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Abstract: B-algebra is an algebraic structure formed from a non-empty set equipped with a binary operation with a 0 constant,
B-algebra is a class of K-algebra that can be build from a group. This paper uses the literature study method from
journals related to B-algebra, the set of all B-homomorphisms, and B-algebra generated from the group of the sets all
integers modulo n. Based on the analysis carried out, it was concluded that the group of the sets all integers modulo
n equipped with the addition operation modulo n can construct B-algebra, and the B-algebra is 0-commutative. If the
function from the set of all integers modulo n to the sets of all integers modulo n is a group homomorphism then the
function is also B-homomorphism.
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1. Introduction

Algebraic structures are non-empty sets equipped with one or more binary operations that fulfill certain axioms or properties.
Some examples of studies of algebraic structures are rings, semigroups, and others. As for the study of other algebraic struc-
tures such as K-algebras, B-algebra, and others. In 2006 K. H Dar and M. Akram introduced an algebraic structure, namely
K-algebra [1]. It is known that K-algebras is divided into two classes based on its building group, namely BCH/BCL/BCK-
algebra which is built on a commutative group, and B-algebra which is built on groups. This paper discussed the class of
K-algebra that is B-algebra. In 2002 J. Neggers and Hee Sik Kim introduced B-algebra, B-algebra is a non-empty set of A
with a constant 0 completed by a binary operation and satisfies certain axiom [2]. The algebraic structure of B-algebra is
an algebraic structure that can be generated by a group with 0 identity elements [3].

Homomorphism is a mapping between two algebraic structures of the same type that preserves the binary operation of
the algebraic structure. The concept of homomorphisms can be found in groups called group homomorphisms. Because
B-algebra is an algebraic structure that can be built on groups, B-algebra also has the same concept as groups, namely
homomorphism, in B-algebra the concept of a homomorphism is called B-homomorphism. The set of all modulo n integers
that are completed by the addition operation modulo n is a group. This paper discusses one of the algebraic structures,
namely B-algebra, and shows that B-algebra can be built from the set group of all modulo n integers which is equipped
with a modulo n addition operation and shows the properties of B-algebra that is built from the set group of all a modulo

n integer equipped with a modulo n addition operation.
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2. B-Algebras and B-homomorphism

[{3R1)

Definition 2.1 ([2]). A non-empty set A completed by the binary operation “x” with constant 0 is B-algebra if it satisfies

the axiom:
(1). zxx =0,
(2). z+0 =z,

(3). (xxy)*xz=zx* (2% (0xy)), for every x,y,z € A.
Proposition 2.2 ([4]). Let (A;*,0) be B-algebra, then
(a). (x*x2)x(y*x2)=x=*y,

(b). 0% (z*xy) =y=*x,

(c). 0% (0xx) =z, for every x,y,z € A.

Proof. Let z,y,2z € A then

(a). (xxy)*x(yxz)=xx*((y*x2z)*(0x2))
=z x(yx((0x2)*(0x2)))
=zx*(yx0)

=zTx*xy

(b). y*z =yx(z*0)
=yx(x*(0xy)*(0xy))
=yx((zxy)*(0xy))
= (yxy)*(zxy)
=0 (z*y)

(c). Let & = 0%y, then

0%y =(0%y)*0
0%y =0%(0%(0%y))
z=(0%(0xx))

O

Theorem 2.3 ([4]). Let (A;*,0) be B-algebra. If on A is defined operation “o” by x oy = x x (0xy) for every z,y € A,

then (A;0,0) is a group with identity element 0.

Proof.

“ ”

(1). Binary operation “o” is associative. Let z,y,z € A then

(xoy)oz=(roy)*(0xz)
— @+ (05 ) (0%2)
=z % ((0%2) % (0% (0%y)))
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=zx*((0*2)*xy)
=xx (0% (y=*(0x2)))
=zo (y=*(0x*2))

=zo(yo2)

(2). There exist 0 € A as an identity element that is for every € A implies

Oox=0x%(0x*zx)
=z
and xo00=x* (0%0)

=xx*x0

(3). Each element in (A;o0,0) has inverse. Let = € A there exists z7* = (0% z) € A then

xox_lzx*(O*x_l)
=zx* (0 (0xx)
=zx*x
=0
and z 'ox=a""%(0%x)
=(0*x)* (0x2x)

=0

O

Proposition 2.4. Let (A;0,0) be group with identity element 0. If defined x xy = xoy ' for every z,y € A, then (A;*,0)

is B-algebra.

Proof. Let z,y,z € A then
(1). zxz=xz0x ' =0

(2). z¥0=z00'=200=2

3). (zxy)x2z= (a:oyil) ozt
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Definition 2.5 ([5]). Let (A;*,0) be B-algebra, B-algebra said to be 0-commutative if x * (0*y) = y * (0 x x) for every

xz,y € A.

Proposition 2.6 ([4]). If (A4;x*,0) is 0-commutative B-algebra, then (0 * z) * (0 xy) =y x x, for every x,y € A.

Proof. TLet z,y € Athen (0*xz)* (0xy)=y* (0% (0xx)) =y *x. O
Theorem 2.7 ([6]). If (A;%,0) is 0-commutative B-algebra, then (x * a) * (y *b) = (b*a) * (y *x x), for every x,y,a,b € A.

Proof. Let x,y,a,b € A, then

(@ a)* (y*b) =+ ((y*b) * (0% a))
=2 (y* ((0%a)* (0xb)))
= 2% (y*(b*a))
=2 (y*((b*a)*0))
=z (y* (0 (0 (bxa))))
= (zx(0x(bxa)))*y
=((bxa)x(0xz))*y
= (bxa)*(y* (0 (0xx)))
= (b*a)* ((y * ) *0)

= (bxa)*(y*x)

O

Theorem 2.8. Let (A;0,0) be a commutative group. If defined vy = x oy~ ', for every x,y € A, then (A;*,0) is

0-commutative B-algebra.

Proof. Let z,y € A then

—1

zoy=ugzo(y ')
=z0(00y ")
=z x(0xy)

yor=yo(z ")
=yo (Ooafl)i1

=yx(0xz)

So that if zoy = yox we obtained z % (0 x y) = y*(0xx), so based on Definition 1.5, (4; %, 0) is O-commutative B-algebra. [

Definition 2.9 ([7]). Let (A;%,0) and (B;0,0") be B-algebra. A function ¢ from A to B, donated by ¢ : A — B is called

B-homomorphism if for every x,y € A applies p (z xy) = ¢ () o v (y), where ¢ (z),¢ (y) € B.

Example 2.10. Let (A;*,0) and (B;o,0") be B-algebra. A trivial B-homomorphism 0 : A — B defined by 0 () = 0’ is

B-homomorphism for every x € A.
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Definition 2.11. Let (A;*,0) and (B;0,0") be B-algebra, then set all B-homomorphism from (A;x*,0) to (B;o0,0") donated
by B-Hom (A, B).

Definition 2.12. Let (A4;%,0) and (B;o,0") be B-algebra. Let B-Hom (A, B) is set all B-homomorphism from B-algebra
(A;%,0) to B-algebra (B;o,0"). In B-Hom (A, B) defined operation “®” by (p ®9) (z) = p(x) o d(x), for every p,9 €
B — Hom (A, B), and 0 (z) =0’ for every x € A.

Example 2.13. Let (A;*,0) be not 0-commutative B-algebra. Suppose given a function 0,1 : A — A which are respectively

defined with 0 (x) =0, I (x) = = for every z € A then B-Hom (A, A) with operation “®” and constant 0 is not B-algebra.

Theorem 2.14 ([8]). Let (A;*,0) be B-algebra and (B;o,0") be 0-commutative B-algebra,then (B-Hom (A, B);®,0) is

0-commutative B-algebra with ® and 0 as defined in Definition 2.12.

Proof. Let ¢,9 € B-Hom (A, B) and =,y € A then

(p@d)(zry) =p(@*y)od(z*y)
= (p(z) o p(y)) o (9 (x) 0 V(y))
= (0 () o p(y)) o (¥ () o p(x))
= (0"o (¢ () 09 (y))) o (00 (¢ (z) 09 (x)))
= (p(@)od(z)) o (p(y)o?(y))

=(p®9)(x)o(p®9)(y)

So that ¢ ® ¥ in B-Hom (A, B) then operation “® ” in B-Hom (A, B) is a binary operation. Because (B;o,0’) is 0-
commutative B-algebra then it is easy to show that (B-Hom (A, B);®,0) is B-algebra. Let ¢,9,€ B — Hom (A, B) and

x € A then

(p® (09 9)) (2) = p(z) o (0(x) 0 ()
= (@) o (00 (z))
= 9(z) 0 (0" 0 ()
= 9(z) o (0(x) o p(x))

=@ (0®yp)(r)

So it is proven if (A; x, 0) is B-algebra and (B;0,0’) is 0-commutative B-algebra, then (B-Hom (4, B) ; ®, 0) is 0-commutative
B-algebra. O

3. B-Algebra (Z,;*,[0],) Defined from the Group (Z,, +)

Theorem 3.1. Let (Zn,+n) be group, defined binary operations “ x” in Z, with [z], * [y],, = [z],, —n [y],, for every

n

(], [¥],, € Zn, then (Zn;*,[0],) is B-algebra.

Proof. 1t is known that (Z,,+») is a group that has an identity element [0]  and defined with

n
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=[], +n (=nlyl,)

=[z+ (-y)],

Let [z],, [¥],,; [2],, € Zn then for every [z]_,[y], € Zn.

0. [2], * [2], = [x],, —n [2],

= [z], +n (=nl2],)

(2], +n (= ([0],, —n [4],)))
= [a],, * ([e], =n (0], = [81],)))

= [z],, * ([2],, * ([00,, * [v],.))

So based on Definition 1.1 it is proven that (Zn;*, [0],) is B-algebra. O

(

= [a],, * ([2], +n (=n ([0],, +n (=n[¥],))))
(
(

Example 3.2. Let (Z4,+4) with Z4 = {[0],,[1],,[2],, [3],} be group against “+4” operation that is the addition operation

modulo 4 which is presented in the following table.

+4 |[0]4 | [1]4|[2]4|[3]
[0]4[0]4 | [1]4 |[2]4|[3]
(14 |[1]4 |[2]4 | [3]4]|[0]4
(2]4 [[2]4][3]4 | [0]4 | [1]
(3] [[3]4[[0]4 | [1]4|[2]

Table 1. Operation Definition Table “ 44”7 in Z4

Defined
[z]4 * [yly = [2], —4 W4
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for every [x],, [y], € Za, then based on Theorem 2.1, (Za;*,[0],) is B-algebra. So that it is obtained B-algebra (Za;*,[0],)

which is presented in the following table.

[0]4 |[1]4][2]4][3]
[0]4 | [O]4 | [3]4 | [2]4 | [1]
(1] [[1]4[[0]4|[3]4|[2]4
[2]a][ J4|[3]
[8]a][ J4|[0]

24 |[1]4[0]4
34| [2]4 | [1]4

Table 2. Operation Definition Table “x” in Zg4

Theorem 3.3. Let (Zn,+n) be group and (Zn;*,[0],) be B-algebra which is defined with [z],, * [y],, = [z],, —n [y],,, for every

[],,, [Y],, € Zn, then (Zn;*,[0],)) is O-commutative B-algebra.

Proof. Tt is known that (Zn,+n») is commutative group that is, for every [z] _,[y],, € Zn implies

(2], +n W], = [z +y], = [y + 2], = [y, +n [2],.

From Theorem 2.1, (Zn;*, [0],,) is B-algebra. Let [z],,,[y],, € Zn then

[],, + ([0],, * [v],,) = [2],, * ([0],, =n [¥],,)
= [a],, * ([0], +n (=nly],))
= [2],, * (== ([¥],, +n (=0[0],,)))
= [2],, =n (== (W), +n (=2101,,)))
= [2],, +n (= (=n (W], +n (=000],))))
= [z],, +n ([y],, +n (=n[0],,))
= [z],, +n [y + (=0)],
= [z], +n 4],
= [¥],, +n [2],

=[], +n (= (=nlzl,))

So based on Definition 1.5 it is proven that (Zn; *, [O]n) is 0-commutative B-algebra. O

Theorem 3.4. Let (Zn,+rn) be group and function ¢ : Zn — Zn, function ¢ is a group homomorphism if and only if it

exists [k],, € Zn so that ¢ (Im],) = [k],[m],, for every [m], € Zn.
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Proof.

(<) Suppose there is [k],, € Zn so that ¢ ([m],,) = [k],,[m],,. Shown ¢ is the group homomorphism. Let [z], ,[y],, € Zn then

¢ (2], +n ],) = [K, (2], +n [4],,)
= [k, [z + 4],
= [k(z+v)l,
= [kz + kyl,,
= [ka],, +n [kyl,
= [K], [x],, +n [K], 9],

= ¢ ([2],,) +n #(l¥],)

So it is proven ¢ is the group homomorphism.

(=) Suppose ¢ is the group homomorphism, then for every [m], € Z,.

o(mln) =¢ | [Wn +n Un 4n - +n [1n

m

¢ ([mln) = o([Un) +n ([1]n) +n - +n @([1]1)

m

@ ([m]n) = me ([1]n)

Suppose ¢ ([1],,) = [k],, € Zn then

= [K],[m],,
So if ¢ is a group homomorphism then exists [k],, € Zn so that ¢ ([m], ) = [k], [m],, for every [m], € Zn. O

Theorem 3.5. Let (Zn,+n) be group and group homomorphism ¢ : Ly, — Ly, if (Zn;*,[0],) is B-algebra which is defined

with [z], * [y],, = [x],, —n W],,, for every [x],,, Y], € Zn, then @ : Zn — Zy is also B-homomorphism.

Proof. It is known ¢ is group homomorphism from Z, to Z, then based on Theorem 2.3 there exists [k], € Zn so that

¢ ([m],)) = [K],[m], for every [m], € Zn. Let [],, [y], € Zn then
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= [kz + (=ky)],,

= [ka], +n (=nlkyl,)
= [ka],, —n [kyl,

= [k, [z],, —n [K],,[9],
= [k],[z],, = [k],[v],,

= ¢ ([],) * ¢([y],,)

So it is proven that ¢ : Z, — Z, is also B-homomorphism. O

Example 3.6. Let (Z4,+4) be group and (Za;*,[0],) be B-algebra. Function 0,1, 11,9 : Za — L4 from (Za,~+4) to (Za,+4)
respectively are 0 ([z],) = [0],, I ([z],) = [#],, ©([z],) = [2,[z]y, and 9 ([z],) = [3],[z],, for every [z], € Za so based on

Theorem 2.3, 0,1, 1,9 are group homomorphism with Theorem 2.4 are B-homomorphism on (Za; *,[0],).

Theorem 3.7. Let (Zn;*,[0],) be B-algebra and B-Hom(Zn,Zn) is the set of all B-homomorphisms from B-algebra
(Zn;*,10],) to B-algebra (Zn;*,(0],,). If in B-Hom(Zn,Z,) defined binary operation “®” with

(e @) (2],) = ¢ ([a],) *¥((=],)

for every [z],, € Zn with 0 ([z],,) = [0],, for every [z],, € Zn, then (B-Hom (Zn,Z»);®,0) is B-algebra.

Proof. Based on Theorem 2.2, (Zn;*,[0]) is 0-commutative B-algebra. Let ¢,¥ € B-Hom (Zn,Z,) and [z],,,[y],, € Zn

then

Because (Zn; *, [0],,) is 0-commutative B-algebra then for every ¢, ¥ € B-Hom (Zy, Zy) obtained ¢ ® ¥ € B-Hom(Zy, Zn) so
operation “®” in B-Hom(Zn,Zy) is a binary operation. Because (Zn; *, [0],,) is O-commutative B-algebra then it is easy to

show that (B-Hom (Zn,Zx,);®,0) is B-algebra. O

Example 3.8. Let (Z4;*,[0],) be B-algebra and B-Hom (Zs,Z4) = {ox ([z],) | ex([z],) = [K],[2],. [z], € Za} is the set
of all B-homomorphisms form B-algebra (Za;*,[0],) to B-algebra (Z4; *,[0],). If in B-Hom (Z4,Z4) defined binary operation
N ® » awith

(pm ® @) ([2]) = om ([2],) * ¢x ([2],)
= [m}4[95]4 * [k]4[93]4
= [ma], * [kz],

= [mal, —a [kz],
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= [mal, +a (—alkal],)

= [ma + (—kz)],

= [(m + (=k)) =],
=[m+ (=k)l,lz],

= ([ml, +a (=alkl,)) (2],
= ([mly —a [K],) [z],

= ([m]y = [k]y)[z],

= Pmi vl ([2]4)

for every [x], € Zs with 0[z], = [0], for every [z], € Za4, then based on Theorem 8.7 (B-Hom (Z4,Z4);®,0) is B-algebra.

Operation “®” on B-Hom (Zs,Zs) is presented in the following table.

® |po|p1|p2|p3
PO [P0 P3| P2 |P1
P1L{P1[PO[P3[P2
P2 |2 |p1|Po|es
P3|P3|P2|¥L1 PO
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