1 j

5<f<ix,zj +;mj>+f< - oy —Z) _;if(xk;j) _zif(xj)>

Jj=1 Jj=1 Jj=1

<

for all x,y,z € X if and only if £ : X — Y is quadratic.
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Proof.  Assume that f: X — Y satisfies (9). Letting ;41 = xx+; =0 and 1 =z for all j = 1 — k in (9), we get

(%) 1)

Y
Thus

<0

for all z € X It follows from (8) and (9) that:

kf(jzk;xkﬂ-l—kz:x])—i—kf(ix ;zk: .>_22f(33k+ﬂ

k
)220
Jj=1 J Jj=1 Y
k k k
(e e oD - ) -2 () -2 s
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1 Y
k k & k
<|8|™ (f(Z Thts +Zx3) +f(z wk]:j —ij —22f<mk]:j> —22f(:w‘)>
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1 Y
and so

for all z;,zx+; € X for all j =1 — k. The converse is obviously true

From Lemma 3.1 and Lemma 3.2 we have corollaries

Corollary 3.3. An even mapping f : X — Y satisfies

f (gj e +;xj> +f <§kj Thts Zx]) —QZf(xk”) —2§:f

(-
k orry 1 k k oer; 1 k K Trs k
(o (S5 ) (- 1) ()50
; j=1 j=1 j=1 J=1

for all xj,xr4; € X for all j =1 —k if and only if £ : X — Y is quadratic mapping

Corollary 3.4. An even mapping f : X — Y satisfies f(0) =0 and

for all x,y,z € X if and only if £ : X — Y is quadratic
The equations (12) and (13) is called a quadratic type S-functional equation

Theorem 3.5. Let r > 222 and 0 be positive real numbers, and let £: X — Y is an even mapping satisfies

v ) (S ) e () e
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k z 1 k k 2 k k
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Lj

k
r
+ 37 ||ens
J=1

v (14)

forall xj,xpy; € X for all j =1 — k. Then there exists a unique quadratic mapping H : X — Y such that

k k
)| (g

ko
|f@) - H@)||, < oy (15)
forallx e X.
Proof. Letting x; = zp4; =0 for all j =1 — k, in (14) we get
2
< .
2= 1["r, 50,
So f(0) = 0. Letting zx+; =0 and z; =z for all j =1 — k in (14), we get
kx) —k 16
| £02) = k@), < (16)
for all x € X. So
xT T
-1 3], <tk
for all z € X. Hence
m—1 m—1
! € m T j x 41 T kO k2I T
kf(ﬁ)’k f(z?m) = l k f(k]) g f(kﬂ“) = o < krird (a7)
Y = Y i=

T

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (17) that the sequence {k" f (%)} is Cauchy
sequence for all x € X. Since Y is complete, the sequence {k” f (k%)} converges. So one can define the mapping H : X — Y
by

H(z) = lim k"f (:7)

n—o0o

for all z € X. Moreover, letting ! = 0 and passing the limit m — oo in (17), we get (15) It follows from (14) that

k k k k
(o e e ) (5 -3 ) -2 () 23 e
Jj=1 Jj=1 j=1 Jj=1 Y
2 . T 1 r T i T
i k+j k+j ) k+i\ x5
= (35 2 +kn2wa) (B @)
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< lim ‘ 2 fntz " n 22 A 1% — k"“)
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for all x;,xp4; € X forall j =1 —= k. So

k
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for all xj,xr4+; € X for all j =1 — k. By Lemma 3.1, the mapping H : X — Y is quadratic. Now, let T': X — Y be

another quadratic mapping satisfying (15). Then we have
w(E) - ()|
< () -1 (2)

Y>
y2n+1
20k 0 ’x

- (k’YlT — kv2) gmnr
which tends to zero as n — oo for all z € X. So we can conclude that H(z) = T'(z) for all x € X. This prover the uniqueness

- r10], =

+

# () 1 ()

Y

T

of H. Thus the mapping H : X — Y be a unique mapping satisfying (15). O

Theorem 3.6. Letr < 2,%12 and 0 be positive real numbers, and let £ : X — Y is an even mapping satisfies

k k k k k k
(£ oo r) () o
j=1 Jj=1 Jj=1 Jj=1 J=1 J=1
k Thrs 1 k k Totg 1 k k Tors

B kf E 5 +E]Z:ja:j R DT 2w 2 I

k k k ”
231w +o(Shef + o) a

j=1 j=1 j=1

for all xj, x4 € X for all j =1 — k. Then there exists a unique quadratic mapping H : X —Y such that

Y

<

Y

[#(=) -~ 1 ()] < (19)
forallz € X

Proof. Letting z; = x4, =0 for all j =1 — k, in (18) we get

QIR N HOIN

So f(O) = 0. Letting zx4; =0, and 2; = for all j =1 — k in (18), we get

Y2 V2

‘21@—1

(=) -1, < =
for all z € X.So
(o) =360 = ol
So for all x € X. Hence
Lr(ee) - ur(ena)] = 5 [B) - o)
’ < j;;’"‘l EVTI g o

— k2 £ k23
J

for all nonnegative integers m and ! with m > [ and all x € X. It follows from (21) that the sequence {,%n f(k"x)} is

Cauchy sequence for all x € X. Since Y is complete, the sequence {k%f(k"a:)} coverges. So one can define te mapping

H:X —>Y by

H(x) = lim if(knac)
n—oo kM
for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (21), we get (19) The rest of the proof is similar to

the proof of the Theorem 3.5 O
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From Theorem 3.5 and Theorem 3.6 we have corollaries.

Corollary 3.7. Letr > % and 0 be positive real numbers, and let f: X — Y is an even mapping satifies

R (S

k
a1 ST R xkﬂ
(3 i) (S - i) -3y
k jc_ ” k r
—QZf(CCJ)>H +0<Z’1}J +ZHCEk+j > (22)
v =1 j=1

for all xj,xr4; € X for all j =1 — k. Then there exists a unique quadratic mapping H : X —Y such that

()~ (=)]|, < % (23)

forallz € X.

Corollary 3.8. Letr < % and 0 be positive real numbers, and let £ : X — Y is an even mapping satisfies

(g (- £0) (%) o]

j=1 j=1 j=1 =
s(is k Tt lzk: LS CEk+] lzk:m _Qif Thtj
k2 k = k = J = k

_QZf :cjo +0(2k: +2ka+]

) (24)

for all xj, x4y € X for all j =1 — k. Then there exists a unique quadratic mapping H : X —Y such that

1) - () < e )

x]

for all x € X.

4. Quadratic y-functional Inequality

In This section, assume that 3 is a fixed complex number with |,6 | < % We investigate the quadratic -functional inequality

(2) in y-homogeneous complex Banach space.

Theorem 4.1. Letr > 2%2 and 0 be positive real numbers, and let £ : X — Y is an even mapping with f((]) =0 such that

k k k k k
(55w (55 15) () e
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1 Jj=1

L e SO
(&

Y

Y

) (26)

for all xj, x4y € X for all j =1 — k. Then there exists a unique quadratic mapping H : X =Y such that

5@) - 1@, < 2 e @)

S

€L

forallz e X
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Proof. Letting xj4+1 = z54; =0 and x1 = x for all j =1 — k in (26), we get

T 0 r
kf<k>f(x)‘ < ol (28)
Y
for all x € X. Hence
x x g x x
m J J+1
Y j=1 Y
m—1 1
9 k"/2] r
< 272 kvirg (29)

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (29) that the sequence {k"f( 2 )} is Cauchy

x
En

()= gms ()

for all x € X. Moreover, letting I = 0 and passing the limit m — oo in (29), we get (27) It follows from (26) that

sequence for all x € X. Since Y is complete, the sequence {k" ( )} coverges. So one can define the mapping H : X — Y

by

k k
1) {5 ) () e

j=1

Y

1
k
o, 1 g Sy Tt T
B\ 2 ot w22 | TR D n+1—anx3 —QZf pe sl EEY S
j=1 j=1 j=1

j=1

k
k k k
(zz:mz;%)w(z R IR WI( R

) ny2
= lim |k

n—r00

Y

2if<;§z>)Hy+ i (Sl + el )

kH(Z”Z‘;" + }gixy) +kH<ZxZ;f - ;f:xj) —2ZH("”‘;€“> —Qf:H(x]-)

Y

for all xj,xpy; € X for all j =1 — k. By Lemma 3.2, the mapping H : X — Y is quadratic. Now, let T': X — Y be

another quadratic mapping satisfying (27). Then we have

J1(e) =2, =] () -7()
< () ()|

2 ! oy
272 (k;’hr — k’Yz)k;“/lT ke

~——

Y

+

)

<

which tends to zero as n — oo for all z € X. So we can conclude that H(az) = T(m) for all x € X. This prover the

uniqueness of H. Thus the mapping H : X — Y be a unique mapping satisfying (27). (I
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Theorem 4.2. Letr < % and 0 be positive real numbers, and let £ : X — Y is an even mapping with f(O) = 0 such that

k Lot 1 k k Tl i 1 k k Th+j .
k(>0 ZTWZ%)*W(_I Z;]_kzxj>_2zf( '3:])_2-21]8(”)
Sy ) ooy () 23 )

Y

| | > (30)

for all xj, x4 € X for all j =1 — k. Then there exists a unique quadratic mapping H : X — Y such that

Y

#(=) 1), =270 1 1)
forallz e X

Proof. Letting xj4+1 = xx4+; =0 and z1 =z for all j =1 — k in (30), we get

lr(e) = ()| <ol @
.
b0) - ger()| =S ) waw) I
z e (3)

for all nonnegative integers m and ! with m > [ and all z € X. It follows from (33) that the sequence {k%f(k"a;)} is

Cauchy sequence for all z € X. Since Y is complete, the sequence {k%f(k:"x)} coverges. So one can define te mapping
H:X —Y by

#(s) = Jim g1 (k"s)

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (33), we get (31) It follows from (30) that

k k k k k
(32 k5 ) wun(S 22 13 ) -2 23 ()
j=1 j=1 j=1 j=1 j=1 Jj=1 Y
k k k k
= lim g kf(Zk"Q;ckﬂ- + Zk”lxj> +kf<2k"2xk+j - Zk”lmj>
‘k j=1 j=1 j=1 j=1
k k
— 22f(kn71$k+j) — 2Zf(knl‘3) ‘
j=1 Jj=1 Y
k k
< lim ‘k|m2 8™ < (Zk" YThsj +Zk m;) +f<z K" g — anl’])
j=1 j=1 j=1 j=1
k n k r k d
() =23 () )|+t 5 (Sl )
Jj=1 Jj=1 Y Jj=1 Jj=1
for all x;,zr4; € Xforall j=1—=k. So
k 1 k ‘ k
(325 LS ) (S350 - 1550 ) - () 223 e
Jj=1 =1 j= Jj=1 Y
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k

B(H(Zx’;ngwj)w(J mkﬂ-_§Ij>_2§;1{<x2ﬂ>_éﬂ<xi>>

j=1 =1

Y

for all zj,zx+; € X for all j =1 — k. By Lemma 3.2, the mapping H : X — Y is quadratic. Now, let T': X — Y be

another quadratic mapping satisfying (31). Then we have
H(k”a:) - T(k"m)
e LCORICS

2. 2’72 9 k’Yl nr

’ kvan
(k;’m — ]€W1T> krr

which tends to zero as n — oo for all z € X. So we can conclude that H(z) = T'(z) for all z € X. This prover the uniqueness

| @) Ty = o

Y

H(k”x) - f(k”x)

J

Y

r

of H. Thus the mapping H : X — Y be a unique mapping satisfying (31). O
From Theorem 4.1 and Theorem 4.2 we have corollaries.

Corollary 4.3. Letr > % and 0 be positive real numbers, and let f : X — Y is an even mapping with f(O) = 0 such that

kf(Zxk”ﬂL Z%)va( i,’;;j—,iij) Z(“*J)%Zf(wj)
g ) o) ) <)

o Sl <5 s
i=1 i=1

) 9
for all xj, x4y € X for all j =1 — k. Then there exists a unique quadratic mapping H : X =Y such that
] kL
Hf(m) - H(”)HY P (35)

forallz e X

Corollary 4.4. Letr < %2 and 6 be positive real numbers, and let f : X — Y is an even mapping with f(O) = 0 such that

kf(Z””WZw])wf( x,’;?—,iZmJ Z(““)”Zf(%‘)
g ) ) () £e)

oSl b
=1 i=1

) (36)

for all xj,xr4; € X for all j =1 — k. Then there exists a unique quadratic mapping H : X — Y such that

[#(2) -5 (2)], <20 (37)

forallz € X

Remark 4.5. If B is a real number such that —1 < f < 1 and Y is a ~y2-homogeneous real Banach space, then all the

assertions in this sections remain valid.
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5. Conclusion

In this paper, I have shown that the solutions of the first and second quadratic S-functional inequalities are quadratic
mappings. The Hyers-Ulam stability for these given from theorems. These are the main results of the paper , which are the

generalization of the results [2, 3, 4, 9].
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