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1. Introduction

In this paper we denote complex and real n-space by Cn and Rn respectively. We denote this (s1, s2,... sn) (Re s1, Re

s2,. . . ,Re sn ) with their corresponding unsuffixed symbols s, Re(s) etc. respectively. We define x = (x1, x2, . . . , xn) and

y = (y1, y2 . . . , yn).

xy = (x1y1, x2y2, . . . , xnyn)

||x|| = x1 + x2 + · · ·+ xn

x+ r = (x1 + r, x2 + r, . . . , xn + r), r ∈ R and x, y ∈ C.

For some k ∈ I, integers fk denote the ∂||k||f

∂s
k1
1 ...∂s

kn
n

. We denote the n-tuple (λ1m1 , λ2m2, . . . , λnmn) by λn,m and consider the

multiple Dirichlet series

f(s1, s2, . . . , sn) =

∞∑
m=1

am exp{sλn,m} (1)

where am ∈ C sj = σj + itj ∈ C, j = 1, 2, 3, ..., N and λn,m satisfies the conditions.

0 < λp1 < λp2 < λp3 < · · · < λpn →∞, (2)

as k →∞, where p = 1, 2, . . . , n. Also

lim
mj→∞

log mj

λjmj
= 0, j = 1, 2, 3, . . . , n (3)
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then the domain of absolute convergence of the series (1) coincides with its domain of convergence for two entire functions

f & g, their product is defined by Alam [2]

f ? g =

∞∑
m=1

ambmexp{sλn,m},

where

f(s) =

∞∑
m=1

amexp{sλn,m}, (4)

and

g(s) =

∞∑
m=1

bmexp{sλn,m}, (5)

for k ∈ I, where I is the set of positive integers, and also defined by Hadamard [2]

fk(s) =

∞∑
m=1

λkn,mamexp{sλn,m}, (6)

fk(s) ? gk(s) =

∞∑
m=1

λ2k
n,mambmexp{sλn,m}. (7)

Definition 1.1. Poly half plane D as D = {s : s ∈ Cn, Re(s) = σ ≤ l}. Then the region D+ r depending on the parameter

r ∈ R is defined as D + r = {s+ r : s ∈ D}. For any f ∈ F , where F stands for the family of multiple Dirichlet series. We

define the maximum modulus

Mf,D(σ) = sup{f(s) : s ∈ D + r}.

Also the maximum term

µf = µf (σ)

at σ ∈ Rn, is defined by

µf,D(σ) = sup
m∈In

{|am|exp||σλn,m||}. (8)

Definition 1.2. Let f be an entire function and D be the fundamental domain. Also let Uf be the set of all points α ∈ R

such that for every α ∈ Uf then there exist real number i.e. σo ∈ R s.t.

log mf,D(σ) ≤ σα for σ ≥ σo.

The infimum of the set Uf is called the Gol’dberg order ρ(D) of f with respect to the region D. We say that f(s) is of infinite

or finite Gol’dberg order according as Uf is empty or nonempty. Next for the Gol’dberg order ρ(D) > 0, let Kf (ρ) be the

set of all k ∈ R such that log Mf,D(σ) ≤ k(σ)ρ for σ ≥ σo. The infimum of the set Kf (ρ) is called Gol’dberg type T (D)

of f corresponding to ρ(D). As before we say that f(s) is infinite or finite Gol’dberg type according as Kf (ρ) is empty or

nonempty. Form the definition it follows easily that

ρ(D) = lim
σ→∞

sup
loglogMf,D(σ)

log σ

and

T (D) = lim
σ→∞

sup
logMf,D(σ)

σρ(D)
.

These were defined by Gol’dberg [1]. We define qth Gol’dberg order and qth Gol’dberg type T q(D) of entire function f in

corresponding domain D.

ρq(D) = lim
σ→∞

sup
log[q]Mf,D(σ)

log σ
(9)

and

T q(D) = lim
σ→∞

sup
log[q − 1]Mf,D(σ)

σρq(D)
. (10)
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2. Main Results

Lemma 2.1. The function fk(s) ? gk(s) as defined (7) is an entire function.

Result is already proved by Alam [2].

Theorem 2.2. Let f be an entire function defined in domain D and k ∈ R then

(i) ρq(D + k) = ρq(D)

(ii) ρq(D) > 0, then T q(D + k) = T q(D).

Proof.

(i) Let k ∈ R, then from definition (9)

= lim
σ→∞

sup
log[q]Mf ,D (σ + k)

log σ
.

log σ

log(σ + k)

= ρq (D + k) .

(ii) By definition (10)

T q(D) = lim
σ→∞

sup
log[q − 1]Mf,D(σ + k)

(σ + k)ρq(D+k)

= lim
σ→∞

sup
log[q − 1]Mf,D(σ + k)

(σ)ρq(D)

(σ)ρ
q(D)

(σ + k)ρq(D+k)

= T q(D + k).

Here we may write ρq instead of ρq(D). It is also know by Sarkar [3] that

ρ = lim
m→∞

sup
||λn,m|| log ||λn,m||
− log |am|

and

ρk = lim
m→∞

sup
||λn,m|| log ||λn,m||
− log |amλkn,m|

.

qth order and type defined by Bajpai, Kapoor, juneja [4] as

ρ = lim
n→∞

sup
||λn|| log[q−1] ||λn||

log |an|

and

T = lim
m→∞

sup |an|
ρ
n log[q−2] n

eρ
. (11)

We can prove in similar way for the qth Gol’dberg order

ρq = lim
m→∞

sup
||λn,m|| log[q−1] ||λn,m||

− log |am|

and

ρqk = lim
m→∞

sup
||λn,m|| log[q−1] ||λn,m||
− log |amλkn,m|

. (12)
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Theorem 2.3. Let f and g be entire function, where

fk(s) =

∞∑
m=1

λkn,mam exp{sλn,m}

and

gk(s) =

∞∑
m=1

λkn,mbm exp{sλn,m}

having qth Gol’dberg order ρqkf (0 < ρqkf <∞) and ρqkg (0 < ρqkg <∞) respectively. Then fk(s)?gk(s) is an entire function

with qth Gol’dberg order ρqk such that ρqk ≤
(
ρqkf ρ

q
kg

) 1
2

provided that

log
1

|λ2k
n,mambm|

∼
{
log

1

|λ2k
n,mam|

log
1

|λ2k
n,mbm|

} 1
2

.

Proof. We have fk(s) ? gk(s) is an entire function by lemma (2.1). Now

1

ρqkf
= lim
m→∞

inf
− log |amλkn,m|

||λn,m|| log[q−1] ||λn,m||

and

1

ρqkg
= lim
m→∞

inf
− log |bmλkn,m|

||λn,m|| log[q−1] ||λn,m||
for ε > 0

1

ρqkf
− ε

2
≤

log 1
|amλkn,m|

||λn,m|| log[q−1] ||λn,m||

1

ρqkg
− ε

2
≤

log 1
|bmλkn,m|

||λn,m|| log[q−1] ||λn,m||

log 1
|amλkn,m|

log 1
|bmλkn,m|

(||λn,m|| log[q−1] ||λn,m||)2
≥

(
1

ρqkf
− ε

2

)(
1

ρqkg
− ε

2

)

{log 1
|amλkn,m|

log 1
|bmλkn,m|

}
1
2

(||λn,m||log[q−1]||λn,m||)
≥

{(
1

ρqkf
− ε

2

)(
1

ρqkg
− ε

2

)} 1
2

.

Now if

log
1

||λ2k
n,mambm|

∼
{

log
1

|λ2k
n,mam|

log
1

|λ2k
n,mbm|

} 1
2

,

then
log 1

|λ2k
n,mambm|

(||λn,m||log[q−1]||λn,m||)
≥

{(
1

ρqkf
− ε

2

)(
1

ρqkg
− ε

2

)} 1
2

.

Therefore

lim
m→∞

sup
log 1

|λ2k
n,mambm|

(||λn,m|| log[q−1] ||λn,m||)
≥

{
1

ρqkf

1

ρqkg

} 1
2

.

Then

1

ρqk
≥

{
1

ρqkf ρ
q
kg

} 1
2

⇒ ρqk ≤
(
ρqkf ρ

q
kg

) 1
2
.
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Theorem 2.4. Let fk and gk be an entire function with qth Gol’dberg order ρqkf (0 < ρqkf < ∞) and ρqkg (0 < ρqkg < ∞)

respectively and also qth Gol’dberg type T qkf and T qkg. Then

ρqk ≤ ρ
q
kf

+ ρqkg and also T qk ≤ T
q
kf

(D)T qkg (D).

Proof. We have from (9)

ρqkf (D) = lim
σ→∞

sup
log[q]Mfk,D(σ)

log σ

and

ρqkg (D) = lim
σ→∞

sup
log[q]Mgk,D(σ)

log σ
,

we know that

(ρqkf ρ
q
kg

)
1
2 ≤

ρqkf + ρqkg
2

≤ ρqkf + ρqkg

from theorem (2.3)

ρqk ≤ ρ
q
kf

+ ρqkg .

Again from (10)

log[q−1]Mfk,D(σ)

σ
ρ
q
kf

(D)
< T qkf (D) + ε

log[q−1]Mgk,D(σ)

σ
ρ
q
kg

(D)
< T qkg (D) + ε

{
log[q−1]Mfk,D(σ)

σ
ρ
q
kf

(D)
}{

log[q−1]Mgk,D(σ)

σ
ρ
q
kg

(D)
} < (T qkf (D) + ε)(T qkg (D) + ε)

{log[q−1]Mfk,D(σ)}{log[q−1]Mgk,D(σ)} ∼ log[q−1]Mfk?gk,D(σ)

then

log[q−1]Mfk?gk,D(σ)

σ
ρ
q
kf

(D)+ρ
q
kg

(D)
< (T qkf (D) + ε)(T qkg (D) + ε).

Thus if

ρqk = ρqkf + ρqkg

lim
σ→∞

sup
log[q−1]Mfk?gk,D(σ)

σρ
q
k

≤ T qkf (D)T qkg (D)

T qk ≤ T
q
kf

(D)T qkg (D).

Theorem 2.5. If ρq(D) = lim
σ→∞

sup
log[q]Mf,D(σ)

log σ
then

lim
σ→∞

sup
log[q] µf,D(l + σ)

log σ
≤ ρ

and

lim
σ→∞

sup
log[q]µf,D(l + σ + ε)

log σ
≥ ρ

k
,

where k is positive constant.
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Proof. Let f be an entire function defined in domain D and k ∈ R then

µf (l + σ) ≤Mf,D(σ) ≤ kµf (l + σ + ε)

where k is positive constant. This result is proved by Sarkar [3]. By above result

lim
σ→∞

sup
log[q] µf,D(l + σ)

log σ
≤ lim
σ→∞

sup
log[q]Mf,D(σ)

log σ

lim
σ→∞

sup
log[q] µf,D(l + σ)

log σ
≤ ρ.

Again

lim
σ→∞

sup
log[q] µf,D(l + σ + ε)

log σ
≥ 1

k
lim
σ→∞

sup
log[q]Mf,D(σ)

log σ

lim
σ→∞

sup
log[q] µf,D(l + σ + ε)

log σ
≥ ρ

k
.
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