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1. Introduction

In 1970 Levine [6] introduced the concept of generalized closed sets as a generalization of closed sets in topological spaces.
The notion of nano topology was introduced by Lellis Thivagar [5]. K.Bhuvaneswari et.al [1] introduced and investigated
the concept of nano generalized closed set in nano topological space. Kelly [4] introduced the concept of bitopological space
in 1963. T.Fukutake [3] introduced the generalized closed sets in bitoplogical space in 1985. K.Bhuvaneswari et.al [2] have
introduced the Nano bitopological space. In this paper some properties of Nano (1,2)* generalized closed sets in Nano

bitopological spaces are studied.

2. Preliminaries

Definition 2.1 ([6]). A subset A of a topological space (X,T) is called a generalized closed set (briefly g-closed set) if
cl(A) CU Whenever A C U and U is open in (X, T).

Definition 2.2 ([5]). Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U
named as the indiscernibility relation. Elements belonging to the same equivalence class are said to be indiscernible with one

another. The pair (U,R) is said to be the approximation space. Let X C U

(1). The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as X with
respect to R and its is denoted by Lr(X). That is, Lr(z) = Uxecv{R(z) : R(z) C X} where R(X) denotes the

equivalence class determined by X.
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(2). The upper approzimation of X with respect to R is the set of all objects, which can be possibly classified as X with respect
to R and it is denoted by Ur(X). That is, Ur(X) = Uxcu{R(z) : R(z) N X # ¢}.

(8). The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor as not X
which respect to R and it is denoted by Br(x). That is, Br(z) = Ur(X) — Lr(X).

Property 2.3 ([7]). If (U, R) is an approzimation space and X,Y C U, Then
(1). Lr(X) C X C Ur(X)

(2). Lr(¢) = Ur(¢) and Lr(U) = Ur(U) = U

(3). Ur(X UY) = Ur(X) UUR(Y)

(4). Ur(X NY) C Ur(X) NUg(Y)

(5). Le(X UY) C Lr(X) U Lg(Y)

(6). Le(X NY) = Lr(X)N Lg(Y)

(7). Lr(z) C Lr(Y) and Ur(X) C Ur(Y) whenever X CY
(8). Ur(X®) = [Lr(X)]® and Lr(X°) = [Ur(X)]*

(9). UrUr(X) = LrUr(X) = Ur(X)
(10). LrLr(X) = UrLg(X) = Lr(X)

Definition 2.4 ([5]). Let U be the universe, R be an equivalence relation on U and Tr(X) = {U, ¢, Lr(X),Ur(X), Br(z)}

where X C U. Then by Property 2.3 Tr(X) satisfies the following azioms:
1. U and ¢ belongs to R(X)
2. The union of the elements of any sub-collection of Tr(X) is in Tr(X)
3. The intersection of the elements of any finite sub-collection of Tr(X) is in Tr(X).

That is, Tr(X) is a topology on U called the Nano topology on U with respect to X. We call (U, Tr(X)) as the Nano topological

space. The elements of TrR(X) are called as Nano-open sets.

Remark 2.5 ([5]). If Tr(X) is the Nano topology on U with respect to X, then the set B = {U, Lr(X),Ur(X)} is the basis
for Tr(X).

Definition 2.6 ([5]). If (U,7r(X)) is a Nano topological space with respect to X where X C U and if A C U, Then the
Nano interior of A is defined as the union of all Nano-open subsets of A and it is denoted by NInt(A). That is, NInt(A) is
the largest Nano-open subset of A.

The Nano closure of A is defined as the intersection of all Nano closed sets containing A and it is denoted by Ncl(A). That

is, Ncl(A) is the smallest Nano closed set containing A.

Definition 2.7 ([1]). Let (U,7r(X)) is a Nano topological space. A subset A of (U, 7r(X)) is called Nano generalized closed

set (briefly Ng-closed) if Ncl(A) CV where A CV and V is Nano open.
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Example 2.8. LetU = {xz,y,z}, U/R = {{z},{y, 2}} and X = {x,2z}. Then the Nano topology, Tr(X) = {U, ¢, {z},{y, 2} }.
Nano closed sets are {¢,U,{y,z},{z}}. Let V = {y,z} and A = {y}. Then Ncl(A) = {y,z} C V. That is A is said to be

Nano generalized closed in (U, Tr(X)).

Definition 2.9 ([3]). A subset A of a bitopological space (X,T1,2) is called (1,2)* generalized closed set if T1,2cl(A) C U

whenever A C U and U is (1,2)* open.

Definition 2.10 ([2]). Let U be the universe, R be an equivalence relation on U and Tr, ,(X) = |J{7r, (X), TR, (X)} where

X CU. Then it is satisfies the following axioms:

(1). Uand ® € Tr, ,(X)

(2). The union of the elements of any sub-collection of Tr, ,(X) is in Tr, ,(X)

(3). The intersection of the elements of any finite sub collection of Tr, ,(X) is in Tr, ,(X)

Then TR, ,(X) is a topology on U called the Nano bitopology on U with respect to X. (U,Tr, (X)) is called the Nano
bitopological space. Elements of the Nano bitopology are known as nano (1,2)* open sets in U. Elements of [Tr, , (X)]€ are

called Nano(1,2)* closed sets in Tr, ,(X).
Definition 2.11 ([2]). If (U, 7r, (X)) is a Nano bitopological space with respect to X where X C U and if A C U, then

(1). The nano (1,2)* closure of A is defined as the intersection of all Nano (1,2)* closed sets containing A and it is denoted

by N7i2cl(A). N712cl(A) is the smallest Nano (1,2)* closed set containing A.

(2). The nano (1,2)* interior of A is defined as the union of all Nano (1,2)* open subsets of A contained in A and it is

denoted by N112Int(A). N1i2Int(A) is the largest Nano (1,2)* open subset of A.

3. Nano (1,2)* Generalized Closed Set

Throughout this paper (U, 7r, ,(X)) is a Nano bitopological space with respect to X where X C U, R is an equivalence

Relation on U, U/R denotes the family of equivalence classes of U by R.

Definition 3.1. Let (U, Tr, ,(X)) be a Nano bitopological space. A subset A of (U, Tr, ,(X)) is called Nano (1,2)* generalized
closed set if N 11,2cl(A) CV where ACV and V is Nano (1,2)* open

Example 3.2. Let U = {abedl with U/R(X) = {{b}{d}{ac}}, X1 = {bd}, s =
(U,6,{b,d}}, U/Ra(X) = {{b}.{d}{a,c}}, Xo = {ac}, mm = {Ud{act}.  Then 7r,,(X) =
{U,¢,{b,d},{a,c}}.  Nano (1,2)* closed sets are {¢,U,{a,c},{b,d}}.  Then Nano generalized open sets are,
(U, ¢, {a}, {b}, {c}, {d}, {a, b}, {b, ¢}, {c,d}, {a, d}, {b, d}, {a, c}, {a, b, c}, {b, c, d}, {a,b,d}, {a, c, d} }. Nano  generalized
closed sets are {¢,U,{b,c,d}, {a,c,d},{a,b,d},{a,b,c},{c,d}, {a,d}, {a,b}, {b,c}, {a,c}, {b,d}, {d}, {a}, {c}, {b}}.  Let
V = {a,c} and A = {a}. Then N7r,,cl(A) = {a,c} C V. That is A is said to be Nano (1,2)* generalized closed in
(U, 7y » (X)).

Theorem 3.3. A subset A of (U, 7r, ,(X)) is Nano (1,2)* generalized closed if NT12cl(A)-A contains no nonempty Nano

(1,2)* generalized closed set.

Proof.  Suppose if A is Nano (1,2)* generalized closed. Then N7y 2cl(A) C A where A CV and V is Nano (1,2)* open.

Let Y be a Nano (1,2)* closed subset of N71,2¢l(A) — A. Then A C Y° and Y ¢ is Nano (1,2)* open. since A is Nano (1,2)*
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generalized closed, N112cl(A) CY® (or) Y C [N7i2¢l(A)]° That is, Y C [N71,2cl(A)] and Y C [N71,2¢l(A)]° implies that
Y C ¢. So Y is empty. O

Theorem 3.4. If A and B are Nano (1,2)*generalized closed , then A U B is Nano (1,2)* generalized closed.

Proof. Let A and B are Nano (1,2)* generalized closed sets. Then N1 2cl(A) C V where A C V and V is Nano(1,2)*
open and, N7y 2cl(A) C V where B C V and V is Nano (1,2)* open. since A and B are subsets of V, (AU B) is a subset
of V and V is Nano (1,2)*open. Then N7 2c¢l(AU B) = N71,2¢l(A) U N71 2¢l(B) C V. which implies that (A U B) is Nano
(1,2)* generalized closed. O

Remark 3.5. The Intersection of two Nano (1,2)* generalized closed sets is again an Nano (1,2)* generalized closed set

which is shown in the following example.

Example 3.6. Let U = {a,bc,d} with U/Ri(X) = {{b},{d},{a,c}}, Xi = {bd}, 7, =
{U> o, {b7 d}}r U/RQ(X) = {{b}?{d}7{a? C}}; X2 = {a’7c}7 TRy = {U7 ?, {a7 c}} Then TR1,2 (X) =
{U, ¢,{b,d},{a,c}}. Nano (1,2)* closed sets are {¢,U,{a,c},{b,d}}. Then Nano generalized sets are,

{U, ¢, {a}, {b},{c},{d}, {a, b}, {b,c}, {c,d},{a,d}, {b,d},{a,c},{a,b,c},{b,c,d},{a,b,d},{a,c,d}}. Nano generalized
closed sets are {¢,U,{b,c,d},{a,c,d},{a,b,d},{a,b,c}, {c,d},{a,d},{a,b},{b,c}, {a,c},{b,d}, {d},{a},{c}, {b}}, let
A={a}, B={a,c} and AUB = {a}. Here N112cl(ANB) CV. When (ANB) CV and V is Nano (1,2)*open.

Theorem 3.7. If A is Nano (1,2)* generalized closed and A C B C N12cl(A), Then B is Nano (1,2)* generalized closed.

Proof. Let B C V where V is Nano (1,2)* open in 7r, ,(X). Then A C B implies A C V. Since A is Nano (1,2)*
generalized Closed. N7 2cl(A) C V. Also B C Ni,2cl(A) implies N7y 2¢l(B) C N7i,2¢l(A). Thus N71,2¢l(A) C V and so
B is Nano (1,2)* generalized closed. O

Definition 3.8. Let A be Nano (1,2)* closed set. Then A is Nano (1,2)* generalized closed set.

Proof. Let A C V and V is Nano (1,2)* open in 7r, ,(X). since A is Nano (1,2)* closed N7i2cl(A) C A. That is

N71,2¢l(A) C ACV. Hence A is Nano (1,2)* generalized closed set. O

Theorem 3.9. An Nano (1,2)* generalized closed set A is Nano (1,2)* closed if and only if N71,2cl(A) — A is Nano (1,2)*

closed.

Proof. Necessity: Let A be Nano (1,2)* closed. Then N1y 2cl(A) = A and so, N71 2¢l(A) — A = ¢ which is Nano (1,2)*
closed.

Sufficiency: Suppose, N1i2cl(A) — A is Nano (1,2)* closed. Then N7 2cl(A) — A = ¢. Since A is Nano (1,2)* closed.
That is, N71,2¢l(A) = A (or) A is Nano (1,2)* closed. O

Theorem 3.10. Suppose that B C A C U, B is an Nano (1,2)* generalized closed set relative to A and that A is an Nano

(1,2)* generalized closed subset of U. Then B is Nano (1,2)* generalized closed relative to U.

Proof. Let B CV and suppose that V is Nano (1,2)* open in U. Then B C ANV. Therefore N7 2clA(B) C ANV. It
follows that, AN N7i2c¢l(B) C ANV and A C V U N7 2¢l(B). since A is Nano (1,2)* generalized closed in U. we have
Ny 2cl(A) CVUNT2cl(B). Therefore N7i2¢l(B) C N11,2¢l(A) €V U NTi2cl(B) and so, N7i,2¢l(B) C V. Then B is

N(1,2)* generalized closed relative to V. O

Corollary 3.11. Let A be a Nano (1,2)* generalized closed set and suppose that F is a Nano (1,2)* closed set. Then ANF

is an Nano (1,2)* generalized closed set which is given in the following example.
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Example 3.12. Let U = {abc,d} with U/Ri(X) = {{b},{d}{a,c}}, X1 = {bd}, ma, =
(U, 6,{b,d}}, U/Ro(X) = {{b},{d}.{a,c}}, Xo = {ac}, e = {U,d{a,c}}.  Then 7r,,(X) =
{U,¢,{b,d},{a,c}}. Nano (1,2)* closed sets are {¢,U,{a,c},{b,d}}. Then Nano generalized open sels are,
(U, ¢, {a}, {b}, {c}, {d}, {a, b}, {b, c}, {c, d}, {a, d}, {b,d}, {a, c}, {a, b, c}, {b, c,d}, {a, b, d}, {a,c,d}}, Nano generalized closed
sets are, {¢, U, {b, c,d},{a, c,d}, {a,b,d},{a,b,c}, {c,d}, {a,d}, {a, b}, {b, c}, {a, c}, {b,d}, {d}, {a}, {c}, {b}}, let A = {a,b,d}
and F = {a,c,d}. Then ANF = {a,d} is an Nano (1,2)* generalized closed set.

Theorem 3.13. For each a € U, either {a} is Nano(1,2)* closed (or) {a} is Nano (1,2)* generalized closed in Tr, ,(z).

Proof.  Suppose {a} is not Nano (1,2)* closed in U. Then {a}® is not Nano (1,2)* open and the only Nano (1,2)* open
set containing {a}® is V' C U. That is {a}° C U. Therefore N7 2cl{a}° C U which implies {a}° is Nano (1,2)* generalized

closed set in Tr, , (X). O
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