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1. Introduction and Preliminaries

In 1997, Bernfeld et al. [1] introduced the concept of PPF dependent fixed point or the fixed point with PPF dependence
which is a one type of fixed point for mappings that have different domains and ranges. They also proved the existence of
PPF dependent fixed point theorems in the Razumikhin class for Banach type contraction mappings. The PPF dependent
fixed point theorems are useful for proving the solutions of nonlinear functional differential and integral equations which
may depend upon the past history, present data and future consideration. Afterward, a number of papers appeared in which
PPF dependent fixed point theorems have been discussed (see [2-4] and references therein).

Throughout this paper, E denotes a Banach space with the norm ||.||z I denotes a closed intervel [a, b] in R, and Ey = C(I, E)

denotes the set of all continuous F—valued functions on I equipped with the superemum norm ||.|| g, defined by

Il-llmo = sup [l¢(t) ||
tel

for ¢ € Ey.

For a fixed element ¢ € I, the Razumikhin or minimal class of functions in FEy is defined by
Re=1{6 € Eo: |l

It is easy to see that the constant function in one of the mapping in R.. The class R. is said to be algebraically closed with
respect to difference if ¢ — & € R. whenever ¢, & € R.. Also we say the class R. is said to be topologically closed and if it

is closed with respect to the topology on Fy generated by the norm ||.| z,.
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Definition 1.1. A point ¢ € Eo is said to be a PPF dependent fized point or a fized point with PPF dependence of the

non-self mapping T : Eo — E if T = ¢(c) for some c € 1.
Definition 1.2. Let X be a nonempty set, T : X — X and a: X x X — [0,00). We say that T is an a—admissible mapping
if it satisfies the following condition :

for z,y € X for which a(z,y) >1 = o(Tz,Ty) > 1.

Example 1.3. Let X = [1,00). DefineT: X — X and o : X x X — [0,00) by T = x* for all x € X and

2, fz>y
afz,y) =
0 otherwise

Then T is a—admissible.

Example 1.4. Let X = [1,00). DefineT: X — X and a: X x X — [0,00) by Tx =logz for allx € X and

(,9) e, ifx >y
alz,y) =
0 otherwise

Then T is a—admissible.

Example 1.5. Let X = [1,00). DefineT: X — X and a: X x X — [0,00) by

Inz, ifx>1
Tr=4q 2 if0<az<l
0 otherwise
and
2, fz>y
alz,y) =

0 otherwise

Then T is a—admissible.

2. Main Results

Definition 2.1. Letc € [ and T : Ey — E, a : E X E — [0,00). We say that T is an a.—admissible mapping if for
¢,§ € Eo,

a(9(c),€(c)) 21 = a(T'¢,T¢) > 1.

Example 2.2. Let E = R be real Banach spaces with usual norms and I = [0,1]. DefineT : Ey — E and o : EX E — [0, 00)
by T = ¢(1) for all ¢ € Ey and

1, ifz>y
alz,y) =
0 otherwise

Then T is a1 —admissible
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Definition 2.3. Letc € [ and T : By — E, a,n: E x E — [0,00). We say that T is an a.—admissible mapping with

respect to n. if for ¢,& € Ey,
a(¢(c),€(c)) 2 n(¢(c),&(c)) = a(T'$,TE) = n(T¢,T¢E).
Note that if we take n(¢(c),&(c)) = 1, then we say T is an a.—admissible mapping. Also, if we take a(¢(c),£(c)) = 1, then
we say 1" is an n.—subadmissible mapping.
Example 2.4. Let E = R be real Banach spaces with usual norms and I = [0,1]. DefineT : Ey — E and a : EXE — [0, 00)

by T = 2¢(1) for all ¢ € Eo and a,n: E x E — [0,00) by

P41, ifa>y

a(z,y) =
% otherwise

n(z,y) = 2* + 1. Then T is an—admissible with respect to 1. In fact a(p(1),€(1)) > n(p(1),£(1)), then ¢(1) > £(1) and

50, 2¢(1) > 2&(1). That is, T > TE which implies that (T, TE) > n(T'¢, TE).

Khan et al. [6] introduced the notion of an altering distance function, which is a control function that alters distance between

two points in an metric space.
Definition 2.5. A function ¢’ : [0, +00) — [0, 4+00) is called an altering distance function if and only if
(i) ' is continuous,
(ii) ' is non-decreasing,
(i1i) V' (z) = 0 <= = = 0.

Altering distance function have been generalized to a two variable function by Choudhury and Dutta [7] and to a three

variable function by Choudhury [8] and was applied for obtaining fixed point results in metric spaces.

Definition 2.6. Let W4 be the set of all functions ¢’ : [0, 4+00)® — [0, +00) is called a generalized altering distance function

if and only if
(i) ' is continuous,
(i) ' is non-decreasing in all the three variables,
(i1i) V' (z,y,2) =0 <=z =y =2 =0.
Rao et al. [5] introduced the generalized altering distance function in five variables as a generalization of three variables.

Definition 2.7. Let W5 be the set of all functions ¢’ : [0, 4+00)® — [0, +00) is called a generalized altering distance function

if and only if
(i) ' is continuous,
(i) ' is non-decreasing in all the five variables,
(iii) V' (z,y,2,u,v) =0 <= zrz=y=z=u=v=0.

Now we generalized the notion of altering distance function for five variables which is as follows,



PPF Dependent Fixed Point Theorem for (o — ¢))—contractive Mappings in Banach Spaces

Definition 2.8. Let U5 denote the set of all functions 1 : [0, +00)® — [0, 4+00) . Then 1 is said to be a generalized altering

distance function if and only if
(i) ¢ is continuous,
(i) Y(z,y,z,u,v) =0 z=y=2z2=u=v=0.

(i) there exists k € (0,1) such that
1/)(’(1,, u,v,u + v, O) S kua

(0, u, u,u,u) < ku

and

Y(u,0,0,u,u) < ku.

Example 2.9. Let ¥(x,y, z,u,v) = kmax{z,y, z,u,v} for k € (0,1), then
(i) ¢ is continuous,
(i) Y(z,y,z,u,v) =0 z=y=z2=u=v=0,
(%) Y(u,u,v,u+v,0) = Y0, u, u,u,u) = P(u,0,0,u,u) < ku , YVu >0 and k € (0,1).
Therefore 1 € V5.

Example 2.10. Let

9,9, 2,u,0) = kmax{z,y, 2, 5 (u+ )}

for k € (0,1), then
(i) ¢ is continuous,
(i) Y(z,y,z,u,v) =0 c=y=2z2=u=v=0,
(i5i) Y (u,u,v,u 4+ v,0) = Y(0,u,u,u,u) = P(u,0,0,u,u) < ku , Vu >0 and k € (0,1).
Therefore 1) € Us.

Example 2.11. Let
V(z,y, z,u,v) = k1x + kay + ksz + kau + ksv

for ki € (0,1),i=1,2,3,4,5. such that X2_,k; < 1, then
(i) ¢ is continuous,
(i) Y(z,y,z,u,v) =0 z=y=z2=u=v=0,
(ii3) Y (u, u,v,u +v,0) = (0, u, u, u,u) = ¥(u,0,0,u,u) < qu , Yu > 0 and Z5_1k; = ¢ € (0,1).
Therefore 1 € Us.
Next we prove our main result of this section.

Theorem 2.12. Let T : Eg — E and a,n: E X E — [0,00) be two mappings satisfying the following conditions:
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(a) There exists ¢ € I such that R is topological closed and algebraically closed with respect to difference.
(b) T is ac—admissible with respect to 1.

(¢) For all ¢,& € Eo, a($(c),£(¢)) 2 n(#(c), £(c)) implies

I1T¢ —T¢lle < Y(l¢—Ellro, 19— TollE, 1€ — Télp, ¢ — T¢|lE, 1€ — TollE)

where Y € Us.

(d) If {¢n} is a sequence in Eo such that ¢n — ¢ as n — 0o and a(pn(c), Ton) > n(dn(c), Ton) for all n € N, then
a(¢(c), To) = n((c), T'e).

If there exists ¢o € R such that

a(¢o(c), To) > n(¢o(c), T'¢o),

then T has a unique PPF dependent fized point ¢* in R. such that

(¢ (c), T") 2 n(¢"(c), Te").

Moreover, for a fized ¢o € R such that

a(¢o (C)7 Teo) > 77(¢0(C)7 T¢0)7

if a sequence {¢n} of iterates of T in R. defined by

Tn-1 = én(c) (1)

for alln € N, then {¢n} converges to a PPF dependent fized point of T in Re.

Proof. Let ¢ be a point in R. C Ep such that

a(¢o(c), Teo) > n(¢o(c), T'¢o).

Since T'¢o € E, there exists x1 € E such that T'¢o = x1. Choose ¢1 € R, such that

xr1 = ¢1(C).

Since ¢1 € R. C Eo and by hypothesis, we get T'¢; € E. This implies that there exists 2 € F such that T'¢; = x2. Thus,

we can choose ¢2 € R, such that

T2 = ¢2(C).

By continuing this process, by induction, we can construct the sequence {¢,} in R. C Ej such that

Ton—1 = n (C)

for all n € N. It follows from the fact that R. is algebraically closed with respect to difference that

[¢n—1 = dnllme = [[dn-1(c) = Pulc)lle
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for all n € N. Since T is a.7n.- admissible and

a(go(c), p1(c)) = al@o(c), Tho) = n(do(c), T¢o) = 1(do(c), p1(c)),

we deduce that

a(p1(c), Ter) = a(Tdo, To1) > n(Tho, Th1) = n(¢1(c), Thr)

. By continuing this process, we get

a(pn-1(c), Thn-1) 2 1(¢n-1(c), Tdn-1)

for all n € N. Next, we show that {¢,} is a Cauchy sequence in R.. For each n € N, we have

[6n = Gntilley = llén(c) = dnt1(c)lle = T¢n-1 —Tonlle

< Y(gn-1 = dnllEgs [on—1 = Thn-1lm, |on — Ton| e,
¢n—1 = Téulle,l|¢n — Ton-1]r)

< U(llgn-1 = dnllBo, [|¢n—1 = dnllo, [|6n — Pnt1ll 5o,
[¢n—1— dni1llz,,0)

< Y(llon-1 = dnllEgs [on—1 = dnllzgs |on — dniallmo,
[n—1 = nllEg + l1¢n — Gntallo,0)

< kllén-1 — ¢nllmo-

By repeating the above relation, we get

[fn = Gnialle, < K" ll¢o — ulleo

for all n € N. For m,n € N with m > n, we obtain that

||¢n - ¢mHEo < ||¢n - ¢n+1HEo + ||¢n+1 - ¢n+2||Eo +

+o F ldma1 = dmllz

IN

(K" + & 4+ B do — dallmg
k’ﬂ
1_

IA

k||¢>o — ¢l 5, -

This implies that the sequence {¢,} is a Cauchy sequence in R. C Ey. By the completeness of Ey, we get that {¢n}
converges to a limit point ¢* € Ey, that is, limy,_ 00 ¢ = ¢*. Since R. is topologically closed, we have ¢* € R..
Now, we prove that ¢* is a PPF dependent fixed point of T'. By (d) we have a(¢*(c), T¢") > n(¢*(c), T$*). From assumption

(c), we get

IT¢™ = 6™ (e < IIT¢" = dn(O)lle + lPn(c) — 67 ()=

IT¢" = Tén-1lle + lon — 6|l 5o

< P(I¢" = dn-1llpo, 197 = T¢" (|5, lon—1 = Thn-1ll 5,
16" = Tén-allz, l[¢n-1 =T [|2) + ¢n — ¢" Il

AN
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for all n € N. Taking the limit as n — oo in the above inequality, we have

IT¢" =™ (e < KITS" —¢"(c)lle

which contradiction

IT¢" — ¢ ()l = 0 (2)

and so

This implies that ¢* is a PPF dependent fixed point of T" in R.. Finally, we prove the uniqueness of a PPF dependent fixed

point of T in R.. Let ¢* and £* be two PPF dependent fixed points of T in R. such that

a(¢™(c),T¢") = n(¢"(c), T'¢")

and
a(§7(e), TE") 2 (€7 (), TET).

Now we obtain that

16" =& llmy = ll¢"(c) =& (A)lle = T¢" — T ||

P =& lmos 167 = T |8, 167 — TE ||,
6" =T€ e, 1€7 = T¢I )

kllg™ — & || o -

IN

IN

Since 0 < k < 1, we get ||¢* — £*||g, = 0 and then ¢* = £*. Therefore, T' has a unique PPF dependent fixed point in Re..

This completes the proof. O
Theorem 2.13. LetT: Eoy — E, a: E x E — [0,00) be two mappings satisfying the following conditions:

(a) There exists ¢ € I such that R. is topological closed and algebraically closed with respect to difference.

(b) T is ac—admissible.

(c) For all ¢,& € Ey, a(p(c),&(c)) > 1 implies

IT¢ - Tl < P(l¢ —Ellmo, |6 — Tollz: 1§ = T¢l 5, | — T¢ll s, 1€ — Tollm)

where Y € Us.

(d) If {¢n} is a sequence in Ey such that ¢ — ¢ as n — oo and

o(¢pn(c), Tdn) = n(dn(c), Ten)

for alln € N, then a(p(c), Tp) > 1.
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If there exists ¢o € R. such that

a(go(c), Tgo) > 1,

then T has a unique PPF dependent fized point ¢* in R. such that

a(p*(c), Te") > 1.

Moreover, for a fized ¢o € R such that

a(go(c), Tgo) > 1,

if a sequence {¢n} of iterates of T in R. defined by

Tn-1= ¢n(c) ®3)

for allm € N, then {¢pn} converges to a PPF dependent fized point of T in Re.

Proof. Let ¢o be a point in R. C Ep such that

a(go(c), Teo) > 1.

Since T'¢o € E, there exists 1 € E such that T'¢po = 1. Choose ¢1 € R. such that

1 = ¢1(C).

Since ¢1 € R. C Ep and by hypothesis, we get T'¢1 € E. This implies that there exists z2 € E such that T'¢1 = x2. Thus,

we can choose ¢2 € R. such that

T2 = (Z)Q(C).

By continuing this process, by induction, we can construct the sequence {¢,} in R. C Ep such that

Td)nfl = ¢n (C)

for all n € N. It follows from the fact that R. is algebraically closed with respect to difference that

[n—1 = bnllme = [[dn-1(c) = Pulc)lle

for all n € N. Since T is a.n.- admissible and

Oé((bo(C), ¢1 (C)) = a(¢0(0)7 T¢0) > 1
we deduce that
a(¢i(c), To1) = a(T'po, T1) > 1

. By continuing this process, we get

o(pn-1(c), Tpn-1) > 1



Animesh Gupta and P.S.Kaurav

for all n € N. Next, we show that {¢,} is a Cauchy sequence in R.. For each n € N, we have

[6n = Gntille, = llén(c) = dni1(c)lle = Tén-1 —Tonlle

< (Pn-1(c), Thpn-1)c(dn(c), Ton)|Tn-1 — Thnlle

< Y([¢n-1 = dnllEo, 6n—1 — Thn-1lle, [¢n — Tonl &,
[¢n—1 = Ténlle, lpn — Ton-1l5)

< Y(llpn—1 = dnllEos |dn—1 = dnll o, [|6n — Prt1lEo,
l[¢n—1 — dnt1ll2,0)

< Y(ll¢n-1 — dnllEo, Idn-1 — énllEo, [|6n — Prt1ll &0,
l[¢n—1 = nllEo + ll¢n — Entallzo,0)

< kllon-1 — ¢nllmo-

By repeating the above relation, we get

[fn = bniallz, < K"ll¢o — ¢l

for all n € N. For m,n € N with m > n, we obtain that

A

lén — bmlle, < lldn — dntillEy + [|Pnt1 — Pnt2llmy +

oot [dmar = dmllmg

IN

(K" + K"+ BT g0 — 1l e,
k‘n
1—-%

IN

llpo — @1l &, -

This implies that the sequence {¢,} is a Cauchy sequence in R. C Ep. By the completeness of Ey, we get that {¢,}
converges to a limit point ¢* € Fo, that is, lim,_ o0 ¢n = ¢*. Since R. is topologically closed, we have ¢* € R.. Now, we

prove that ¢* is a PPF dependent fixed point of T. By (d) we have a(¢*(c), T¢*) > 1. From assumption (c), we get

1T¢" = 4™ ()l < IIT¢" — dn(c)llE + llgn(c) — 67 (c)ll 2

IT¢" = Tén-1lle + ll$n — 6"l 5o

a(¢™(), T¢")(bn-1(c), Tén-1)|T¢" = Ton-1l5 + [|bn — ¢"[l 5
Y(l¢" = dn-illeo, 19" — T" |, [|pn—1 — Tn-1lle,

6" = Tén-allz l[¢n-1 =T [|5) + l¢n — ¢" [l

IN

IN

for all n € N. Taking the limit as n — oo in the above inequality, we have

IT¢" =" ()le < KITP" = ¢"(c)lle

which contradiction

IT¢" —¢™()le = 0 (4)
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and so

This implies that ¢* is a PPF dependent fixed point of T' in R.. Finally, we prove the uniqueness of a PPF dependent
fixed point of T' in R.. Let ¢* and £* be two PPF dependent fixed points of T in R. such that a(¢*(c),T¢*) > 1 and

a(€(c),T¢") > 1. Now we obtain that

16" = &7 llmy = ll¢7(c) = €7 (Olle

1T¢" — T |

a(¢”(c), T )€™ (¢), TE)IT¢" — T ||

< Y(l6" = €z, 19" = T¢"||m, €7 — TE || e,
6" =T e, 18" = T ||e)

kllg™ — &€ ||

IN Il

A

IN

Since 0 < k < 1, we get ||¢* — £*||g, = 0 and then ¢* = £*. Therefore, T' has a unique PPF dependent fixed point in R..

This completes the proof. O
Theorem 2.14. LetT: Ey — E, a: E x E — [0,00) be two mappings satisfying the following conditions:

(a) There exists ¢ € I such that R is topological closed and algebraically closed with respect to difference.

(b) T is ac—admissible.

(c) For all ¢,& € Ey,

(IT¢ — TE|| & + €)X TOUEDTI < (|6 — €| g, | — Tl 2, 1€ — TE| =,
¢ — Té€|E, |€ — Tolle) + ¢
where € > 1.

(d) If {¢n} is a sequence in Ey such that ¢ — ¢ as n — oo and

a(¢n(c), Ton) > 1
for alln € N, then
a(¢(c), Tp) > 1.

If there exists ¢po € R. such that

a(go(c), Tgo) > 1,

then T has a unique PPF dependent fized point ¢* in R. such that

a(¢"(c),Te") > 1.

Moreover, for a fized ¢o € R such that
a(¢o(c), T'¢o) = 1,
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if a sequence {¢n} of iterates of T in R. defined by

Ton—1 = ¢n(c)

for alln € N, then {¢n} converges to a PPF dependent fized point of T in Re.

Proof. Let ¢ be a point in R. C Ep such that

a(do(c), Tho) = 1.

Since T'¢o € E, there exists x1 € E such that T'¢o = x1. Choose ¢1 € R, such that

xr1 = ¢1(C).

Since ¢1 € R. C Ep and by hypothesis, we get T'¢1 € E. This implies that there exists o2 € E such that T'¢1 = x2. Thus,

we can choose ¢2 € R. such that

T2 = (152(0).

By continuing this process, by induction, we can construct the sequence {¢,} in R. C Ey such that
Tﬁbnfl = ¢n (C)

for all n € N. It follows from the fact that R. is algebraically closed with respect to difference that

[¢n—1 = bnllme = l[dn-1(c) = Pn(c)lle

for all n € N. Since T is a.- admissible and
a(¢o(c), p1(c)) = a(go(c), Tpo) > 1,

we deduce that

a(p1(c), To1) = a(Teo, Ter) > 1.

By continuing this process, we get

o(pn-1(c), Tpn-1) > 1

for all n € N. Next, we show that {¢,} is a Cauchy sequence in R.. For each n € N, we have

[6n = dnt1llme +€ = [lon(c) = Pns1(c)lle + €= [Ton—1 —Tonlls + €

(||T¢n71 _ T¢n||E + 6)0‘(¢n71(c)’T¢7L71)a(¢n(c)wT¢n)

IN

< P(lgn-1 = dnllmo; ¢n—1 = Thn-llz, lén — Tonlle,

lorn—1 = TonlE, |pn — Ton-1lE) + €

< Y(lpn—1 — Pull By, |Pn—1 — Pull B, |Pn — Int1ll 5,
l¢n—1 — Pnt1llmy,0) + €
< k||¢n—1 - ¢n||E0 + €.
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This implies that

Hd’n - ¢n+1”Eo < k”d’nfl - ¢n||E0

for all n € N. By repeating the above relation, we get

[¢n — Pntille, < E"|ldo — d1llEo

for all n € N. For m,n € N with m > n, we obtain that

A

l6n — bmllee < llPn — dntillEy + [|Pnt1 — Pnt2llEy +

oot [dma1 — dmlle,

IN

(K" + K"+ BT g0 — dallm,
k,’n
1-%

IN

l[¢o — ¢l m,-

This implies that the sequence {¢,} is a Cauchy sequence in R. C Ep. By the completeness of Ey, we get that {¢,}
converges to a limit point ¢* € Fo, that is, lim,_ o0 ¢n = ¢*. Since R. is topologically closed, we have ¢* € R.. Now, we

prove that ¢* is a PPF dependent fixed point of T. By (d) we have a(¢*(c), T'¢*) > 1. From assumption (c), we get

IT¢" —¢™ (e +e < IT¢" = dnlc)lz + ¢n(c) — @™ (0)llp + €

IT¢" = Thn-rlle + lldn — @7z, + €

(IT¢* — Thn_1|5 + E)a(cb*(C)7T¢*)a(¢nf1(0)»T¢nf1) +|I¢n — ¢ || 20

IN

IN

Y(llo” = dn-1llzo, 167" = T, [|dn—1 — nll o,
6" = Tnllz, llon — T¢"||E) + l[dn — ¢ ||y + €

for all n € N. Taking the limit as n — oo in the above inequality, we have
[T¢" — ¢ ()l + € S klIT¢" — ¢"(c)llm + € (6)
which contradiction, and so
1T¢" —¢™(c)lle =0

and so

This implies that ¢* is a PPF dependent fixed point of T' in R.. Finally, we prove the uniqueness of a PPF dependent
fixed point of T in R.. Let ¢* and &* be two PPF dependent fixed points of T in R. such that a(¢*(c),T¢*) > 1 and

a(€*(e), T¢") > 1. Now we obtain that

6" =& llmo +€ = llo"(c) =& (g +e=T¢" —TE ||p+e

(IT¢" — TE" || + €) (¢ () TEDE (TET)

IN

IN

Yo" — & lmo, 16" = T¢" |2, [1€7 — TE | 2,
6" =T¢ |, [1€7 = T¢"|le) + €

kg™ — & Mo + €

IN
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Since 0 < k < 1, we get [|¢* — £*||g, = 0 and then ¢* = £*. Therefore, T has a unique PPF dependent fixed point in R..

This completes the proof. O
Theorem 2.15. Let T : Eg — E, a: E x E — [0,00) be two mappings satisfying the following conditions:

(a) There exists ¢ € I such that R is topological closed and algebraically closed with respect to difference.

(b) T is ac—admissible.

(¢) For all ¢,& € Ey,

(a(¢(c),T¢)a(§(c),T§) 1 +E’)\\T¢—T€\|E < ew(||¢—§\|E07|\¢—T¢|\E«H&—TE\|E7|\¢>—T§HE7H5—T¢HE)

(M)
where 1 < e < €.
(d) If {¢n} is a sequence in Eg such that ¢, — ¢ as n — oo and
a(¢n(c), Tn) > 1
for all n € N, then
a(¢(c), Tg) > 1.
If there exists ¢po € Re such that
a(do(c), T'¢o) > 1,
then T has a unique PPF dependent fized point ¢* in R. such that
a(¢"(c), Te") > 1.
Moreover, for a fixred ¢po € R. such that
a(po(c), T'¢o) > 1,
if a sequence {¢pn} of iterates of T in R. defined by
Tén-1 = ¢n(c) (8)

for alln € N, then {¢pn} converges to a PPF dependent fized point of T in Re.

Proof. Let ¢ be a point in R. C Ep such that

a(do(c), Tho) = 1.

Since T'¢o € E, there exists x1 € E such that T'¢o = x1. Choose ¢1 € R, such that

xr1 = ¢1(C).
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Since ¢1 € R. C Ey and by hypothesis, we get T'¢1 € E. This implies that there exists 2 € E such that T'¢1 = z2. Thus,

we can choose ¢2 € R, such that
o = ¢2(C).
By continuing this process, by induction, we can construct the sequence {¢n} in R. C Ej such that

Ton—1 = n (C)

for all n € N. It follows from the fact that R. is algebraically closed with respect to difference that

[¢n—1 = ¢nllme = l¢n-1(c) = ¢nlc)llm

for all n € N. Since T is a.- admissible and
a(go(c), ¢1(c)) = aldo(c), Tdo) > 1,

we deduce that

a(¢1(c), Tér) = a(To, Tp1) > 1.

By continuing this process, we get

a(pn-1(¢), Thn-1) > 1

for all n € N. Next, we show that {¢,} is a Cauchy sequence in R.. For each n € N, we have

ldn—9dntillEy — (lon(@=dnt1(lle — NTén-1-TonlE

((pn-1(¢), Thn-1)(dn(c), Tpn) — 1 + ¢ ) Tonr=Ténle

IN

(a($n-1(c), Thn-1)(dn(c), Tn) — 1 + )M @n=1:0m)

Flén—1=¢nll s

IN

IA

where

M(¢n—1,6n) = P(¢n-1 = ullo; #n—1 = Thn-1llz; [|on = Tonlle, |¢n—1 = Tonllz; [6n = Ton-1lr)-

This implies that

Hﬁbn - ¢n+1||Eo < k”ﬁbn—l - ¢n||E0

for all n € N. By repeating the above relation, we get

|on — nti1lle, < k"[[¢o — d1ll5,

for all n € N. For m,n € N with m > n, we obtain that

”(;bn - (;bmHEo < ”(;bn - ¢n+1||E0 + ||¢n+1 - ¢n+2”E0 + o+ H¢m*1 - ¢mHEO
< K"+ ET o B0 — o1l m
k)n
< 2ol
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This implies that the sequence {¢,} is a Cauchy sequence in R. C Ep. By the completeness of Ey, we get that {¢,}
converges to a limit point ¢* € Fp, that is, limy,_oc ¢n = ¢*. Since R. is topologically closed, we have ¢* € R.. Now, we

prove that ¢* is a PPF dependent fixed point of T. By (d) we have a(¢*(c¢), T¢*) > 1. From assumption (c), we get

ITe" =0 ©Olle < NT¢"=dn()ptlen(@=¢" (e _ NT¢"-Tén_1llz+lén—0"lx,

< (T —Ton—1lp llén—0"l5

< (a(¢"(0). TO )1 (c). Tpnn) — 1 )T =T o=l dlon=olzg
< (@ (€), T )a(bn-1(e), Tn-1) = 1+ )M o elon=e7leo

< Ml —bn—1llmg (lén—0"llmg

Fle™ =dn—1llpy+lén—0" Ik,

IA

where

M(¢", pn-1) = ¥([l¢” — dn-1llmo, 16" = T2 [[dn—1 = Tdn-1llm, 6" = Ton-1llm; [¢n—1 — T¢" | )

for all n € N. Since the exponential function is a real function, we can take the limit as n — oo in the above inequality, we

have

IT¢™ — ¢ (c)lle =0

and so

This implies that ¢* is a PPF dependent fixed point of T in R.. Finally, we prove the uniqueness of a PPF dependent

fixed point of T in R.. Let ¢* and &* be two PPF dependent fixed points of T in R. such that a(¢*(c),T¢*) > 1 and

a(§*(c),T¢") > 1. Now we obtain that

" =€y — o™ (@€ @l _ IT¢"~TE" g
< (06" (0, T6")le" (6), TE) — 1 1 ¢)IT#"~TE" s
< (a(¢*(c), T¢ )€ (c), TET) — 1 + €)M @&
< IO —E I,

M(¢",87) = (16" = & llmo, 197 = T ||, I€7 = TE N5, [|67 = TE ||, 167 — T¢I )

Since 0 < k < 1, we get ||[¢* — £*||E, = 0 and then ¢* = £*. Therefore, T has a unique PPF dependent fixed point in R..

This completes the proof. O

Remark 2.16. If the Razumikhin class R. is not topological closed, then the limit of the sequence {¢n} in Theorem 2.12,

Theorem 2.14 and Theorem 2.15 may be outside of R., which may not be unique.
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3. PPF Dependent Coincidence Point Theorems

In this section, we discuss some relation between PPF dependent fixed point results and PPF dependent coincidence point

results. First, we give the concept of PPF dependent coincidence point.
Definition 3.1. Let S: Eg — Eg and T : Ey - E, a: EX E — [0,00). We say that (S,T) is an a.— admissible pair if
for ¢,¢ € Eo,
a((S8)(c), (SE)(c) > 1 implies (T, TE) > 1.
Remark 3.2. It easy to see that if (S,T) is an ac.—admissible pair and S is an identity mapping, then T is also an
a.—admissible mapping.
Now, we indicate that Theorem 2.12 can be utilized to derive a PPF dependent coincidence point theorem.
Theorem 3.3. Let S: Eyg — Eg and T : Eg — E, a: Ex E — [0,00) be three mappings satisfying the following conditions:
(a) There exists ¢ € I such that R is topological closed and algebraically closed with respect to difference.
(b) (S,T) is ac—admissible.

(¢) For all ¢,& € Ey,

a((S9)(c), TP)a((SE(c), T T = TElle < »(1S¢ — SElleo, [1S¢ — Tolle,

IS¢ = T¢lle, [19¢ — T¢|| e, 15§ — Téll &)

where ¢ € Us.

(d) If {Sén} is a sequence in Ey such that S¢, — S¢ as n — oo and

a((S¢n)(c), Ton) 2 1

for alln € N, then a((S¢)(c),T¢) > 1.
(e) S(Rc) C Re.

If there exists ¢o € R. such that

a(go(c), Tgo) > 1,

then S and T have a PPF dependent coincidence point w in R. such that
a((Sw)(c), Tw) > 1.

Proof. Consider the mapping S : Ey — Ep. We obtain that there exists Fo C Fo such that S(To) = S(Ep) and S|Fy is

one-to-one. Since T'(Fy) C T'(Ey) C E, we can define a mapping A : S(Fy) — E by

A(S¢) =T¢ )
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for all ¢ € Fy. Since S|Fy is one-to-one, then A is well defined. From (9) and condition (c), we have

a((S¢)(c), A(S9))a((SE(c)), A(SE)) | A(S¢) — A(SE) | =
< (IS¢ =S¢l 1150 = Tl [1S€ = T¢, 1Sé — TEl|, 15§ — T'll)

for all S¢,S¢ € S(Ep). This shows that A satisfies condition (c) of Theorem 8.
Now, we use Theorem-8 we a mapping A, then there exists a unique PPF dependent fixed point ¢ € S(Fp) of A, that is
Ap = ¢(c) and

a(p(c), Ap) > 1.

Since ¢ € S(Fp), we can find w € Fy such that ¢ = Sw. Therefore, we get

Tw = A(Sw) = Ap = p(c) = (Sw)(¢)

and

a((Sw)(c), Tw) = a(e(c), Ap) > 1.

This implies that w is a PPF dependent coincident point of 7" and S. This completes the proof. O

Similarly, we can apply Theorem 2.14 and Theorem 2.15 to the Theorem 3.4 and Theorem 3.5. Then, in order to avoid

repetition, then proof is omitted.

Theorem 3.4. Let S: Ey — Eo and T : Ey — E, a: EX E — [0,00) be three mappings satisfying the following conditions:
(a) There exists ¢ € I such that R is topological closed and algebraically closed with respect to difference.
(b) (S,T) is ac—admissible.

(¢) For all ¢,& € Ey,

(IT¢ — T¢||z + e)a((saﬁ)(C)7T¢)&((S§(E)),T§)

< Y156 = SEllmo, 1S9 = Tl 2, (15§ = T¢l =, [|S¢ — T¢]|m, [1S§ — Tl ) + €

where Y € U5 and € > 1.

(d) If {Sén} is a sequence in Ey such that S¢n, — S¢ as n — oo and

a((S¢n)(c), Ten) 2 1

for all n € N, then

a((5¢)(c), T9) > 1.

(e) S(Rc) C Re.
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If there exists ¢o € R. such that

a(go(c), Tgo) > 1,

then S and T have a PPF dependent coincidence point w in R. such that
a((Sw)(c), Tw) > 1.

Theorem 3.5. Let S: Ey — Eo and T : Ey — E, a: EX E — [0,00) be three mappings satisfying the following conditions:
(a) There exists ¢ € I such that R is topological closed and algebraically closed with respect to difference.
(b) (S,T) is ac—admissible.
(¢) For all ¢,& € Ey,
(a((S)(c), TH)a((S&(0)), TE) — 1 4 )ITeTele < M0D)
where
M(¢,€) = ¥([|S¢ — SEllmy, 156 — Tollw, 1S — TEl|s, |S¢ — T, IS — Tdll ),
Y EWs and 1 <e<¢€.

(d) If {Sén} is a sequence in Ey such that S¢n — Sé as n — oo and

a((S¢n)(c), Ton) 2 1

for alln € N, then a((S¢)(c), T$) > 1.
(e) S(Rc) C Re.
If there exists ¢o € Re such that
Oé(d)()(C),T(Z)()) Z 17

then S and T have a PPF dependent coincidence point w in R. such that
a((Sw)(c), Tw) > 1.

4. Some Results in Banach Spaces Endowed with a Graph

Let (E,d) be a metric space where d(z,y) = ||z — y||g for all z,y € E and A denotes the diagonal of the Cartesian product
of X x X. Consider a directed graph G such that the set V(G) of its vertices coincides with X, and the set E(G) of its
edges contains all loops; that is A C E(G). We assume that G has no parallel edges, so we can identify G with the pair
(V(G), E(G)). Moreover, we may treat G as a weighted graph by assigning to each edge the distance between its vertices. If
x and y are vertices in a graph G , then a path in G from z to y of length N(N € N) is a sequence {x;}, of N + 1 vertices
such that zo = z, zny =y and (x5-1,2:) € E(G) for i =1,2,...,N. A graph G is connected if there is a path between any

two vertices. G is weakly connected if G is connected.

Theorem 4.1. Let T : Ey — E and E endowed with a graph G. Suppose that the following assertions holds true:
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(a) there exists ¢ € I such that R. is topologically closed and algebraically closed with respect to difference;
(b) if (¢(c),&(c)) € E(G) then (T'¢,T€) € E(G);

(c) assume that (¢(c),&(c)) € E(G) implies

a(¢(c), Tp)a(§(c), TE|To — T¢|
< Yo = Ellmo, l6 — Tol e, 1€ — T¢| 5, |6 — T¢| 5, 1§ — Téll )
where Y € Us.

(d) If {¢n} is a sequence in Ey such that ¢ — ¢ as n — oo and

(¢n(c), pnt1(c)) € E(G)
for all n € N, then
(¢n(c), 0(c)) € E(G)
for all n € N;
(e) there exists ¢po € R such that (¢o(c), Téo) € E(G).
Then, T has a PPF dependent fized point.
Proof. Define a: E x E — [0, +00) by
1, if (z,y) €E

afz,y) =
0 otherwise

First we prove that T' is an a.—admissible non-self mapping. Assume that

a(¢(c), () = 1.
Then, we have
(¢(c),€(c)) € E(G).

From (b), we have
(T'$,T¢€) € E(G),

that is

o(T$,T¢) > 1.

Thus T is an a.—admissible. From (e) there exists ¢o € R such that

a(go(c), Tgo) > 1.

Let {¢n} be a sequence in Ey such that ¢, — ¢ as n — oo and

(¢n(c), Pn+1(c)) € E(G)
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for all n € N. Then

a(¢n(c), pni1(c)) =1

for all n € N. Thus from (d) we get
(¢n(c), 8) € E(G)

for all n € N that is

a(pn(c),¢) 2 1

for all n € N.

Therefore all condition of Theorem 2.13 hold true and T has a PPF dependent fixed point. O
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