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1. Introduction

J.C.Kelly [1] was uttered the geometrical continuation of bitopological space that is a non empty set X together with two
arbitrary topologies defined on X at the stage of significant study the shapes of objects. N. Levine [2] was initiated the study
of generalizations of closed sets in topological spaces. In this paper, we introduce the concepts (1,2)*-g-homeomorphisms
and strongly (1,2)*-g-homeomorphisms. Also basic properties of these two functions are studied and the relation between

these types and other existing ones are established.

2. Preliminaries

Throughout this paper (X, 71,72) and (Y, 01,02) (or simply X and Y) represents the non-empty bitopological spaces on
which no separation axiom are assumed, unless otherwise mentioned. For a subset A of X, 71,2-cl(A) and 71 2-int(A)
represents the closure of A and interior of A respectively.

In the following fundamentals are holds.

Definition 2.1 ([3]). A subset A of a bitopological space (X, T1,72) or X is said to be a (1,2)*-semi open set if A C 71 2-
Cl(leg—int(A)).

The complement of the above mentioned set is called a closed set.
Definition 2.2. A subset A of a bitopological space (X, 71,72) or X is said to be

(1). a (1,2)*-generalized closed set (briefly, (1,2)*-g-closed) [10] if T1,2-cl(A) C U whenever A C U and U is T1,2-open.

* E-mail: jionetha@yahoo.com



http://ijmaa.in/

(1, 2)*-g-Homeomorphisms

(2). a (1,2)*-sg-closed set [9] if (1,2)*-scl(A) C U whenever A CU and U is (1,2)*-semi-open.

(8). a (1,2)*-g-closed set [7] if T1,2-cl(A) C U whenever A C U and U is (1,2)*-sg-open.

(4). a (1,2)*-gi-closed set [6] if T1,2-cl(A) C U whenever A C U and U is (1,2)*-g-open.

(5). a (1,2)*-G-closed set [6] if (1,2)*-scl(A) C U whenever A C U and U is (1,2)*-g1-open.

(6). a (1,2)*-g-closed set [6] if T1,2-cl(A) C U whenever A CU and U is (1,2)*-G-open.

The complements of the above mentioned closed sets are called their respective open sets.

Definition 2.3. A function f: (X, 71,72) = (Y,01,02) is said to be

(1). a (1,2)*-continuous [4] if the inverse image of every oi1,2-closed set of (Y,01,02) is T1,2-closed set in (X, T1,7T2).

(2). a (1,2)*-g-continuous [8] if the inverse image of every T1,2-closed set in (Y,01,02) is (1,2)*-g-closed set in (X, 11, 72).
(3). a (1,2)*-G-irresolute [8] if the inverse image of every (1,2)*-G-closed in (Y, 01, 02) is (1,2)*-G-closed set in (X, T1,T2).
Definition 2.4 ([5]). A function f: (X, 11,72) = (Y,01,02) is called

(1). a (1,2)*-g-closed if the image of every T1,2-closed set in (X, 11,72) is (1,2)*-g-closed in (Y,01,02).

(2). a (1,2)*-g-open function if the image f(A) is (1,2)*-g-open in (Y, 01,02) for each 1 2-open set A in (X, 71, 72).
Definition 2.5 ([11]). A bijective function f: (X, m1,72) — (Y,01,02) is said to be

(1). a (1,2)*-homeomorphism if f is both (1,2)*-continuous and (1,2)*-open.

(2). a generalized (1,2)*-g-homeomorphism if f is both (1,2)*-g-continuous and (1,2)*-g-open.

(3). a (1,2)*-gc-homeomorphism if f and f~ are (1,2)*-gc-irresolute function.

3. (1,2)*-g-Homeomorphisms

Definition 3.1. A bijection f : (X, 71,72) = (Y,01,02) is called a
(1). (1,2)*-g-homeomorphism if f is both (1,2)*-g-continuous and (1,2)*-g-open.
(2). strongly (1,2)*-g-homeomorphism if both f and £~ are (1,2)*-g-irresolute.

We denote the family of all (1,2)*-g-homeomorphisms (resp. strongly (1,2)*-g- homeomorphisms and (1,2)*-
homeomorphisms) of a bitopological space (X, T1,72) onto itself by (1,2)*-g-h(X, 11, 72) (resp. strongly (1,2)*-g-h(X, 71, 72)
and h(X,Tl,TQ))

Theorem 3.2. Every (1,2)*-homeomorphism is a (1,2)*-g-homeomorphism.

Proof. Tt follows from Definitions 3.1. O

Remark 3.3. The converse part of Theorem 3.2 is not true as seen from the following Example.

Example 3.4. Let X =Y = {a,b,¢,d}, 1 = {¢,{a,b}, X} and 72 = {¢, X} then 112 = {, {a, b}, X} with o1 = {¢,{a},Y}
and o2 = {¢,{a,b},Y} then 012 = {¢,{a},{a,b},Y}. We have (1,2)*-g-C(X) = {¢,{c},{a,c}, {b,c}, X} and (1,2)*-g-
oY) ={¢,{a},{a,b},Y}. Let f: (X, 71,72) = (Y,01,02) be the identity function. Then f is (1,2)*-g-homeomorphism but
it s not (1,2)*-homeomorphism because it is not (1,2)*-continuous.
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Theorem 3.5. Every (1,2)*-g-homeomorphism is a (1,2)*-g-homeomorphism.

Proof.  Since every (1,2)*-g-continuous function is (1, 2)*-g-continuous and every (1, 2)*-g-open function is (1,2)*-g-open.

O
Remark 3.6. The converse part of Theorem 3.5 is not true as seen from the following Example.

Example 3.7. Let X = Y = {a,bc,d,el,nn = {¢,{a}, X} and 72 = {6, X} then 2 = {¢,{a}, X} with o1 =
{6,{b},Y} and o2 = {$,Y} then 12 = {¢,{b},Y}. We have (1,2)*-§-C(X) = {¢,{b,c}, X} and (1,2)*-g-C(X) =
{0, {b},{c}. {a,b},{a,c},{b,c}, X}, (1,2)"-g-O(Y) = {o,{b},Y} and (1,2)"-g-O(Y) = {¢,{a},{b}, {c},{a, b} {b,c} Y}
Let f : (X,m,m) — (Y,01,02) be defined by f({a}) = {c},f({b}) = {a} and f({c}) = {b}. Then f is (1,2)*g-

homeomorphism but it is not (1,2)*-g-homeomorphism.

Theorem 3.8. Let f : (X, 11,72) = (Y,01,02) be a bijective (1,2)*-g-continuous function. Then the following are equivalent:
(1). f is an (1,2)*-g-open function.

(2). f is (1,2)*-g-homeomorphism.

(3). f is (1,2)*-g-closed function.

Remark 3.9. The composition of two (1,2)*-g-homeomorphism functions need not be a (1,2)*-g-homeomorphism function

as shown in the following Example.

Example 3.10. Let X =Y = Z = {abc}, n = {¢ {a},{b},{a,b},X} and = = {¢,{a}, X} then 12 =
{¢,{a},{b},{a,b}, X}, o1 = {&,{a,b},Y} and o2 = {¢,Y} then 12 = {¢,{a,b},Y} with m = {¢,{a},Z} and
n2 = {¢,{a,b},Z} then m2 = {¢,{a},{a,b},Z}. Let f : (X,11,72) = (Y,01,02) and g : (Y,01,02) = (Z,m,12) be
the identity functions. Then f and g are (1,2)*-g-homeomorphisms but their go f : (X, 71,72) — (Z,n1,n2) is not (1,2)*-g-
homeomorphism, since for the set S = {b} is (1,2)*-open in (X, 11,72), (g0 f)(S) = f(g(S)) = f(g({b}) = f({b}) = {b} s

not (1,2)*-g-open in (Z,n1,n2). Hence go f is not (1,2)*-g-open function and g o f is not a (1,2)*-g-homeomorphism.

Theorem 3.11. FEvery strongly (1,2)*-g-homeomorphism is a (1,2)*-g-homeomorphism. i.e., for any space (X, T1,72),

strongly (1,2)*-g-h(X,m1,72) C (1,2)*-g-h(X, 1, T2).
Proof.  Since every strongly (1,2)*-g-open function is (1,2)*-g-open. O
Remark 3.12. The converse part of Theorem 3.11 is not true as seen from the following Example.

Example 3.13. The function g in Example 3.10 is a (1,2)*-g-homeomorphism but not a strongly (1,2)*-g-homeomorphism,

since for the (1,2)*-g-closed set {a,c} in (Y,01,02),(g7") " '({a,c}) = g({a,c}) = {a,c} which is not (1,2)*-G-closed in

(Z,m,n2). Therefore, g~*

is not (1,2)*-g-irresolute and so g is not a strongly (1,2)*-g-homeomorphism.
Theorem 3.14. Ewvery strongly (1,2)*-g-homeomorphism is a (1,2)*-g-homeomorphism.

Proof. 1t follows from Theorem 3.5. O

Proposition 3.15. The function f in Ezample 3.7 is a (1,2)*-g-homeomorphism but not a strongly (1,2)*-g- homeomor-

phism.
Theorem 3.16. Every (1,2)*-g-homeomorphism is a (1,2)*-gc-homeomorphism.

Proof. Tt follows from Definitions 2.5(2) and 3.1(1). O
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Remark 3.17. The converse part of Theorem 3.16 is not true as seen from the following Example.

Example 3.18. Let X = Y = {a,b,c,d},n1 = {¢,{a}, X} and 7 = {6, {a},{a,b}, X} then 11, = {o,{a},{a,b}, X}
with o1 = {6, {b},Y} and o2 = {¢,{b,c},Y} then or2 = {6 {b},{b,ch,Y}. We have (1,2)*§-C(X) =
{¢,{c}. {b,c}, X} and (1,2)"-g-C(X) = {¢,{c}, {a,c}, {b,c}, X}, (1,2)"-g-O(Y) = {¢,{b},{b,c}, Y} and (1,2)"-g-C(Y) =
{6,{a},{a,b},{a,c},Y}. Let f:(X,m1,72) = (Y,01,02) be defined by f({a}) = {c}, f({b}) = {b} and f({c}) = {a}. Then

f s (1,2)*-gc-homeomorphism but it is not (1,2)*-g-homeomorphism.

Theorem 3.19. If f: (X, 71,72) — (Y,01,02) and g : (Y,01,02) = (Z,m,1n2) are strongly (1,2)*-g-homeomorphisms, then

their composition go f : (X, 171, 72) — (Z,m,n2) is also strongly (1,2)*-g-homeomorphism.

Proof. Let F be (1,2)*-g-open set in (Z,n1,m2). Now, (go f)" (F) = f~* (g~ (F)) = f~(G), where G = ¢g~*(F). By
hypothesis, G is (1,2)*-g-open in (Y,01,02) and so again by hypothesis, f~'(G) is (1,2)*-g-open in(X,7i,72). Therefore,
go fis (1,2)*-g-irresolute. Also for an (1,2)*-g-open set F' in (X, 71,72), we have (g o f)(F) = g(f(F)) = g(H), where
H = f(F). By hypothesis f(F) is (1,2)*-g-open in (Y,01,02) and so again by hypothesis, g(f(F)) is (1,2)*-g-open in
(Z,m,m2) i.e., (go f)(F)is (1,2)*-g-open in (Z,m1,712) and therefore (go f)™" is (1,2)*-g-irresolute. Hence go f is a strongly

(1,2)*-g-homeomorphism. O
Theorem 3.20. The set strongly (1,2)*-g-h(X, 11, 72) is a group under the composition of functions.

Proof. Define a binary operation * : strongly (1,2)*-g-h(X, 71, 72)X strongly (1,2)*-g-h(X,1,72) — strongly (1,2)*-g-
h(X,71,72) by f*xg = gof forall f,g € strongly (1,2)*-g-h(X, 71, 72) and o is the usual operation of composition of functions.
Then by Theorem 3.19, go f € strongly (1,2)*-g-h(X, 71, 72). We know that the composition of functions is associative and
the identity function I : (X, 11, 72) — (X, 71, 72) belonging to strongly (1,2)*-g-h(X, 71, 72) serves as the identity element. If
f € strongly (1,2)*-g-h(X, 71, 72), then f~! € strongly (1,2)*-g-h(X, 71, 72) such that fo f~' = f ' o f = I and so inverse
exists for each element of strongly (1,2)*-g-h(X,m1,72). Therefore, (strongly (1,2)*-g-h(X,71,72),0) is a group under the

operation of composition of functions. O

Theorem 3.21. Let f : (X,71,72) — (Y,01,02) be strongly (1,2)*-g-homeomorphism. Then f induces an isomorphism

from the group strongly (1,2)*-g-h(X, 1, 72) on to the group strongly (1,2)*-g-h(Y, 01, 02).

Proof.  Using the map f, we define a map 60y : strongly (1,2)*-g-h(X, 11, 72) — strongly (1,2)*-g-h(Y,01,02) by 0¢(h) =
foho f7! for every h € strongly (1,2)*-g-h(X,71,72). Then 6 is a bijection. Further, for all hy, ha € strongly (1,2)*-
G-h(X,71,72), Op(h1 o h2) = fo(hiohg)o f~h = (fohiof™")o(fohaof™') = 6f(h1)obs(h2). Therefore, 65 is a

(1, 2)*-homomorphism and so it is (1, 2)*-isomorphism induced by f. O
Theorem 3.22. Strongly (1,2)*-g-homeomorphism is an equivalence relation in the collection of all topological spaces.

Proof. Clearly it satisfied reflexivity, symmetry and transitivity. O
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