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Abstract: The purpose of this paper is to develop some properties of generalized H"-recurrent affinely connected space, P2-like
generalized H"-recurrent space and P*-generalized H"*-recurrent space for Berwald curvature tensor H; 1n, Which satisfies

the condition H;'kh\l

vectors field is introduced and such space is called as a generalized H"-recurrent space and denote it briefly by GH"-RF},.
Some theorems and conditions have been pointed out which reduce a generalized H"-recurrent space Fp(n > 2) into a
Finsler space of curvature scalar.
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1. Introduction

A Finsler space of recurrent curvature was introduced and studied by R.S.D.Dubey and A.K.Srivastava [3], P.N.Pandy [9],
P.N.Pandy and R.B.Misra [10], P.N.Pandy and V.J.Dwivedi [11], P.N.Pandy and S.Pal [12], R.Verma [16], S.Dikshit [2],
F.Y.A. Qasem [14], and many others. The concept of C"-recurrent space have been studied by M.Matsumoto [7], C.K.Mishra
and G.Lodhi [8]. U.C.De and M.Gubha [1], introduced a generalized recurrent Riemannian manifold. Y.B.Maralabhavi and
M.Rathnamma [6], also contributed towards a generalized recurrent and generalized concircular recurrent Riemannian
manifolds. P.N.Pandy, S.Saxena and A.Goswami [13] introduced a generalized H-recurrent Finsler space.

Let us consider an n-dimensional Finsler space F), equipped with the metric function F satisfying the requisite conditions [15].
Let the components of the corresponding metric tensor g;;, Cartan’s connection parameters F;k and Berwald’s connection
parameters ;7@ They are symmetric in their lower indices and positively homogeneous of degree zero in the directional

arguments. The vectors y; and y° satisfies the following relations

a) yi = giy’,
b) yiy' = F?,
¢) gij = 0iy; = Ojyi, (1)

d) gijyj = %O,FQ = F@zF and

e) 9y’ =4l
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The tensor C7;;, defined by

—éigjk = iazajakFQ (2)

Cijk =
Jk 2

is known as (h)hv-torsion tensor [7]. It is positively homogeneous of degree —1 in the directional arguments and symmetric

in all its indices. The (v)hv-torsion tensor CJ;, and its associate (h)hv-torsion tensor C;jx are related by
a) Ch :=¢g"Cijr and b) Cij := gn;Chh.. (3)

The (v)hv-torsion tensor CJ is also positively homogeneous of degree —1 in the directional arguments and symmetric in its

lower indices. E.Cartan deduced the h-covariant derivative for an arbitrary vector filed X* with respect to z* given by [15]
X} = 0 X' — (0-X")G + X" Ty (4)

The metric tensor g;; and the vector y* are covariant constant with respect to above process, i.e.
a) gijix =0 and b) y‘ik =0. (5)

The process of h-covariant differentiation defined above commute with partial differentiation with respect to y’ for arbitrary
vector filed X?, according to

(X)) — (0, X)) = X" (9;Thk) — (0, X") Py, (6)

where

a) 9;Thy =Ty, and b) Piy* = 0= Py". (7)
The tensor P}, is called v(hv)-torsion tensor and its associate tensor Pjp, is given by

Gri P = Pjn. (8)

The quantities H;kh and Hj, form the components of tensors and they called h-curvature tensor of Berwald (Berwald

curvature tensor) and h(v)-torsion tensor, respectively and defined as follow:

J

i I s i A s i i T~ h
CL) H'kh = aijh + Gth'rj + Grthk - h/k and b) Hkh = Gth + chrh - E (9)

They are skew-symmetric in their lower indices, i.e. k and h. Also they are positively homogeneous of degree zero and one,

respectively in their directional arguments. They are also related by

a) Hjwny’ = Hip, b) Hjp, = 0;Hiy; and ¢) Hj, = 0;Hj. (10)

J J

These tensors were constructed initially by mean of the tensor H}, called the deviation tensor, given by

Hj :=20,G" — 0,Gy" + 2G},.,G* — GLG}. (11)
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The deviation tensor H} is positively homogeneous of degree two in the directional arguments. In view of Euler’s theorem

on homogeneous functions and by contracting the indices i and h in (10) and (11), we have the following:

a) Hizy' = —Hyy' = Hj,

b) ij = H;kr,
¢) H; = Hj,, (12)
d) Hpgn = Hue — Hin,

e) H:= LH: and
n—1

f) vH ; =0.
The contracted tensor Hyy, (Ricci tensor), Hy (Curvature vector) and H (curvature scalar) are also connected by
a) Hpn = OHp, b) Hiny" = Hy, and ¢) Hpy® = (n—1)H. (13)
The quantities H ;kh and Hj, are satisfies the following [15]:
a) Hijen := gjrHing, b) Hjnn = gjrHpy and ¢) Hjgn + Hijp + Hipy = 0. (14)

P.N. Pandey proved [9]

yiHp, = 0. (15)

Cartan’s third curvature tensor R}, satisfies the identity known as Bianchi identity [15]

a’) R;kh\s + R;'sk|h + R;hs\k + (RTmhstk'r + R:mkhpjisr + R:nskpjhr)ym = 07
b) R;‘khyj = Hlih = K;khyj, C) Rijhe = grijhk and (16)

d) Rjkhmyj = Hih.m.-
Also this tensor satisfies the following relation too

a) R, = Kjun + Cj Ky’ and ) Rijxn = Kijen + CijsHin, (17)

J

where Rijrn is the associate curvature tensor of Rj;,. Cartan’s fourth curvature tensor K7, and its associate curvature

tensor K satisfy the following identities known as Bianchi identities

a) Kign + Kiji + Kin; =0 and b) Kjrin + Knrjk + Kirnj = 0. (18)

J

2.  An Generalized H"-Recurrent Space

Let us consider a Finsler space F;, whose Berwald curvature tensor H ;khsatisﬁes the condition

Hjpnn = NHjgn + i (0h g5k — 61.gjn)s Hjgn # 0, (19)
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where A; and p; are non-null covariant vectors field. We shall call such space as a generalized H h_ recurrent space. We shall
denote it briefly by GH"-RF,,. Now, let us consider a generalized H"- recurrent space characterized by the condition (19).

Transvecting the condition (19) by y?, using (5b), (10a) and (1a), we get
Hinp = MHin + u(Shyx — Siyn).- (20)
Further, transvecting the condition (20) by y*, using (5b), (12a) and (1b), we get
Hyy = NHj, + (0L F? = yny'). (21)
Trausvecting the condition (20) by gip, using (5a) and (14b), we get
Hipnp = MHep.n + 11(ghp¥Ys — grpyn)- (22)

Therefore, we have

Theorem 2.1. In GH"-RF,, the h-covariant derivative of the h(v)-torsion tensor Hj,, the deviation tensor H} and the

tensor Hyp.1, s given by the conditions (20),(21) and (22), respectively.

Differentiating (20) partially with respect to y?, using (10b), (7a), (1c) and using the commutation formula exhibited by (6)

for the h(v)-torsion tensor Hj;, we get
H;kh\l + Hip DS — Hip Dl — Hip X — Hign Pl = (OjN) Hin + NH e + (05 1) (61 Y — Skyn) + pu(6hgjk — Skgin)- (23)
This shows that Hjyy,; = M H, + (0,955 — 04gjn) if and only if
HI:hF;’rl - Hihf§kz - Hlir §hz - Hikh fz = (5j)\l)Hiih + (8'jm)(5§;yk - 5liyh)- (24)

Thus, we conclude
Theorem 2.2. In GH"-RF,, Berwald curvature tensor H}kh is generalized recurrent if and only if (24) holds good.

Transvecting (23) by gip, using (7a) and (14a), we get

ijkhll + gip(HIZhF;'rl - Hfthch - Hli'r ]T'hz - H:;th]T) = )\lijkh + gip[(gj)\l)Hlih + (@Mz)((%yk - 5iyh)]

+ 1(ghpgik — Grpgin)- (25)
This shows that Hjprn2t = MiHjpkn + 11(gikghp — gjngrp) if and only if
9ip(Hin X5y — Hip Do — Hi Dy — Hypn P = 9ip[ (O M) Hi, + (9500) (Shyr — S1yn)]- (26)

Thus, we conclude

Theorem 2.3. In GH"-RF,, the associate tensor Hjpkn of Berwald curvature tensor H;kh is generalized recurrent if and

only if (26) holds good.
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Contracting the indices i and h in the condition (23), using (12b) and (12c), we get

Hjpp + Hp, I

grl

— H.Tjy — H, T, — Heo Py = M Hjw + (0;M) Hye + (n = Dyw(95m) + (0 — 1) pugjn. (27)
This shows that Hp; = M Hj, + (n — 1)mug;r if and only if

HL,T?

L= Ho D — HE TG0 — Hex Pl = (9;M) Hy + (n — 1)yk(D5m). (28)
Thus, we conclude
Theorem 2.4. In GH"-RF,, the H-Ricci tensor Hjy, is non-vanishing if and only if (28) holds good. Contracting the

indices © and j in (23) and using (12d), we get

(Hni — Hin)yp + Hin T, — HE Tp — HE, Do — HE Py = (Op\) HE, + N(Hni — Hin) + (Op) (Shyx — 5yn).  (29)

prl

This shows that (Hhk — Hkh)|l = )\I(Hhk — Hkh) if and only if

HipT% = HE, Ty — HE T — HY Py = (Op\) HE, + (Opp) (55 yk — 6Lyn). (30)

prl

Thus, we conclude
Theorem 2.5. In GH"-RF,, the tensor (Hni — Hgn) behaves as recurrent if and only if (30) holds good .

Differentiating the condition (21) partially with respect to y* , using (11c), (1d), (1a), (1c), (1le) and using the commutation

formula exhibited by (6) for the h(v) deviation tensor H}, we get
Hicnjo + HiTkyr = T = Hep Pl = Ok M) Hi, + M + Onpu) OhF = yny’) + mu(20hye — giny’ = 0kyn). - (31)

The interchange of the indices k and h in (31), the subtraction of the equation thus obtained from (31) and by using (12c),

we get

A 7 a 7 1 1T 7 T 7k 2 7 A 7 1 1
(OxHy — OnHy)j + (HpTipy — Hy Ty — Hmpszh ) = \i(OxHj, — OnHy) + 3 (61, — Opyn)
: i ; i iy —k
+ (O X) Hy, + (D) (61 F° — yny )7]' (32)

This shows that (9 Hj, — OnHp ) = \i(OHjy, — O, H}) if and only if

T i i T _k i i
Hp Ty — Hi Dy — Hthle = 3#1(5hyk - 6kyh)

+ (M H (+Oum) G F? = ') 5 (33)

Thus, we conclude

Theorem 2.6. In GH"-RF,, the tensor (8kH}L - 3hH,i) behaves as recurrent if and only if (83) holds good.
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3. An Generalized H"-Recurrent Affinely Connected Space

A Finsler space F,, whose connection parameter G;-,c is independent of 3° is called an affinely connected space (Berwald

space). Thus, an affinely connected space is characterized by any one of the following equivalent conditions
a) G;kh =0 and b) Cijk:|h = 0, (34)

the connection parameters I';, of Cartan and G%,, of Berwald coincides in affinely connected space and they are independent
of directional arguments [? ], i.e.

a) 9;Gip, =0 and b) 9%, =0. (35)

Definition 3.1. If the generalized H"-recurrent space is affinely connected space [satisfies any one of the conditions (34a),
(34b), (35a) and (35b)] we called it a generalized H"-recurrent affinely connected space and denoted briefly by GH"-RF,

affinely connected space.

Let us consider a GH" — R affinely connected space, if 9;\; = 0 and 9 = 0 , so in view of the condition (35b) and (7a),

the condition (23) reduces to

Hignn = N Hjgn + Hign P+ wi(0hgix — 0kgjn)- (36)
This shows that H}kh” = NH iy + (8,955 — 0kgjn) if and only if Hy, Pf; = 0. Thus, we conclude

Theorem 3.2. In GH" — R affinely connected space, if the directional deriwative of covariant vectors field of one order

vanish, then Berwald curvature tensor H;kh is generalized recurrent if and only if Hf.thfl =0.

Consider a GH"-R affinely connected space, if d;A; = 0 and d;u = 0 , so in view of the condition (35b), (7a) and (14a),
equation (25) reduces to Hjprn)i = AiHjprn+ Hrpkn Pjy 4 141(gi19hp — gingkp). This shows that Hjpini = MHjprn+ i (gikgnp —

gingkp) if and only if HyprnPj; = 0. Thus, we conclude

Theorem 3.3. In GH" — R affinely connected space, if the directional deriwative of covariant vectors field of one order

vanish, then Berwald associate curvature tensor Hjykp is generalized recurrent if and only if Hrprn P = 0.

Consider a GH"-R affinely connected space, if 9;\; = 0 and d;u = 0, so in view of the condition (35b) and (7a), the
equation (27) reduces to Hjp; = MiHjx + HrePj; + (n — 1)pigje. This shows that Hjx, = M Hjx + (n — 1)pug;r if and only

if H,Pj; = 0. Thus, we conclude

Theorem 3.4. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then H-Ricci tensor Hjy is non-vanishing if and only if H,x P}, = 0.

Consider a GH"-R affinely connected space, if 9;\; = 0 and dju = 0 , so in view of the condition (35b) and (7a), the
equation (29) reduces to (Hnx — Hin )2t = Mi(Hue — Hin) + HE,, o1~ This shows that (Hnx — Hen )i = Mi(Hne — Hin) if and
only if H?,, Py, = 0.

Thus, we conclude

Theorem 3.5. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the tensor (Hpr — Hin) behaves as recurrent if and only if kah prl =0.
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Consider a GH"-R affinely connected space, if ;A = 0 and d;u; = 0 , so in view of the condition (35b) and (7a), the

equation (31) reduces to

Hipp = N Hig, + Hin Pl + 1(2639% — grny’ — 6iyn). (37)

This shows that

Hing = NHig, + 11204 ye — grny’ — Skyn) (38)

if and only if H, Pf, = 0.

Thus, we conclude

Theorem 3.6. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the h-covariant derivative of the h(v)-torsion tensor Hp, is given by the condition (37) if and only if H:, Py, = 0.

Transvecting (14) by y*, using (5b), (12a), (7b), (1b) and (1a), we get
Hyy = NHj, + 25, F? — yny'). (39)

Thus, we conclude

Theorem 3.7. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,
then the h-covariant derivative of the deviation H}. is given by the condition (8.5). Contracting the indices i and h in equation
(8.5), using (12e) and (1b), we get

Hy = NH + 2 F?. (40)
Thus, we conclude

Theorem 3.8. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the covariant scalar H is non-vanishing.

Trausvecting (3.3) by gip, using(5a), (14b) and (1a), we get

Hipnit = MHip.h + Hrp n Piy + 111(29npYk — 9knYp — Gkpyn)- (41)

This shows that

Hyponii = MHp.n + 110 (290pYr — 9knYp — GrpYn) (42)

if and only if H,p n Py = 0.

Thus, we conclude

Theorem 3.9. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,
then the h-covariant derivative of the associate tensor Hyp.p, of the h(v)-torsion tensor H}y, is given by the condition (3.8)

if and only if Hrp.n Py = 0.

Consider a GH"-R affinely connected space, if d;A, = 0 and d;u = 0, so in view of the condition (3.2b) and (7a), the

equation (2.14) reduces to

(OuH}, — OnHL) = M(OuHY, — OnHY) + 31 (Shyk — 6iyn) + Hin Py — Hy . Pry.
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This shows that

(O Hy, — OnHL) = N(On Hy, — O HY)

if and only if

3u1 (8w — Skyn) + Hyy Py — Hyy Py = 0. (43)
Thus, we conclude

Theorem 3.10. In GH"-R affinely connected space, if the directional derivative of covariant vectors field of one order

vanish, then the tensor (8kH}L — BhH}C) behaves as recurrent if and only if (3.9) holds.

4. P2-like Generalized H"-Recurrent Space

A P2-like space [4] is characterized by

in = 0;C%n — 0°Clixn, (44)
where §); and () are non-zero covariant and contravariant vectors field, respectively.

Definition 4.1. If the generalized H"-recurrent space is a P2-like space satisfies the condition (4.1) we called it a P2-like
generalized H"-recurrent space and denoted briefly by P2-like GH" — RF,,.

Let us consider a P2-like GH" — RF,, then necessarily we have the condition (4.1). Putting the condition (4.1) in the

identity (16a) and using (16b), we get
R;‘kh\s + R;'sk?h + R;hs\k +0;(Hp Chp + HinCor + HixChiy) — 0" (HpoCigr + Hi Csr + Hi.Cinr) = 0. (45)

Using (17a), (18a), (17b) and (18b) in (4.2), we get

Rignis + Rjoron + Ronsip + 05 (Rhsk + Rins + Rign) — 0" (Rjskn + Rinsk + Rjkns) = 0.

Transvecting the above equation by gip, using (5a) and (16c), we get
Rjpknis + Ripskon + Riphsik + 05 (Rupsk + Riphs + Reprn) — Op(Rjskn + Rjnsk + Rjkns) = 0, (46)
where g;,0* = (),. Transvecting (4.3) by 3’ , using (5b) and (16d), we get
Hynys + Hps.ojn + Hphstie + O(Rupsk + Riphs + Roprn) — Op(Hsk.n + Hnske + Hinos) = 0, (47)
where ();37 = 0. Now, differentiating (15) partially with respect to y’, using (1c) and (10b), we get
gi Hiy, + yiHjpy, = 0. (48)
Taking skew-symmetric part of (4.5) with respect to the indices j, k and h, using (14b) and (14c), we get

Hyn.j + Hjk.n + Huj = 0. (49)
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putting equation (4.6) in (4.4), we get
Hppnjs + Hps i + Hpn.stk + O(Rapsk + Riphs + Reprn) = 0. (50)
Using the condition (22) in (4.7), we get
AsHpko.h + A Hps. kMo Hph.s + s (GhiYp — GokYn) + 1h (GrsYp — Gps ) + 1k (GsnYp — IphYs ) + O(Rupsk + Riphs + Rsprn) = 0. (51)
Thus, we conclude
Theorem 4.2. In P2-like GH" — RF,, we have the identities (4.7) and (4.8) holds good.
5. P*-Generalized H"-Recurrent Space

A P*-Finsler space is characterized by the condition ([4, 5])
P, =0Chy, ©#0, where Py’ = Pij, = Clih|jyj~ (52)

H. Izumi [14] denoted @ by A.

Definition 5.1. If the generalized H"-recurrent space is P*- space [satisfies the condition (5.1)] we called it P*-generalized
recurrent space and denoted briefly by P* — GH" — RF,,.

Now, taking h-covariant derivative of (5.1) covariantly with respect to z', we get

Pinp = 0.Chn + 0Chn)1. (53)
If the (v) hv-torsion tensor Cj}y, is recurrent, i.e. C}ih|l = b,C}},, then (5.2) can be written as
Plih\l = 0,,Ci.p, + bi0Chy,. (54)

Putting equation (5.1) in (5.3), we get Pg,,; = 0,:Chy, + biPgj, which implies Py, = b P, if and only if §,Cj;, =0 .

Thus, we conclude

Theorem 5.2. In P* — GH" — RF,,, the v(hv)-torsion tensor P}, behaves as recurrent if and only if®|lC,ih =0 [provided

the (v)hv-torsion tensor Chy, behaves as recurrent].
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