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1. Introduction

In 1965, fuzzy sets were introduced by Zadeh, L.A [17] to provide natural way of dealing with problems in which the
source of imprecision and vagueness occurs. It can be applied in many fields such as artificial intelligence, control system,
decision making, expert system etc. Fuzzy numbers and their fuzzy operations [17-19] are seeds of fuzzy number theory.
Fuzzy number and their arithmetic operation for modelling expert system, Cognitive computational models, measurement,
knowledge, intelligence [14-16, 19]. The concept of fuzzy number has been defined as a fuzzy subset of real line by
Dubois, D and Prade, H [2]. A fuzzy number is a quantity whose values are precise, rather than exact as in the case with
single valued numbers [3, 7]. To deal imprecise in real life situation, many researchers used triangular and trapezoidal
fuzzy number [10-12, 21]. Also hexagonal, nonagonal, decagonal fuzzy numbers have been introduced to clear the vague-

ness [6, 7,9, 11]. Most of the researcher has focused on uncertain linguistic term in group decision making processes [4, 13, 18].

In decision making problem experts may provide uncertain linguistic term to express their opinion when they have no clear
idea and lack of information. The uncertain linguistic term is frequently used as input in decision analysis activities. So far
linguistic values are usually represented as fuzzy numbers such as triangular, trapezoidal. But it is complex to restrict the
membership functions to take triangular, trapezoidal when vagueness arises in eleven different points. Therefore, in this
paper a new form of Hendecagonal Fuzzy Number(Hp F N) is proposed under uncertain linguistic environment. This paper

is organized as follows: section one presents introduction.
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Basic definition of fuzzy number and linguistic terms are given in section two, section three provides hendecagonal fuzzy
number and it linguistic values. New operation for addition, multiplication, division of hendecagonal fuzzy number a—cut
is proposed in section four. Section five proposes vertex method to calculate the distance between two hendecagonal fuzzy

numbers. Finally, conclusion and future directions are given.

2. Basic Definitions and Notations

In this section, some basic definitions of fuzzy set theory and fuzzy numbers are reviewed.

Definition 2.1. A fuzzy set A in X is characterized by a membership function pz(x) which associates each point in X,
to a real number in the interval [0,1]. The value of pz(x) represents “grade of membership”of x € B A () More general

representation for a fuzzy set is A = {(z,pz(x))}

Definition 2.2. The a—-cut of the fuzzy set A of the universe of discourse X is defined as A = {r € X/nz(x) > a}, where

a€0,1].

Definition 2.3. A fuzzy set A defined on the set of real numbers R is said to be a fuzzy number if its membership function

A:R — [0,1] has the following characteristics.
(1). A is convex pi(Azy + (1= XNax2) > min(pz(z1), pz(r2)), Yo €[0,1], X € [0,1]
(2). A is normal. i.c. there exists an x € R such that if max pilz) =1.

(3). A is piecewise continuous.

Definition 2.4. A triangular fuzzy number A denoted by (a1, az2,as3), and the membership function is defined as

T — ay
—, forai <z <az
a2 — ay
a3 — T

pi(r) = . foraz <z <as
as — a2
0, elsewhere.

A

| fanan

Hy

Figure 1. Triangular fuzzy number

Definition 2.5. A trapezoidal fuzzy number A can be defined as (a1, az,as,as), and the membership function is defined as

%, a1 <z <az

(@) = 1, a2 <z <as

12y - ((;;_—;)) a3 <z < as
0, otherwise.
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Figure 2.

Trapezoidal fuzzy number

Definition 2.6. A linguistic variable/term is a variable whose value is not crisp number but word or sentence in a natural

language.

3. Hendecagonal Fuzzy Number (HpF'N)

Definition 3.1. A Hendecagonal fuzzy number Hp denoted as (a1, a2, as, a4, as, as, ar, as, ag, aio, aii), and the

membership function is defined as

1 _
7(3: a1)7 a1 <z < az
5 (a2 —(al) )
1 1 (x —as
— — <z <
5+5(a3—a2) 42> T = a8
2 1 (x—a3)
— — <z<
5+5(a4—a3) 43 =T = a4
3 1 (x—as)
— — <z <
5+5(a5—a4) a4 =T = a5
4 1 —
7+7(x % as < x < ag
5 5 (ae — a5)
1 _
MHD(x): 1—7(‘76 o) as <z < ar
5 (a7 — aa)
4 1 —
4_l@-ar) ar < x < as
5 5 (ag — a7)
3 1 —
3 1l as), ag < x < ag
5 5 (ag — asg
2 1 (x—ag
22 <z<
5 5 (am — ag) 49 = &= a0
1 _
- (a11 L a0 <z < an
5 (a11 — a1o)
0, otherwise.
A
H(x)
1
y (1)
0.8
Dils) D45
0.6
Cil#) \\\(::(r)
0.4
Biq) Bilg)
0.2
Arp) A4p)
n L L -
ay daz a3 ag s ag ag ty i ay  *

Figure 3.

The Hendecagonal fuzzy number
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3.1. Generalized Hendecagonal Fuzzy Number (HpFN)

Definition 3.2. A Hendecagonal fuzzy number Hp denoted as (a1, a2, as, as, as, as, ar, as, ag, aio, ai1,w), and the

membership function is defined as

1 (x—a
7@7 a1 <z < az
5 (CL2 —_ a1)
1 1 —
L O ) B
5 5 (az —a2)
2 1 T—a
7+7wg, az <x < ag
5 5 (a4 —a3)
3 1 (rx—a
7+7wg, as <z < as
5 5 (a5 —aa)
4 1 r—a
7+7wg, as < < a
5 5 (as —as)
1 T—a
HﬁD(x): 1_,w7( o) , as<zw<ar
5 (a7 — CLG;
4 1 r—a
7_7w(771 ar <z < as
5 5 (as —ar)
3 1 (r—a
,_,wg’ as <z < ag
5 5 (ag — asg
2 1 T—a
*_*w(797 ag < < aro
5 5 (a10 — ag)
1 _
,M7 aio < x < ani
5 (a11 — a1o)
0, otherwise.
Table 1. Hendecagonal Fuzzy linguistic scale
Linguistic terms H Linguistic values ‘
No influence (00000 00.030.06 0.090.12 0.15)
Very Low influence (0 0.03 0.06 0.09 0.12 0.15 0.18 0.21 0.24 0.27 0.3)
Low influence (0.15 0.18 0.21 0.24 0.27 0.3 0.33 0.39 0.42 0.45 0.48)
Medium (0.3 0.33 0.39 0.42 0.45 0.48 0.51 0.54 0.57 0.6 0.63)
High influence (0.48 0.51 0.54 0.57 0.6 0.63 0.66 0.69 0.72 0.75 0.78)
Very High influence (0.63 0.66 0.69 0.72 0.75 0.78 0.81 0.84 0.87 0.9 0.93)
Very Very High influence (0.780.810.840.8709111111)

Furthermore, in light of the research work by Kaufman, A [8] and Zadeh, LA [18, 19], the arithmetic operations of hen-

decagonal fuzzy number and vertex method are provided in the following section.

4. Arithmetic Operations of Hendecagonal Fuzzy Numbers (HpF'N)

In this section, arithmetic operations of (HpF N) based on a-cut method is reviewed.

4.1. Arithmetic Operation on a-cut

Definition 4.1. A Hendecagonal fuzzy number Hp can also be defined as Hp = Ai(p), B1(q), Ci(r), D1(s), E1(t),
As(p), B2(q), Ca2(r), D2(s), Ea(t) p € [0,0.2], ¢ € [0.2,0.4], r € [0.4,0.6] s € [0.6,0.8]and t € [0.8,1], where

1 (z—a) 11 (z—a2) 21 (z—a3) _ 3 1 (v —aq) 4 1 (z—as)
Ai(p) = 5(as—ar)’ Bi(g) = +¢ (a3 — az) Gilr) =5 +5 (as —a3)’ Du(s) = 5+5(a5 —aq)’ Bt)=35+3 (ae — as)
EQ(t) = 1_% ((C;L,'?__aa‘ss))’ DQ(S) = %_%((axs__aaz)) CZ(T) - g_%((axg__iss)) B2(Q) = g_% (ifo__azi)r A2(p) %(2?11__af3)

Here,

e Ai(p), B1(q),Ci(r), D1(s), E1(t), is bounded and continuous incresing function over [0,0.2),[0.2,0.4), [0.4,0.6),

[0.6,0.8) and [0.8,1] respectively.
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e As(p), B2(q), Ca(r), Da2(s), Ea(t), is bounded and continuous decresing function over [0,0.2), [0.2,0.4), [0.4,0.6),
[0.6,0.8) and [0.8,1] respectively.

Definition 4.2. The a-cut of the fuzzy set of the universe of discourse X is defined as Hpo = {r € X/uz(x) > a}, where
a€0,1].
[A1(a), A2(a)], for a € [0,02)

[Bi(a), B2(a)], for a €[0.2,0.4)
Hp, =< [Ci(a),Ca(a)], for a €]0.4,0.6)

[D1(), D2()], for a €[0.6,0.8)

[El (Ot), Ey (a)L for a € [087 1]
Definition 4.3. If Ai(x) = a and Ax(z) = «, then « cut operations interval Hp. is obtained as

(1). [Ai(a), A2(a)] = [Ba(az — a1) + a1, —ba(air — a1o) + a11)]

Similarly, we can obtain a— cut operations interval Do for [Q1(a), Q2()], [Ri(a), Ra(a)] and [S1(a), S2(a)] as follows;
(2). [Bi(a), B2()] = [5a(as — az2) + 2a2 — a3, —ba(aio — ao) + 2a10 — ao]
(8). [C1(e), C2(a)] = [Bafas — az) + 3as — 2a4, —ba(ag — ag) + 3ag — 2as|
(4). [D1(e), D2(a)] = [5a(as — as) + 4as — 3as, —5a(as — ar) + 4as — 3az]
(5). [D1(@), D2(a)] = [Ba(as — as) + bas — 3as, —ba(ar — ag) + Sar — 3ae]
Hence, a-cut of Hendecagonal Fuzzy Number
[ba(az — a1) + a1, —Ha(air — awo) + a11)], for a €10,0.2)
[ba(as — a2) + 2a2 — as, —ba(aio — ag) + 2a10 — ag], for a € [0.2,0.4)

Hpo =4 [5a(as — a3) + 3as — 2a4, —5a(ag — as) + 3ag — 2as], for a € [0.4,0.6)

[Ba(as — as) + 4as — 3as, —ba(as — ar) + das — 3a7], for a € [0.6,0.8)

[ba(as — as) + bas — 3as, —ba(ar — ags) + bar — 3ag], for a € [0.8,1]

Theorem 4.4. If g:(al, a2, as, a4, as, ae, a7, as, ag, A10, a11) and E:(bl, ba, b3, ba, bs, be, bz, bs, by, bio, b11) are the
Hendecagonal fuzzy numbers, then C=A® B is also Hendecagonal fuzzy number Ao E:(al + b1, a2 + b2, az + bz, as + ba,
as + bs, ag + bs, a7 + bz, as + bs, ag + by, aio + bio, a11 + bi1 ).

Proof. The membership function of HpFN C=A® B can be found by a—cut method with the transform z = x + y,

a—cut membership function of A(z) is,

[balaz — a1) + a1, —ba(ai1 — awo) + a11)], for a € [0,0.2)
[ba(as — az) + 2a2 — as, —ba(aio — ag) + 2a10 — ag], for a € [0.2,0.4)
z €4 [palas —a3) + 3as — 2a4, —5a(ag — as) + 3ag — 2ag], for a € [0.4,0.6)

[ba(as — as) + 4as — 3as, —ba(as — ar) + 4as — 3ar], for a € [0.6,0.8)

[ba(as — as) 4+ bas — 3as, —ba(ar — as) + bar — 3ag], for a € [0.8,1]
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a—cut membership function of E(y) is,

[50&(()2 — bl) + b1, —50é(b11 — blo) + bll)], for a € [0,0.2)
[5&(1)3 — bz) + 2by — bs, —50&(1)10 — bg) + 2b1g — bg], for a € [0.2, 0.4)
JTRS [504([)4 — b3) + 3b3 — 2b4, —505(1)9 — bg) + 3bg — 268]7 for a € [0.4, 0.6)

[50((1)5 — b4) + 4by — 3bs, —501(b8 — b7) + 4bg — 3b7], for a € [0.67 08)

[5a(be — bs) + 5bs — 3be, —5a(br — be) + 5by — 3bg], for a € [0.8, 1]

S0,

[ba(az — a1) + a1, —ba(ai1 — ao) + a11)]+

[Ba(bz — b1) + b1, —Ba(bi1 — b1o) + b11)], for a € [0,0.2)
[ba(as — a2) + 2a2 — a3, —5a(ai0 — ag) + 2a10 — agl+

[5&([)3 — b2) + 2by — b3, —50((()10 — bg) + 2b1g — bg], for a € [0.2, 0.4)

[ba(as — az) + 3as — 2a4, —b5a(ag — as) + 3ag — 2as]+
z=x+ye€
[50&(1)4 — bg) + 3bs — 2by, —50((1)9 — bg) + 3bg — 2b8]7 for a € [0.4, 06)
[ba(as — as) + 4as — 3as, —Ha(as — a7) + 4das — 3ar]+

[504([)5 — b4) + 4bsy — 3bs, —5a(bg — b7) + 4bg — 3b7], for a € [0.6, 0.8)

[ba(as — as) + bas — 3as, —ba(ar — ag) + Har — 3ag]+

[5a(b6 - b5) + 5b5 — 3b67 —50[(177 - b@) + 5b7 — 3b6], for a € [08, 1]

the membership function of C=A® B is,

z— (a1 + bl)
a2 — ax b2 — bl

2[(— 2(az -ﬁ-)l;’z_)(—F (as -g]bs)
5[(as — az) + (bs — b2)]

z — 3(a3 + bg) =+ 2((14 + b4)
5[(as — as) + (ba — bs)]

z — 4(0,4 + b4) —+ 3((15 + b5)
5[(as — aa) 4 (bs — ba)]

z — 5(&5 + b5) =+ 4(a6 + be)
5[(ag — as) + (bs — bs)]

B . z — 5(0,7 + b7) =+ 4(&6 + be)

/"‘C(x)_ 5[(@6—(17)4-(1)6—1)7)} a6+b632§a7+b7

z — 4(a8 + bs) + 3((17 + b7)
5[(a7 — as) + (b7 — bs)]

z — 3(&9 + bg) =+ 2(@8 =+ bg)
5[(as — ag) + (bs — bo)]
z— 2(&10 + blo) + (ag + 59)
5[(ag — a10) + (by — b10)]
z — (a11 + bi1)
5[(a10 — a11) + (bio — b11)]

a1 +b1 <z<ax+ b

az+by <z<az+b3

a3 +b3 < z<as+ by

ag +bys < z<as+bs

as +bs <z <ae+bs

ar +b7 <z < ag+bs

ag +bg < z < ag + by

ag + by < z < aio + bio

a0 + b0 < z < arr + b

0, otherwise.

Hence, addition rule is proved. Therefore we have Ao éz(al + b1, a2 + b2, as + b3, as + ba, as + bs, as + b, a7 + b7, as + bs

a9 + by, a10 + bio, a11 + b11) is a Hendecagonal Fuzzy Number.
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Example 4.5. Let us consider two HpFNA = (1.5,2,2.5,3,3.5,4,4.5,5,5.5,6,6.5) and B = (2,3,4,5,6,7,8,9,10,11, 12).

Then, the addition of these two HpF'N is defined as A®B = (3.5,5,6.5,8,9.5,11,12.5,14,15.5, 17, 18.5) with membership

function as follows

TR
é%, 6<zr<8
soTs o Bgeses

pne(x) = %@, 11<2<125
_?17(95 _1;8'5), 125 << 14
%17(@" _1;8'5), 14<z<155
%17(“’ ’1.158'5), 15.5 < o < 17
%17(95 _1;8'5), 17 <z < 185
0, otherwise.

Theorem 4.6. Ifg:(al, az, as, a4, as, ag, a7, ag, ay) and E:(bl, bz, b3, ba, bs, be, bz, bs, by) are the Hendecagonal fuzzy

numbers, then ﬁzﬁ@ B is also Hendecagonal fuzzy number A@ E:(albl, az2bz, asbs, asbs, asbs, acbs, arbr, asbs, agby)

Proof. The membership function of Hp FN P=A® B can be found by a—cut method with the transform z =z x y,

[ba(az — a1) + a1, —ba(ai1 — aio) + a11)] X

[Ba(bz — b1) + b1, —ba(bi1 — b1o) + b11)],

[ba(as — az2) + 2a2 — as, —b5a(aio — ag) + 2a10 — ag] X
[5a(bs — ba) + 2bs — bs, —5a(bro — be) + 2b10 — b),
[ba(as — a3) + 3as — 2a4, —ba(ag — as) + 3ag — 2as] ¥
Z=xXyYE
[Ba(ba — bs) + 3bs — 2ba, —Ba(bg — bg) + 3bg — 2bs],
[ba(as — as) + 4as — 3as, —5a(as — ar) + 4das — 3az] X
[5a(bs — bs) + 4bs — 3bs, —5a(bs — br) + 4bs — 3be],

[ba(as — as) + bas — 3ag, —ba(ar — as) + Har — 3as] ¥

[50&(1)6 — bs) + 5bs — 3bs, —5a(b7 — bﬁ) + 5b7 — 3b6],

So, the membership function of P=A® B is,

for o € [0,0.2)

for o € [0.2,0.4)

for a € [0.4,0.6)

for o € [0.6,0.8)

for a € [0.8,1]
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_B; + \/Bf2—A4A1(alb1 —z) a1br < z < agbs
1
—Bx+ /B3 - 4142(4&21722?42(@21’3 +asbo) + asbs — 2) azby < z < asbs
2
—Bs + \/Bg — 4A3(9asbs 2_A6(a3b4 + a4b3) + dasbs — z) asbs < 2z < asbs
3
—Ba+ /B} — 4A4(16a4bs 2—A12(a455 — asba) + 9asbs — 2) asbs < z < asbs
4
Bs — \/Bg — 4A5(25a5bs 72%2(@5% — agbs) + 16asbs — z) asbs < 2 < agbe
5
pp(x) = B — /B2 — 4As(16a6bs *2?(%[77 + arbe) + 25a7br — 2) asbs < z < arbr
6
By — /B2 — 4A7(9azbr 7212(@7b8 + aghr) + 16asbs — 2) arbr < 2z < agbs
7
Bs — /B — 4As(4asbs —22(09178 + asbo) + 9asby — 2) asbs < z < agby
8
By — +/BZ — 4Aq(4agbg —Qzl(afablo + ai0bo) + agbo — 2) agby < z < aigbio
9
Bio — /B, ;jim(aubu —2) aiobio < z < aibn
0, otherwise.

where A; = 25(aiy1—a;)(biv1—b;i), i=1,2---,10 Bi =5[bi(az—a1)+ai(b2—0b1)], B; = 5[(aj+1—a;)(jbj —bjt1)+ (bj41—
bj)(ja; — (G —1)aj41)]l, j=2,--+,5, Be = —5[(ar — as)(5br — 4bs) + (b7 — be)(5a7 — 4as)], Br = —5[(as — a7)(4bs — 3b7) +
(bs —b7) (48 —2a7)], Bs = —5[(ag — as)(3bg — bs) + (bo — bs)(3bg — as)], Bs = —5[(a10 — ag)(2b1o — bg) + (2b10 — by ) (2b10 — av)],
Bio = —5[bio(a11 — a10) + a10(b1o — b11)],

Hence, multiplication rule is proved. Therefore we have A® Ez(albl, az2ba, asbs, asbs, asbs, aebs, arb7r, asbs, agby,

a10b10, a11b11) is a Hendecagonal Fuzzy Number. O

Example 4.7. Let us consider two HpFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5,6,6.5) and B = (2,3,4,5,6,7,8,9,10,11,12).
Then, the multiplication of these two HpFN is defined as A ® B = (3,6,10, 15,21, 28, 36,45, 55,66, 78) with membership

function as follows

1(z—3)
— <zx<
53 3<z<6
1(z—2)
— <zr<l1
51 6<z 0
1 (z)
- — 10<z<1
550 0<zz 5
1(z+3)
- 15 <z<21
56 5 <z
1(z+7)
- 21 <z <28
5 7 v
-1 — 68
pp@) =4 “LE=08) e 36
5 8
—1(z —172)
— <xr<4
5 ) , 36 <« 5
—1(x —175)
- 45 <z <
o A5 <a <55
1(x—="77)
<z<
5 1 55 < x <66
1(78 —x)
— <zx<
5 TR 66 <x <78
0, otherwise.
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Theorem 4.8. IfAv:(ab az, asz, a4, as, ag, a7, ag, ag, aio, a11) and Ez(bl, b2, b3, b4, b5, bﬁ, b7, 687 bg7 b107 b11) are the
Hendecagonal Fuzzy Numbers, then D=A© B is also Hendecagonal fuzzy number
a1 Qa2 a3z G4 G5 Gg Q7 Gg Ay Q1o a11)

Z®E: T 93 97 973 93 v 3 93 03 3 1 g
(bll blO b9 b8 b7 b6 b5 b4 b3 b2 bl

Proof. The membership function of Hp FN D=A @ B can be found by a—cut method with the transform z = z/y,

[ba(az — a1) + a1, —5a(ai1 — aio) + a11)]+

[Ba(ba — b1) + b1, —5a(bi1 — b1o) + b11)], for a € [0,0.2)
[ba(as — a2) + 2a2 — az, —ba(aio — ag) + 2a10 — ag]+

[ba(bs — b2) + 2ba — bz, —5a(b1o — by) + 2b1o — b], for a € 0.2,0.4)
[ba(as — a3) + 3as — 2a4, —H5a(ag — ag) + 3ag — 2as]+

Z=T-yYE
[5au(bs — bs) + 3bs — 2bs, —5cu(bo — bs) + 3bg — 2bs],  for a € [0.4,0.6)
[ba(as — as) + 4as — 3as, —ba(as — ar) + das — 3az7]+

[Ba(bs — ba) + 4bs — 3bs, —Ha(bs — br) + 4bs — 3b7], for a € [0.6,0.8)

[ba(as — as) + bas — 3as, —Ha(ar — as) + Sar — 3as)+

[5a(b6 — b5) + 5bs — 3b6, —50t(b7 — b6) + 5b7 — 3b6], for a € [0.8, 1]

So, the membership function of P=A®B is,

b @ e
5[(&2 - al) + Z(b11 - bl())] 11—~ bio
Z(leo — bg) — ((12 — (13) az << as
5[(az — a2) + z(bio —bg)] b0 — T b
z3b9—2b8)—(3a3—2a4) %<Z<%
5[(as —as) + z(bg —bsg)] by — T~ bs
Z(4b8 — 3b7) — (4a4 — 30,5) % <z < %
5[(as —aa) + z(bs —b7)]  bs —  ~ by
2(5b7 — 4a6) — (5b5 — 4b6) as < g < a6
5[(as — as) + z(br —bg)] b7 — ~ bs
. S5ar — 4ag) — z(bbs — 4bs) ae ar
pple) =9 <L
D 5[(ar —ac) + 2(bs — b5)] b5 —~ — b
(4as — 3ar) — z(4bs — 4bs) o, 98
5[(as —ar) + z(bs —bs)] bs = T ba
(3(19 — 2@6) — Z(3bg — 2b4) % <5< @
5[(ao —as) + z(bs —bs)] bs — T bs
(2(110 — ag) — Z(2b2 — b3) ag << aio
5[(0,1() — ag) + Z(b5 — bQ)] bs = T be
a11 — zb1 aio ail
210 L 2L
5[(&11 — alo) + Z(bz — b1)] by — = b1
0, otherwise.
Hence, division rule is proved. Therefore we have AoB= (baTll’ baTQO’ Z—:, Z—:, Z—j, Z—s, Z—;, Z—j, Z—:, 6167120’ ab—lll> is a Hendecagonal
Fuzzy Number. O

Example 4.9. Let us consider two HpFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5,6,6.5) and B = (2,3,4,5,6,7,8,9,10,11,12).
Then, the multiplication of these two HpF'N is defined as A0 B = (0.13,0.18,0.25,0.33,0.44, 0.57, 0.75, 1.00, 1.38, 2.00, 3.25)
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with membership function as follows

é%, 013 <z <0.18
é%, 018 <z <025
%%, 0.25 <z < 0.33
é%, 0.33 <@ < 0.44
%w, 0.44 <z < 0.57

pa(z) = %%, 0.57 <z < 0.75
%% 0.75 <z <1
%%, 1<z<1.38
%@&%2), 1.38<z<2
%1(’3;73525) 2<z<325
0, otherwise.

5. Distance Measurement Functions for Hendecagonal Fuzzy Number

There are many distance measurement functions were proposed in the literature [1, 22], but the vertex method is an effective
and simple method to calculate the distance between any two fuzzy numbers. Therefore, few important properties of the

vertex method for hendecagonal fuzzy number are described as follows:

Definition 5.1. Let /T:(al, az, az, a4, as, A, a7, ag, ag, A10, a11) and E:(bl, bz, b3, b4, b5, b(;, b7, bs, bg, bl(), b11) be the

Hendecagonal Fuzzy Numbers. Then, the vertex method can be defined to calculate the distance between then as

d(g, E) = \/Tll [(m —b1)2 4 (a2 —b2)? + (a3 —b3)2 + ...+ (a11 — b11)2}

Definition 5.2. Let E:(ah az, as, a4, as, ae¢, a7, ag, ag, aA10, a11) and EZ(bl, bg, b3, b4, b5, ba, b7, bg, bg, bl(), b11) be the

Hendecagonal Fuzzy Numbers. Then, the fuzzy number A is closer to B when d(g, E) tends to 0.

Some important properties of the vertex method are described as below,

Theorem 5.3. Ifﬁ and B are the Hendecagonal Fuzzy Numbers, then the distance measurement d(g, B) is identical to the

FEuclidean distance.

Proof. Suppose that E:(al, az, as, ..., a11) and §:(b1, ba, bs, ..., bi1) are two real numbers, then a1 = a2 =az =... =
ail = a; b1262:b3:...:b11:b.
The distance measurement d(g, E) can be calculated as

d(g, E) = \/% [(al —b1)2+ (a2 —b2)2+ (a3 — b3)?2 + ...+ (a11 — b11)2]

:\/1 [(a—b)2+(a—b)2+(a—b)2+...+(a_b)2]

11
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Theorem 5.4. Two Hendecagonal Fuzzy Numbers A and B are identical if and only if d(g, E) =0.

Proof. Let A and B be Hendecagonal Fuzzy Numbers. Since it is identical, a1 = b1, a2 = ba,as = bs,...,a11 = bi11. The

distance between A and B is

1
ﬁ a1—b1 +(a2—b2)2+(a3—b3)2+.~+(an—611)2]

\/T11 02+02+02+...+02]
—0

Converse, If d(g, E) =0, then

K B) = 3 [0~ 4 o b o — bt o= ] =0
=(@=b’+@=b+@=b>+...+(a-b>=0

= a1 :bl,ag:b27a3:b3,...,a11:b11

Therefore, A and B are identical. O

6. Conclusion

In this paper, Hendecagonal fuzzy number and its arithmetic operations have been proposed. Also, linguistic value of
(HpFN) and vertex method to find the distance between two (HpF N) are introduced. Therefore, decision making tech-
niques such as DEMATEL, TOPSIS and VIKOR techniques can be extended by representing linguistic variable into hen-

decagonal fuzzy number under uncertain linguistic environment will be the further research.
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