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1. Introduction, Definition and Notation

Let f be an entire function of two variables holomorphic in the closed polydisc
U={(z1,22) : |zj] <7j,j=1,2for all 1 > 0,72 > 0}
and

My (r1,m2) = max {|(21, 22)| : |2 <7j,5 = 1,2}

by maximum principal and Hartogs theorem in [3], Mf(r1,72) is an increasing functions of r1,72 see all standard definition
and notation of the theory of entire functions in [3]. If f and g are two entire functions are said to be asymptotically

equivalent if there exists k (0 < k < co0) such that

My (r1,72)

— k as r1,r2 — 00
Mg(’l'l,?“z) ’

and in that case we can write f ~ g clearly if f ~ g then g ~ f. The following definition is well known:
Definition 1.1. In [1, 3] the order ,,py and the lower order ,, Ay of an entire function f of two variables are defined as

logl! M
wpf = lim sup g Ms\n,r2) GEY
r1,m2—00 logrirs
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and

log? M
WA= lim  supi8 Mr(rira)
1,72 —00 lOg’l"l'f'Q

If vy pr = vy As then function f is said to be of reqular growth if v,pr # vy A then function is irreqular. In [2] Banerjee and

Datta introduced the notion of relative order between two entire functions of two variables denoted by v,pg(f) as follows

vaPg(f) = inf {p: My(ri,m2) < Mg(ry,r5);m1 = R(p),r2 > R(u)}

- lim  su logM;le(rl,rg)
T rira—oo P log rirs

similarly the relative lower order v, A\g(f) is defined as

log MM
v Ag(f) = lim inf 98 Mg £(r1,m2)

r1,m2—00 logrirs

In case of a meromorphic function this generalization was due to Banerjee and Lahiri [8]. They introduced the notion of

relative order v,pq(f) of f wih respect to g where f is meromorphic as follows

vapg(f) = inf {p: Ty(r1,r2) <Ty(ry,r3); for allri > 0,72 > 0}

. log Tg_le (r1,7r2)
= lim sup—3%—-—1--
T1,m2—>00 logrirs
similarly the relative lower order v,A\g(f) of f with respect to g is defined by

log T T
wAg(f) = lim inf Ogg—f(rl’m)
71,m2—00 log 1172

The p-th relative order , p[gp] (f) and p-th relative lower ordery, )\[gp](f) of f with respect to g where f is meromorphic defined

as
~ logl?! T Ty (r4,72)
v2 pgp] (f) = lim sup g
e log 172
and
1 [p] T*lT 7
AP ()= lim inf og” Ty " Ty(r1,r2)
71,72 —>00 log 7”17‘2
where IOg[p] z= 10g(10g[p_1] z) forp=1,2,3,..... and log[O] z = z. In this paper we study some results related to comparative

growth properties of entire functions of two variables on the basis of relative order and relative lower order of entire function

of two variables.

2. Lemma

Lemma 2.1. If giand g2 be two entire functions of two variable with property (R) such that g1 ~ g2.If f be meromorphic

then

vo ngl] (f) = vsz;](f)'

Lemma 2.2 ([7]). If f, g be two meromorphic of two variable function f and g is of regular growth. Then

pgp]

v2

v2p£7p] (f) = ol
va Py
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3. Theorem

In this section we prove main results of this paper.

Theorem 3.1. Let f be meromorphic and g, h be entire functions of two variable with non-zero finite orders. Then

lim inf log[P] Tg_le (7"17 7”2) < vgp[gp](f) < lim S log[p] Tg_le(')"17 7"2)
~

up .
71,79 —00 log[‘ﬂ Tflef(T17T2) = vngg] (f) 71,72 —00 log[‘I] T].,Tle(’f’l,Té)

Proof. From the definition of relative order we get for arbitrary ¢(> 0) and for all sufficiently large values of 1,72

log[P] T;le(rl,rg) < (Ungp](f) +¢€)logrire (1)
also for a sequence of values of r1,r2 tending to infinity we get,

log[p] Tg_le(rl,rg) > (U2p[gp](f) —¢)logrirs (2)
again for arbitrary ¢(> 0) and for all sufficiently large values of r1, 72 we get

log!" T3 ' Ty (r1,72) < (0,4 (£) + ) log a7 (3)
and for a sequence of values of 71,72 tending to infinity we obtain that

og” Ty Ty (1, 72) > (0237 (f) = €) log 7z (4)

now,from equation (1) and (4) we get for a sequence of values of r1,r2 tending to infinity,

log[P] T;le(Tl,’l"Q) < vgpgp](f) te
1og[‘J] T{le(Th r2) vngf] (f)—e

as e(> 0) is arbitrary it follows that

g 08 T Tr(rr2) vt ()

rurasvee = logl T Ty (1 ma) 0l (f)
also from (2) and (3) for sequence 71,72 tending to infinity

log”) T, ' Ty (r1,72) S P (f) =€
logl T, Ty (r1,m2) ~ wypl (f) + €

as (> 0) is arbitrary it follows that

[p] p—1 (]
hm sup log Tg Tf(?"1, TQ) > U2p§ (f)

rira=oo logl! T Ty (1 ma) oyl ()

thus from (5) and (6) we get completes the proof. O

Corollary 3.2. If g and h are of regular growths then using Lemma 2.2 we get from theorem 1 that

logP! 71T Y [p] log!®! -1
lm  in og 14 . r(r1,m2) < 2Ph < lim sup og 14 . (r1,m2)
r1,r2—00 log[q] T, Ty (r1,72) va[gq] r1,r2—+00 10g[q] T, Ty (r1,72)
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Corollary 3.3. If g and h are of regular growths and g ~ h then using Lemma 2.1 we get from Theorem 3.1 that

logl? 717 logl?! ;1T
lim inf o8 - 1 s (r1.72) <1< lim sup %8 - 1 HUHE)
rira—oo logld Ty Ty (ry, 1a) 1T 00 logld T, Ty (71, 72)

converse of Corollary 3.2 is not always true we see in example.
Example 3.4. Let g(z1,22) = exp z122, h(z) = exp2z122 so that My(r1,r2) = exprire and Mp(ri,7m2) = exp 2rira. Now

My (r1,72)

—0asry,ro — 0
Mh(T‘1,T2) ’

and so g1 ~ g2 also

rir T
Ty(ri,m2) = % and Tp(r1,r2) = %
and therefore
Tg_l(rl,rz) = 7rire and Th_l(m,rz) = 7”;,«2
but
logl?! T, ' T4 (r1,72) log!?! 7T¢ (71, 72)

m T 1 = lim S P — =1
rirz—=oo logl T, Ty (r1,m2)  mir2—oe log! 2T (ry, 72)

Theorem 3.5. Let f, h be meromorphic and g be entire functions of two variable with non zero finite order. Then

loglP! Tt [p] log? 71T
lim inf o8 g - y(ri,r2) < v Py (f) < lim  sup og g - t(r1,m2)
roraee logll Tyt Ty (r, ) uypg(h)  rimzmree T logh T T (r, )

Proof.  From the definition of relative order we get for arbitrary e(> 0) and for all sufficiently large values of r1,r2 that
logm Tg_lTh(rl,rg) < (v2p£]q](h) +¢€)logrirs (7)
and for a sequence of values of r1, 72 tending to infinity we obtain that
log[q] T;lTh(r17r2) > (vzp[gq](h) —¢€)logrirs (8)

now from (1) and (8) we get for a sequence of values of 71,72 tending to infinity that

log” Ty ' Ty (r1,72) _ vl (f) + ¢

10g[q] Tg_lTh(Tl7 7‘2) vngq] (h) — €

as e(> 0) is arbitrary it follows that

f g 08 T T r2) ()

riramee logltl Ty Th(re,m2) oy ol (R)

also from (2) and (7) we get for a sequence of values of r1, 7, tending to infinity,

log” Ty ' Ty (r1, 72) S vapll (f) — €
log[Q] Tngh(Tl, r2) vngl] (h) + €

as (> 0) is arbitrary it follows that

log” T, Ty (r1,m2) _ wp i (f)

lim su > 10
71,72 —00 b log[Q] Tg_lTh(Tl, 7-2) nggq](h) ( )
from (9) and (10) we obtain we obtain Theorem 3.5 this completes the proof. O
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Corollary 3.6. If g and h of reqular growths then using Lemma 2.2 we get Theorem 3.5 that

log?) T, 1T vy p'?! logl?! 717,
lim inf oL r(rire) Lo i sup B Ts y(ri,m2)
roreoe logh Ty " Th(r1,m2)  wypp T1T2oeo log'’ Tg " Th(r1,72)

Theorem 3.7. Let f, h be meromorphic and g, k be entire functions of two variable with non-zero finite orders then

b nf 250 LT ) e () o 08P T T )

NS u
rirzooo  Jogld] T,C_lTh(rhrg) UQpLQJ(h) T1,m3—00 P logl?] Tk_lTh(Tl,’f'Z)

Proof. From the definition of relative order we get for arbitrary ¢(> 0) and for all sufficiently large values of 1,72 that
log[q] T,C_lTh(ﬁ, ro) < (U2pgfl(h) +¢€)logrirs (11)
also for a sequence of values of r1, r2 tending to infinity,
log[q] T,c_lTh(h, ro) > (U2p£€q](h) —¢€)logrirs (12)

from equation (1) and (12) we get for a sequence of values of 71,72 — o0

log" Ty ' Ty (r1,72) _ vl () + ¢
lOg[Q] TlslTh(rlv TQ) v2p1[!cq] (h) — €

as (> 0) is arbitrary it follows that

hm 1nf log[p] Tg_le (Th T2) < U2p[gp] (f)

T1,r2 o0 logm TlslTh(TLTQ) - U2p£€q](h)

(13)

now from (2) and (11) we get for a sequence of values of r1, 72 tending to infinity that

log!! Tg_le(m, T2) S vzp[gp](f) —¢
logl® T, T (r1, 72) UQPLQ] (h) +e€

as ¢(> 0) is arbitrary then

g 08 T Tr(rr2) vt ()

71,72 —>00 ]Og[‘l] Tk_lTh (7»1’ r2) = Ungcll](h)

(14)

from (13) and (14) we obtain Theorem 3.7 this is the complete proof . O
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