International Journal of Mathematics And its Applications
Volume 4, Issue 1-B (2016), 161-167.
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Mathematics And its Applications

Two Methods to Approach Collatz Conjecture

Research Article

T.Kannan'* and C.Ganesa Moorthy?

1 Department of Mathematics, Sree Sevugan Annamalai college, Devakottai, TamilNadu, India.

2 Department of Mathematics, Alagappa University, Karaikudi, TamilNadu, India.

Abstract: Two methods are explained in this article which may lead to a positive solution to Collatz conjecture, if these methods
stop at finite stage.

MSC: 11B05, 11A99, 11Y55.

Keywords: Asymptotic density, stopping time.
© JS Publication.

1. Introduction

The Collatz conjecture is a well known open problem. This is also quoted in the literature as the 3z + 1 problem, Ulams

conjecture and Hasse’s algorithm. The conjecture is described by a function T': N — N defined by

5, if n is even;
T(n) =

%, if n is odd.

The Collatz conjecture asserts that repeated iteration at T'(n), starting from any positive integer n, eventually reaches the
value 1. The stopping time of n is the least positive integer k, such that Tk(n) < n. The total stopping time is the least
positive integer k such thatTk(n) = 1. Using this term Collatz conjecture says “ Every integer n > 2 has a finite total
stopping time”, and the Collatz conjecture would be false, if T7%(n) is either periodic (or) limy_seo T%(n) = oo, for some

natural number n. That is the folowing result is true.

Result 1.1. The Collatz conjecture is true if and only if {x € N — {1};T"(2) < =, for some k € N} = N —{1}. The

proof easily follows by induction.

This result gives a motivation to find integers = satisfying T%(x) < , for some k, which may be considered as favourable
integers which are favourable to solve the conjecture positively. It is assumed hereafter in this article that the function
T : N — N refers to the following function:

5 if x is even;

T(z) =
3r+1, ifxis odd.
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Let = be a positive even integer and = = 2n, for some n € N. Then T(z) = 2n/2 = n < z. Hence T'(z) < z is true for
all even positive integers. If T%(x) < z, for some k(x) = k, for all positive integers = > 3, then the Collatz conjecture is
true for all the elements in N. Consider the iterations performed by T on an integer x > 2. By an iteration, let us mean
applying T once. So, successive iterations performed by 7" on = are considered. Let p denote smallest number of iterations

performed on odd numbers and g denote smallest number of iterations performed on even numbers, until g—z < 1. Note that

g—z < 1 if and only if % < ﬁggg ~ 0.6309..... Hence if T' performs p number of iterations performed on odd integers and ¢

number of iterations performed on even integers until S—Z < 1, then there is a chance to have the relation 7719 (z) < .

So if 2 < ;Zgg and T?P79(z) < z, then Collatz iterations may be stopped with the assumption that the integer is a number

log2
log3

favorable to Collatz conjecture. So one may find p and g corresponding to each x so that g < and q% > log2 g

1 = log3~

selection is a favourable one for number z, because T?1%(x) < x is satisfied which is verified (not proved) for many cases.

Thus it is proposed to find p and ¢ for different cases of numbers. The method of finding p and ¢ such that % < éggg < #
is discussed in the next section. However, finding 4 and j satisfying 7°"/ (z) < z after performing ¢ number of iterations on
odd integers and j number of iterations on even integers are being helpful to understand T°9(2/n + z) < (2/n + x). This

is explained in section 3 of this article.

These computational procedures are followed with an expectation of getting a chance of solving Collatz conjecture, even-
though there are favourable theoretical results in literature (for example [2, 3, 5, 6, 9, 10]), which are not sufficient to solve
Collatz conjecture. There are articles(see for example [1, 4, 7, 8]) which discusses particular cases for Collatz conjecture,

and the present article is also of this type.

2. Finding p and q

Let m(z) denote a positive integer multiple of x.

(1). Let Ay = {z : x = m(2)}. Let x € Ay be arbitrary, then = is an even integer. Then T'(z) = § < z. So T(z) < z, for

all z in A;. Here number of iterations performed on odd integers is p = 0, and number of iterations performed on even

log2
log3 "~

integers is ¢ = 1, and g =0<

(2). Let Az = {z : z = 1 +m(2%)}. Let x € A> be arbitrary. Then z = 1+ m(2?), and = is an odd integer. Then

T(z) = 4+ m(2?). T?(z) = 2+m(2). T*(z) = 1+ m(1). Now number of iterations performed on odd integers is p

=1, number of iterations performed on even integers is ¢ = 2, and % = % < iﬁgi where as q% =1> ﬁzgz So the
iteration procedure may be stopped. Moreover if € Aa, then z is an odd Integer. T(x) = 3z + 1. T?(z) = # and
T3(z) = 328, For this z, T?(z) <z & 32 <z & 3+ 1 <4z & 2> 14 (x—1) > 0. Here (x —1) > 0, for all

x € As. So T3(z) < z, for all z € As.

(3). Let Az = {z: 2 =14+2+224+2*+m(2°)}. Let © € A3 be arbitrary. Then z = 1 +24 2% +2* 4+ m(2°), and = is an odd
integer, T(z) = 4 + 3.2 +3.22 + 3.2* + m(3.2°), T%(z) = 2+ 3+ 3.2+ 3.2° + m(3.2%)= 1+ 22 + 3.2 + 3.2% + m(3.2%),
T3(x) = 44 3.22 + 322 + 3223 + m(32.2%), T*(z) = 2 + 3.2+ 32 + 32.2%7 + m(3%2.2%) = 1 + 2* + 32.22 + m(32.2%),
TP (x) = 44322+ 3%.22 + m(3%.2%), T%(x) = 24+3.2° +3%.24+m(3%.2?), T7(z) = 143.22 + 3% + m(3%.2) = 40+ m(3%.2),
and T8(z) = 20 +m(3%.2).

Now number of iterations performed on odd integers is p = 3, number of iterations performed on even integers is ¢ = 5.
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log 2
log 3°

x is an odd integer. T(z) = 3z + 1. T?(z) = 3%t T%(z) = 2285 | TH(z) = 2288, TO(g) = 2729 TO(y) = 22419,

T7(:E):Mande(m):M. FT8%z) <ze 220 <2< 272+19< 3220 < (5o —19) > 0 & 5z > 19 <z >

So the iteration procedure may be stopped. Moreover, if x € As, then

P _ 3 log2 p _ 3
Here =5 < where as =1

Herea:> , for all x € As. So T8( ) < z, for all z € As.

cLet Ay = {z:2=1+2+22+m(2")}. Let x € Ay be arbitrary. = = 1+ 2+ 22 + m(27), = is an odd integer.

T(z) = 44+3.24+3.224m(3.27). T?(x) = 1+2+234+m(3.25). T3(z) = 443.243.234+-m(3%.2%). T*(2) = 142" +m(32.2°%).
T(x) = 44 3.2 + m(3%.2%). TS(z) = 2+ 3.2° + m(3%.2%). T®(x) = 4 + 322 + m(3*.2%). T%(z) = 24+ 32.2 + m(3*.2?).
TY(z) = 10 + m(3%.2). T (x) = 5+ m(3%).

Now number of iterations performed on odd integers is p = 4. Number of iterations performed on even integers is ¢ = 7.

g 2

1093 So the iteration procedure may be stopped. Moreover,

P _ _ log2 p __ 4
Here =7 = 0.578 < 5, where as iT6=3>

if z € As, then z is an odd integer. T(z) = 3z + 1. T?(z) = 3. T%(z) = 3[35H] 41 = 25 T4(g) = 2285,

Ts(m) — 2714#19. TG(:E) — 27z+19. T7({E) — 27z+19. TS(SE) — 81z+73. TQ(‘,L,) _ 811+73. TlO(:L,) _ 811+73. Tll(x) _ 81;52273.

For this z, T (z) = 8448 < 2 & 812+ 73 <1282 & 472 — T3>0 472 > T3 < 2 > 22 Herex > 22 for all w € A4,

So T'(z) < z, for all x € A4.

.Let As={z:z=1+2+ 23 4+ m(26)}. Let € As be arbitrary. = = 14+ 2 + 2% + m(2°%) and z is an odd number.

T(x) =4+32+3.2°4+m(3.2%). T?(z) = 14+ 2* + m(3.2%). T3(x) = 4+ 3.2* + m(3%2.2°). T*(z) = 2+ 3.2° + m(32.2%).
T5(x) =1+ 3.22 + m(32.2%). T%(z) =4+ 3222 + m(3%.2%). T7(z) = 2+ 32.2 + m(3%.2%). T%(z) = 1 + 3% + m(3%.2).

Now number of iterations performed on odd integers is p = 3. Number of iterations performed on even integers is ¢ = 5.

Here p =z < log2 ‘where as £ = 3 > So the iteration procedure may be stopped. Moreover, if x € Ag, then z is

log 37 log3
an odd Integer. T'(z) = 3z+1. TQ(.T) = 328l T3(z) = 33T |41 = 9LES T (g) = 2B TO(g) = 22EB TO(g) = 272t

T"(z) = 22428 T8(z) = 212423 For this o, T°(z) = 22128 < 2 & 272+ 23 < 32z & (52 — 23) > 0 < z > 5. Here

x> 5 for all z € As. SoT(m)<x,forallx€A5.

.Let Ag = {x : z = 1+ 2+ m(2Y)}. Let = € Ag be arbitrary. = = 1+ 2 + m(2*), = is an odd integer.

T(z) = 44324+ m(3.2Y). T?(z) = 1+ 2% +m(3.2%). T3(x) = 4 + 3.2 + m(32.2%). T*(z) = 2 + 3.2 + m(32.2%).
T?(z) = 1+ 3 +m(3%.2%) = 2% + m(3%.2%). T%(2) = 2 +m(3%.2).

Now number of iterations performed on odd integers is p = 2. Number of iterations performed on even integers is ¢ = 4.

log 2
log 3°

Here % = % < 82 "yhere as £ = % > So the iteration procedure may be stopped. Moreover, if z € A7 then x

log 37 q—1

is an odd integer. T'(z) = 3z + 1. T?(z) = 2. T%(z) = 2288 T (z) = 2285, T°(z) = 2245 and T°(z) = 2E2. For

this T%(z) = 22 <2< 92+5< 16z < Ta—5>0< x> 2. Herex > 2 forall z € As. So T°(z) < =, for all z € As.

.Let Ay = {z:x=1+24+22423+m(27)}. Let x € A; be arbitrary, then x is an odd integer. x = 1+242% 423 +m(27).

)
T(x) =4+32+32%+32° + m(3.27). T%(z) = 1+2+ 22 +2* + m(3.2°). T%(x) = 4 + 3.2+ 3.22 4+ 3.2* + m(32.2).
T'z) = 14+ 2+ 2% +3.2% +m(32.2%). T5(x) = 4+ 3.2+ 3.2% +32.2% + m(3%.2%). TO(xz) = 1+ 13.2% + m(33.2%).
T"(x) = 4 +3.13.2% + m(3*.2%). T%(z) = 2+ 3.13.2 + m(3*.2%). T%(x) = 1 +3.13 + m(3*.2%) = 2° + 2% + m(3*.2?).
TY(z) = 2* + 2% + m(3*.2). T (z) = 2° + 2+ m(3%).



Two Methods to Approach Collatz Conjecture

164

Now number of iterations performed on odd integers is p = 4. Number of iterations performed on even integers is

g =17 Now 2 = 1< izgg, whereas £y = 2> Ezg So the iteration procedure maybe stopped. Moreover,if
x € Ag, then z is an odd integer. T'(z) = 3z + 1. T?(z) = 2. T?(z) = 2288 T(z) = 28 T5(g) = Zztl9,
TO(z) = Z2HE T7(g) = B12k05  78(g) = 812465 - 79(y) = BL2465  10(g) — 812465 apd T (z) = BZEES For this

T (z) = 34£%5 < 2 & 81z + 65 < 128z & 472 > 65 < = > 2. Here z > &2 for all z € A7. So T''(z) < , for all

T € Ar.

Verification for Disjointness of sets

(a) A; contains all even positive integers, and each A;, i = 2, 3,4, 5,6, 7 contains odd positive integers. Then A1NA; =
0 for all i = 2,3,4,5,6,7.

(b) If AonA; #0,i=3,4,5,6,7, then there are some n,m € N, such that, for respective cases, one has:

i.dn+1=32m+23 or 32m —4n = —22 or 8m —n = —Tu . This is not possible, since 8m — n is an integer.

Hence A> N Az = 0.

ii. dn+1=128m + 74 or 128m — 4n = —6 or 32m —n = %3 This is not possible, since 32m — n is an integer.
HenceAs N Ag = 0.

iii. 4n 4+ 1 =64m + 11 or 64m — 4n = —10 or 16m —n = *75 This is not possible, since 16m — n is an integer.
Hence Ax N As = 0.

iv.dn+1=16m+ 3 or 16m —4n = —2 or 4dm — n = _71 This is not possible, since 4m — n is an integer.
HenceAs N Ag = 0.

v. dn+1=128m + 15 or 128m —4n = —14 or 32m —n = %7 This is not possible, since 32m — n is an integer.
Hence As N A7 = 0.

(c) If AsN A; # 0,4 =4,5,6,7, then there are some m,n € N, such that, for respective cases, one has:

i. 32n4+23=128m+T7or 128m —32n=16or 8m —2n=1or dm —n = % This is not possible, since 4m —n
is an integer. So Az N Ay = 0.

ii. 32n4+23 =64m+ 11l or 64m —32n =12 or 2m —n = %. This is not possible, since 2m — n is an integer. So

AsNAs =0.

iii. 32n + 23 = 16m + 3 or 32n — 16m = —20 or 2n — m = %5. This is not possible, since 2n — m is an integer.
So AsNAg =0 .

iv. 32n+23 = 128m + 15 or 128m —32n = —8 or 4dm —n = ’Tl. This is not possible, since 4m — n is an integer.
So AsN A7 = 0.

(d) If AsnA; #0,i=5,6,7, then there are some m,n € N such that, for respective cases, one has:

i. 128n+7=64m+ 11 or 128n —64m =4 or 2n —m = %. This is not possible, since 2n — m is an integer. So
AsNAs=0.
ii. 128n +7 =16m + 13 or 128n — 16m =6 or 8n — m = g. This is not possible, since 8n — m is an integer. So
AsNAg = 0.
iii. 128n+7 =128m+ 15 or 128n —128m =8 orn —m = % This is not possible, since n — m is an integer. So
AsNA7 =0.
1

(e) i If AsN Ag # (), then there are some m,n such that 64n + 11 = 16m + 3 or 64n — 16m = —8 or 4n —m = 5 -

This is not possible, since 4n — m is an integer. So As N Ag =0
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A concluding table

S. Number | Number p/4 p/(g-1)
No Sets of of
Even odd |(app.value)|(app.value)

iterations|iterations

(p) (@)

1 Ay ={z:z=2n}

= {27 4,7, } 0 1 0 -
General term x = 2n
Asymptotic density:%

2 Ay ={z:xz=1+m(2?)}

General term z = 4n + 1

Asymptotic density:i

3 |Az={z:x=1+2+22+24+m(2%)}
={23,55,87,....} 3 5 0.6 0.75

General term z = 32n + 23

Asymptotic densityzé

4| Ag={z:z=1+2+22+m(27)}
{7,135,263,....} 4 7 0.58 0.67

General term z = 128n + 1

Asymptotic density:ﬁ
5 As ={x:x=1+2+23+m(20)}
={11,75,139, ...} 3 5 0.6 0.75
General term x = 64n + 11
Asymptotic density:&
6 Ag={z:x=1+2+m(2%)}
= {3,19,35,51,....} 2 4 0.5 0.67

General term z = 16n + 3

Asymptotic density:%
7T|Ar7={z:z2=1+2+2%2+23 +m(2")}
= {15,143,271,....} 4 7 0.58 0.67
General term x = 128n + 15
1

Asymptotic density=15¢

ii. If AsN A7 = (), then there are some m, n such that 64n+11 = 128m+15 or 128m —64n = —4 or 2m—n = %61.

This is not possible, since 2m — n is an integer. So A5 N A7 = 0.
(f) If Ag N A7 # 0, then there are some m,n such that 16n + 3 = 128m + 15 or 128m = 16n = —12 or 8m —n = =>.

This is not possible, since 8m — n is an integer. So Ag N A7 =0 .

Asymptotic density of a union of pairwise disjoint sets is the sum of the corresponding asymptotic densities. So, if this sum
reduces to the value 1 at a finite stage, then the conjecture would be settled out positively. So, one may try to find a way

to extend the following table, until the sum value reaches the value 1 at a finite stage. So, the following table is generated.

3. To findiand j

This section also provides a method to generate a table of values satisfying T* (z) < z, for some k. If the previous iteration
procedure is adopted for = 3, then T(3) = 10, T?(3) = 5, T3(3) = 16, T*(3) = 8, T°(3) = 4, T%(3) = 2 < 3. Hence
T%(x) < x. Let i denote smallest number of iterations on odd numbers and j denote smallest number of iterations on even

numbers until 7*77(z) < 2. In this case it happens that g—f <1

Here for « = 3, the values of 4 and j are i = 2,5 = 4. In this procedure integers are divided by 2 four times. When 2/n is

divided by 27, it leads to n, an integer. So T°77(27n + 3) < 2/n 4 3, because %(2]71) < 29n, (with i = 2 and j = 4) and the
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one is added with the triples of odd integer which affects the odd integer corresponding to 3. So T”j(l()’n +3) < 16n + 3,
for all n = 1,2,3,.... Here 16 = 2* = 27. Now the next integer is * = 5 is of the form 4n + 1 and the value of
i = 1,7 = 2. Since any number in the form 4n + 1 € As, it has the values i = 1,j = 2, and T3(4n +1) <4n+1. So

hereafter the number of the form = = 4n+1 may be excluded; when numbers x satisfying 7" (z) < z, for some k, are searched.

The next odd integer is © = 7. For this 7, T(7) = 22, T*(7) = 11, T3(7) = 34, T*(7) = 17, T°(7) = 52, T%(7) = 26,
T7(7) = 13, T¥(7) = 40, T°(7) = 20, T*°(7) = 10, T*(7) =5 < 7. So T (7) < 7, with i = 4, j = 7. Hence T/ (2/n + 7)
=T*7(2"n + 7)=T"(2"n + 7) < 2"n + 7. The next odd integer is = 9, which is of the form 4n + 1.(so that T(9) < 9).
The next odd integer is x = 11, and T(11) = 34, T?(11) = 17, T3(11) = 52, T*(11) = 26, T°(11) = 13, T%(11) = 40,
T7(11) = 20, T¥(11) = 10 < 11, and T¥(x) < = with i = 3,j = 5.

Hence T (27n + 11) = T°T3(2°n + 11) = T3(2°n + 11) < 2°n + 11. Tt is not a difficult work to find asymptotic density
of the sets mentioned in the following table generated by following procedure mentioned above. But the difficulty lies in

deciding disjointness of these sets.

Another concluding table
S.No|General Form il j -
INO enera orm 1
S.No|G 1 F j
1({2n 0| 1
Sl 1 e 36(128n + 135 7| 4
n
37(32n + 139 5| 3
3|16n +3 4| 2
38|128n + 143 7] 4
4(128n 4+ 7 7] 4
39|16n + 147 4| 2
5|64n + 11 5 3
40|32n + 151 5| 3
6/256n + 15 7| 4 m
[i6n + 19 e 412490 + 155 40|25
n
sl32n + 23 =3 42(2%'n + 159 21(13
n
= 43|2%n + 163 4| 2
9(259n + 27 59|37 BT
442290 + 167 29|18
10{256n 4 31 5635 5
45(25n + 171 5| 3
11|16n + 35 2
46(256n + 175 5| 3
12|256m + 39 5
47|16n + 179 4| 2
13|32n + 43 3
= 48|32n + 183 5| 3
14(254n + 47 5434
49|128n + 187 7] 4
15(32n + 55 5| 3 =
50(218n + 191 13] 8
17|128n + 59 7| 4
— 51|16n + 195 4| 2
18|2%4n 4 63 54|34
I 52|256m + 199 5
19(2%n + 67 4| 2
= 53[32n + 203 3
20(2%1n + 71 51(30 e
54(213n 4+ 207 13| 8
21(2°n 475 5
3 55[16n + 211 2
22(28n + 79 8| 5
i 56|32n + 215 3
23|24n + 83 4| 2
21 2on 1 87 s 57|256m + 219 8| 5
n
58(231n + 223 31|19
25(2%n + 91 45|28
3 59|16n + 227 4| 2
26(28%n 4 95 8] 5 12
60|2'2n + 231 12| 7
27|24 4+ 99 4| 2
- 61|32n + 235 5| 3
28|242n + 103 42|26 %
- 622290 + 239 20(12
29(2%n + 107 5 3
T 63|16n + 243 4| 2
30(|231n + 111 31|19
T 64|32n + 247 5
31(2%n + 115 2 -
65(227n + 257 27|17
32(2%n 4+ 119 3
3 662130 + 255 13
33|28n 4+ 123 8| 5
5 67|16n + 259 4| 2
34|2%n + 127 15| 9
35(2%n + 131 4| 2

Among all these sets, some pairwise disjoint sets and their asymptotic densities are given below.
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S.No Sets Asymptotic density
1) By ={2n:n € N} 1
2) By ={4n+1:ne N} i
3) Bs={16n+3:n € N} =
4) | By={32n+23:n€ N} L
5) | Bs={32n+43:n¢c N} L
6) Bsg={128n+7:n € N} ﬁ
7) Br ={128n+59:n € N} ﬁ
8) | Bs={128n+143:n € N} .
9) | By ={256n+79:n¢c N} e
10) | Bio = {256n+79:n € N} ﬁ
11) | Bi1 ={256n+95:n € N} .
12) |Byz = {256n + 123 :n € N} .
13) |Bi3z = {256n+ 175:n € N} e
14) |Big = {256n+199:n € N} .
15) |Bis = {256n +219:n € N} .

Again, the following should be noted regarding this work. If it is possible to find the sum of asymptotic densities of a finite

number of pairwise disjoint sets as 1, then it would settle out the Collatz conjecture positively.
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