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Abstract: The purpose of this paper is to develop some properties of generalized Hh-recurrent affinely connected space, P2-like
generalized Hh-recurrent space and P ∗-generalized Hh-recurrent space for Berwald curvature tensor Hi

jkh which satisfies

the condition Hi
jkh|l = λlH

i
jkh +µl(δ

i
hgjk−δ

i
kgjh), where |l is h-covariant differentiation, λl and µl are non-null covariant

vectors field is introduced and such space is called as a generalized Hh-recurrent space and denote it briefly by GHh-RFn.
Some theorems and conditions have been pointed out which reduce a generalized Hh-recurrent space Fn(n > 2) into a

Finsler space of curvature scalar.
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1. Introduction

A Finsler space of recurrent curvature was introduced and studied by R.S.D.Dubey and A.K.Srivastava [3], P.N.Pandy [9],

P.N.Pandy and R.B.Misra [10], P.N.Pandy and V.J.Dwivedi [11], P.N.Pandy and S.Pal [12], R.Verma [16], S.Dikshit [2],

F.Y.A. Qasem [14], and many others. The concept of Ch-recurrent space have been studied by M.Matsumoto [7], C.K.Mishra

and G.Lodhi [8]. U.C.De and M.Guha [1], introduced a generalized recurrent Riemannian manifold. Y.B.Maralabhavi and

M.Rathnamma [6], also contributed towards a generalized recurrent and generalized concircular recurrent Riemannian

manifolds. P.N.Pandy, S.Saxena and A.Goswami [13] introduced a generalized H-recurrent Finsler space.

Let us consider an n-dimensional Finsler space Fn equipped with the metric function F satisfying the requisite conditions [15].

Let the components of the corresponding metric tensor gij , Cartan’s connection parameters Γi
jk and Berwald’s connection

parameters Gi∗
jk. They are symmetric in their lower indices and positively homogeneous of degree zero in the directional

arguments. The vectors yi and yi satisfies the following relations

a) yi = gijy
j ,

b) yiy
i = F 2,

c) gij = ∂̇iyj = ∂̇jyi, (1)

d) gijy
j =

1

2
∂̇iF

2 = F ∂̇iF and

e) ∂̇jy
i = δij .
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The tensor C∗ijk defined by

Cijk =
1

2
∂̇igjk =

1

4
∂̇i∂̇j ∂̇kF

2 (2)

is known as (h)hv-torsion tensor [7]. It is positively homogeneous of degree −1 in the directional arguments and symmetric

in all its indices. The (v)hv-torsion tensor Ch
ik and its associate (h)hv-torsion tensor Cijk are related by

a) Ch
ik := ghjCijk and b) Cijk := ghjC

h
ik. (3)

The (v)hv-torsion tensor Ch
ik is also positively homogeneous of degree −1 in the directional arguments and symmetric in its

lower indices. E.Cartan deduced the h-covariant derivative for an arbitrary vector filed Xi with respect to xk given by [15]

Xi
|k := ∂kX

i − (∂̇rX
i)Gr

k +XrΓi
rk. (4)

The metric tensor gij and the vector yi are covariant constant with respect to above process, i.e.

a) gij|k = 0 and b) yi|k = 0. (5)

The process of h-covariant differentiation defined above commute with partial differentiation with respect to yj for arbitrary

vector filed Xi, according to

∂̇j(X
i
|k)− (∂̇jX

i)|k = Xr(∂̇jΓ
i
rk)− (∂̇rX

i)P r
jk, (6)

where

a) ∂̇jΓ
r
hk = Γr

jhk and b) P i
khy

k = 0 = P i
khy

h. (7)

The tensor P i
kh is called v(hv)-torsion tensor and its associate tensor Pjkh is given by

grjP
r
kh = Pkjh. (8)

The quantities Hi
jkh and Hi

kh form the components of tensors and they called h-curvature tensor of Berwald (Berwald

curvature tensor) and h(v)-torsion tensor, respectively and defined as follow:

a) Hi
jkh := ∂jG

i
kh +Gr

khG
i
rj +Gi

rhjG
r
k − h/k and b) Hi

kh := ∂hG
i
k +Gr

kC
i
rh −

h

k
. (9)

They are skew-symmetric in their lower indices, i.e. k and h. Also they are positively homogeneous of degree zero and one,

respectively in their directional arguments. They are also related by

a) Hi
jkhy

j = Hi
kh, b) Hi

jkh = ∂jH
i
kh; and c) Hi

jk = ∂jH
i
k. (10)

These tensors were constructed initially by mean of the tensor Hi
h, called the deviation tensor, given by

Hi
h := 2∂hG

i − ∂rGi
hy

r + 2Gi
hsG

s −Gi
sG

s
h. (11)
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The deviation tensor Hi
h is positively homogeneous of degree two in the directional arguments. In view of Euler’s theorem

on homogeneous functions and by contracting the indices i and h in (10) and (11), we have the following:

a) Hi
jky

j = −Hi
kjy

j = Hi
k,

b) Hjk := Hr
jkr,

c) Hj := Hr
jr, (12)

d) Hr
rkh = Hhk −Hkh,

e) H :=
1

n− 1
Hr

r and

f) yiH
i
j = 0.

The contracted tensor Hkh (Ricci tensor), Hk (Curvature vector) and H (curvature scalar) are also connected by

a) Hkh = ∂̇kHh, b) Hkhy
k = Hh and c) Hky

k = (n− 1)H. (13)

The quantities Hi
jkh and Hi

kh are satisfies the following [15]:

a) Hijkh := gjrH
r
ihk, b) Hjk.h := gjrH

r
hk and c) Hi

jkh +Hi
hjk +Hi

khj = 0. (14)

P.N. Pandey proved [9]

yiH
i
hk = 0. (15)

Cartan’s third curvature tensor Ri
jkh satisfies the identity known as Bianchi identity [15]

a) Ri
jkh|s +Ri

jsk|h +Ri
jhs|k + (Rr

mhsP
i
jkr +Rr

mkhP
i
jsr +Rr

mskP
i
jhr)ym = 0,

b) Ri
jkhy

j = Hi
kh = Ki

jkhy
j , c) Rijhk = grjR

r
ihk and (16)

d) Rjkhmy
j = Hkh.m.

Also this tensor satisfies the following relation too

a) Ri
jkh = Ki

jkh + Ci
jsK

s
rhky

r and b) Rijkh = Kijkh + CijsH
s
kh, (17)

where Rijkh is the associate curvature tensor of Ri
jkh. Cartan’s fourth curvature tensor Ki

jkh and its associate curvature

tensor Kijkh satisfy the following identities known as Bianchi identities

a) Ki
jkh +Ki

hjk +Ki
khj = 0 and b) Kjrkh +Khrjk +Kkrhj = 0. (18)

2. An Generalized Hh-Recurrent Space

Let us consider a Finsler space Fn whose Berwald curvature tensor Hi
jkhsatisfies the condition

Hi
jkh?l = λlH

i
jkh + µl(δ

i
hgjk − δikgjh), Hi

jkh 6= 0, (19)
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where λl and µl are non-null covariant vectors field. We shall call such space as a generalized Hh- recurrent space. We shall

denote it briefly by GHh-RFn. Now, let us consider a generalized Hh- recurrent space characterized by the condition (19).

Transvecting the condition (19) by yj , using (5b), (10a) and (1a), we get

Hi
kh|l = λlH

i
kh + µl(δ

i
hyk − δikyh). (20)

Further, transvecting the condition (20) by yk, using (5b), (12a) and (1b), we get

Hi
h|l = λlH

i
h + µl(δ

i
hF

2 − yhyi). (21)

Trausvecting the condition (20) by gip, using (5a) and (14b), we get

Hkp.h|l = λlHkp.h + µl(ghpyk − gkpyh). (22)

Therefore, we have

Theorem 2.1. In GHh-RFn, the h-covariant derivative of the h(v)-torsion tensor Hi
kh, the deviation tensor Hi

h and the

tensor Hkp.h is given by the conditions (20),(21) and (22), respectively.

Differentiating (20) partially with respect to yj , using (10b), (7a), (1c) and using the commutation formula exhibited by (6)

for the h(v)-torsion tensor Hi
jk, we get

Hi
jkh|l +Hr

khΓi
jrl −Hi

rhΓr
jkl −Hi

krΓr
jhl −Hi

rkhP
r
jl = (∂̇jλl)H

i
kh + λlH

i
jkh + (∂̇jµl)(δ

i
hyk − δikyh) + µl(δ

i
hgjk − δikgjh). (23)

This shows that Hi
jkh|l = λlH

i
jkh + µl(δ

i
hgjk − δikgjh) if and only if

Hr
khΓi

jrl −Hi
rhΓr

jkl −Hi
krΓr

jhl −Hi
rkhP

r
jl = (∂̇jλl)H

i
kh + (∂̇jµl)(δ

i
hyk − δikyh). (24)

Thus, we conclude

Theorem 2.2. In GHh-RFn, Berwald curvature tensor Hi
jkh is generalized recurrent if and only if (24) holds good.

Transvecting (23) by gip, using (7a) and (14a), we get

Hjpkh|l + gip(Hr
khΓi

jrl −Hi
rhΓr

jkl −Hi
krΓr

jhl −Hi
rkhP

r
jl) = λlHjpkh + gip[(∂̇jλl)H

i
kh + (∂̇jµl)(δ

i
hyk − δikyh)]

+ µl(ghpgjk − gkpgjh). (25)

This shows that Hjpkh?l = λlHjpkh + µl(gjkghp − gjhgkp) if and only if

gip(Hr
khΓi

jrl −Hi
rhΓr

jkl −Hi
krΓr

jhl −Hi
rkhP

r
jl) = gip[(∂̇jλl)H

i
kh + (∂̇jµl)(δ

i
hyk − δikyh)]. (26)

Thus, we conclude

Theorem 2.3. In GHh-RFn, the associate tensor Hjpkh of Berwald curvature tensor Hi
jkh is generalized recurrent if and

only if (26) holds good.
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Contracting the indices i and h in the condition (23), using (12b) and (12c), we get

Hjk|l +Hr
kpΓp

jrl −HrΓr
jkl −Hp

krΓr
jpl −HrkP

r
jl = λlHjk + (∂̇jλl)Hk + (n− 1)yk(∂̇jµl) + (n− 1)µlgjk. (27)

This shows that Hjk|l = λlHjk + (n− 1)µlgjk if and only if

Hr
kpΓp

jrl −HrΓr
jkl −Hp

krΓr
jpl −HrkP

r
jl = (∂̇jλl)Hk + (n− 1)yk(∂̇jµl). (28)

Thus, we conclude

Theorem 2.4. In GHh-RFn, the H-Ricci tensor Hjk is non-vanishing if and only if (28) holds good. Contracting the

indices i and j in (23) and using (12d), we get

(Hhk −Hkh)|l +Hr
khΓp

prl −H
p
rhΓr

pkl −Hp
krΓr

phl −Hp
rkhP

r
pl = (∂̇pλl)H

p
kh + λl(Hhk −Hkh) + (∂̇pµl)(δ

p
hyk − δ

p
kyh). (29)

This shows that (Hhk −Hkh)|l = λl(Hhk −Hkh) if and only if

Hr
khΓp

prl −H
p
rhΓr

pkl −Hp
krΓr

phl −Hp
rkhP

r
pl = (∂̇pλl)H

p
kh + (∂̇pµl)(δ

p
hyk − δ

p
kyh). (30)

Thus, we conclude

Theorem 2.5. In GHh-RFn, the tensor (Hhk −Hkh) behaves as recurrent if and only if (30) holds good .

Differentiating the condition (21) partially with respect to yk , using (11c), (1d), (1a), (1c), (1e) and using the commutation

formula exhibited by (6) for the h(v) deviation tensor Hi
h, we get

Hi
kh|l +Hr

hΓi
krl −Hi

rΓr
khl −Hi

rhP
r
kl = (∂̇kλl)H

i
h + λlH

i
kh + (∂̇kµl)(δ

i
hF

2 − yhyi) + µl(2δ
i
hyk − gkhyi − δikyh). (31)

The interchange of the indices k and h in (31), the subtraction of the equation thus obtained from (31) and by using (12c),

we get

(∂̇kH
i
h − ∂̇hHi

k)|l + (Hr
hΓi

krl −Hi
rΓr

khl −Hi
rhP

r
kl
−k
h

) = λl(∂̇kH
i
h − ∂̇hHi

k) + 3µl(δ
i
hyk − δikyh)

+ [(∂̇kλl)H
i
h + (∂̇kµl)(δ

i
hF

2 − yhyi)
−k
h

]. (32)

This shows that (∂̇kH
i
h − ∂̇hHi

k)|l = λl(∂̇kH
i
h − ∂̇hHi

k) if and only if

Hr
hΓi

krl −Hi
rΓr

khl −Hi
rhP

r
kl
−k
h

= 3µl(δ
i
hyk − δikyh)

+ [(∂̇kλl)H
i
h(+(∂̇kµl)(δ

i
hF

2 − yhyi)
−k
h

]. (33)

Thus, we conclude

Theorem 2.6. In GHh-RFn, the tensor (∂̇kH
i
h − ∂̇hHi

k) behaves as recurrent if and only if (33) holds good.
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3. An Generalized Hh-Recurrent Affinely Connected Space

A Finsler space Fn whose connection parameter Gi
jk is independent of yi is called an affinely connected space (Berwald

space). Thus, an affinely connected space is characterized by any one of the following equivalent conditions

a) Gi
jkh = 0 and b) Cijk|h = 0, (34)

the connection parameters Γi
kh of Cartan and Gi

kh of Berwald coincides in affinely connected space and they are independent

of directional arguments [? ], i.e.

a) ∂̇jG
i
kh = 0 and b) ∂̇jΓ

i
kh = 0. (35)

Definition 3.1. If the generalized Hh-recurrent space is affinely connected space [satisfies any one of the conditions (34a),

(34b), (35a) and (35b)] we called it a generalized Hh-recurrent affinely connected space and denoted briefly by GHh-RFn

affinely connected space.

Let us consider a GHh − R affinely connected space, if ∂̇jλl = 0 and ∂̇jµl = 0 , so in view of the condition (35b) and (7a),

the condition (23) reduces to

Hi
jkh?l = λlH

i
jkh +Hi

rkhP
r
jl + µl(δ

i
hgjk − δikgjh). (36)

This shows that Hi
jkh|l = λlH

i
jkh + µl(δ

i
hgjk − δikgjh) if and only if Hi

rkhP
r
jl = 0. Thus, we conclude

Theorem 3.2. In GHh − R affinely connected space, if the directional derivative of covariant vectors field of one order

vanish, then Berwald curvature tensor Hi
jkh is generalized recurrent if and only if Hi

rkhP
r
jl = 0.

Consider a GHh-R affinely connected space, if ∂̇jλl = 0 and ∂̇jµl = 0 , so in view of the condition (35b), (7a) and (14a),

equation (25) reduces to Hjpkh|l = λlHjpkh+HrpkhP
r
jl+µl(gjkghp−gjhgkp). This shows that Hjpkh|l = λlHjpkh+µl(gjkghp−

gjhgkp) if and only if HrpkhP
r
jl = 0. Thus, we conclude

Theorem 3.3. In GHh − R affinely connected space, if the directional derivative of covariant vectors field of one order

vanish, then Berwald associate curvature tensor Hjpkh is generalized recurrent if and only if HrpkhP
r
jl = 0.

Consider a GHh-R affinely connected space, if ∂̇jλl = 0 and ∂̇jµl = 0, so in view of the condition (35b) and (7a), the

equation (27) reduces to Hjk|l = λlHjk +HrkP
r
jl + (n− 1)µlgjk. This shows that Hjk|l = λlHjk + (n− 1)µlgjk if and only

if HrkP
r
jl = 0. Thus, we conclude

Theorem 3.4. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then H-Ricci tensor Hjk is non-vanishing if and only if HrkP
r
jl = 0.

Consider a GHh-R affinely connected space, if ∂̇jλl = 0 and ∂̇jµl = 0 , so in view of the condition (35b) and (7a), the

equation (29) reduces to (Hhk−Hkh)?l = λl(Hhk−Hkh) +Hp
rkhP

r
pl. This shows that (Hhk−Hkh)|l = λl(Hhk−Hkh) if and

only if Hp
rkhP

r
pl = 0.

Thus, we conclude

Theorem 3.5. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the tensor (Hhk −Hkh) behaves as recurrent if and only if Hp
rkhP

r
pl = 0.
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Consider a GHh-R affinely connected space, if ∂̇jλl = 0 and ∂̇jµl = 0 , so in view of the condition (35b) and (7a), the

equation (31) reduces to

Hi
kh|l = λlH

i
kh +Hi

rhP
r
kl + µl(2δ

i
hyk − gkhyi − δikyh). (37)

This shows that

Hi
kh|l = λlH

i
kh + µl(2δ

i
hyk − gkhyi − δikyh) (38)

if and only if Hi
rhP

r
kl = 0.

Thus, we conclude

Theorem 3.6. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the h-covariant derivative of the h(v)-torsion tensor Hi
kh is given by the condition (37) if and only if Hi

rhP
r
kl = 0.

Transvecting (14) by yk, using (5b), (12a), (7b), (1b) and (1a), we get

Hi
h|l = λlH

i
h + 2µl(δ

i
hF

2 − yhyi). (39)

Thus, we conclude

Theorem 3.7. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the h-covariant derivative of the deviation Hi
h is given by the condition (3.5). Contracting the indices i and h in equation

(3.5), using (12e) and (1b), we get

H|l = λlH + 2µlF
2. (40)

Thus, we conclude

Theorem 3.8. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the covariant scalar H is non-vanishing.

Trausvecting (3.3) by gip, using(5a), (14b) and (1a), we get

Hkp.h|l = λlHkp.h +Hrp.hP
r
kl + µl(2ghpyk − gkhyp − gkpyh). (41)

This shows that

Hkp.h|l = λlHkp.h + µl(2ghpyk − gkhyp − gkpyh) (42)

if and only if Hrp.hP
r
kl = 0.

Thus, we conclude

Theorem 3.9. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order vanish,

then the h-covariant derivative of the associate tensor Hkp.h of the h(v)-torsion tensor Hi
kh is given by the condition (3.8)

if and only if Hrp.hP
r
kl = 0.

Consider a GHh-R affinely connected space, if ∂̇jλl = 0 and ∂̇jµl = 0, so in view of the condition (3.2b) and (7a), the

equation (2.14) reduces to

(∂̇kH
i
h − ∂̇hHi

k)|l = λl(∂̇kH
i
h − ∂̇hHi

k) + 3µl(δ
i
hyk − δikyh) +Hi

rhP
r
kl −Hi

rkP
r
hl.
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This shows that

(∂̇kH
i
h − ∂̇hHi

k)|l = λl(∂̇kH
i
h − ∂̇hHi

k)

if and only if

3µl(δ
i
hyk − δikyh) +Hi

rhP
r
kl −Hi

rkP
r
hl = 0. (43)

Thus, we conclude

Theorem 3.10. In GHh-R affinely connected space, if the directional derivative of covariant vectors field of one order

vanish, then the tensor (∂̇kH
i
h − ∂̇hHi

k) behaves as recurrent if and only if (3.9) holds.

4. P2-like Generalized Hh-Recurrent Space

A P2-like space [4] is characterized by

P i
jkh = ∅jCi

kh − ∅iCjkh, (44)

where ∅j and ∅i are non-zero covariant and contravariant vectors field, respectively.

Definition 4.1. If the generalized Hh-recurrent space is a P2-like space satisfies the condition (4.1) we called it a P2-like

generalized Hh-recurrent space and denoted briefly by P2-like GHh −RFn.

Let us consider a P2-like GHh − RFn, then necessarily we have the condition (4.1). Putting the condition (4.1) in the

identity (16a) and using (16b), we get

Ri
jkh|s +Ri

jsk?h +Ri
jhs|k + ∅j(Hr

hsC
i
kr +Hr

khC
i
sr +Hr

skC
i
hr)− ∅i(Hr

hsCjkr +Hr
khCjsr +Hr

skCjhr) = 0. (45)

Using (17a), (18a), (17b) and (18b) in (4.2), we get

Ri
jkh|s +Ri

jsk?h +Ri
jhs|k + ∅j(Ri

hsk +Ri
khs +Ri

skh)− ∅i(Rjskh +Rjhsk +Rjkhs) = 0.

Transvecting the above equation by gip, using (5a) and (16c), we get

Rjpkh|s +Rjpsk?h +Rjphs|k + ∅j(Rhpsk +Rkphs +Rspkh)− ∅p(Rjskh +Rjhsk +Rjkhs) = 0, (46)

where gip∅i = ∅p. Transvecting (4.3) by yj , using (5b) and (16d), we get

Hpk.h|s +Hps.k|h +Hph.s?k + ∅(Rhpsk +Rkphs +Rspkh)− ∅p(Hsk.h +Hhs.k +Hkh.s) = 0, (47)

where ∅jyj = ∅. Now, differentiating (15) partially with respect to yj , using (1c) and (10b), we get

gijH
i
hk + yiH

i
jhk = 0. (48)

Taking skew-symmetric part of (4.5) with respect to the indices j, k and h, using (14b) and (14c), we get

Hkh.j +Hjk.h +Hhj.k = 0. (49)

30



Fahmi Yaseen Abdo Qasem and Adel Mohammed Ali AL-Qashbari

putting equation (4.6) in (4.4), we get

Hpk.h|s +Hps.k|h +Hph.s?k + ∅(Rhpsk +Rkphs +Rspkh) = 0. (50)

Using the condition (22) in (4.7), we get

λsHpk.h+λhHps.k+λkHph.s+µs(ghkyp−gpkyh)+µh(gksyp−gpsyk)+µk(gshyp−gphys)+∅(Rhpsk+Rkphs+Rspkh) = 0. (51)

Thus, we conclude

Theorem 4.2. In P2-like GHh −RFn, we have the identities (4.7) and (4.8) holds good.

5. P ∗-Generalized Hh-Recurrent Space

A P ∗-Finsler space is characterized by the condition ([4, 5])

P i
kh = ∅Ci

kh, ∅ 6= 0, where P i
jkhy

j = P i
kh = Ci

kh|jy
j . (52)

H. Izumi [14] denoted ∅ by λ.

Definition 5.1. If the generalized Hh-recurrent space is P ∗- space [satisfies the condition (5.1)] we called it P ∗-generalized

recurrent space and denoted briefly by P ∗ −GHh −RFn.

Now, taking h-covariant derivative of (5.1) covariantly with respect to xl, we get

P i
kh|l = ∅|lCi

kh + ∅Ci
kh|l. (53)

If the (v) hv-torsion tensor Ci
kh is recurrent, i.e. Ci

kh|l = blC
i
kh, then (5.2) can be written as

P i
kh|l = ∅|lCi

kh + bl∅Ci
kh. (54)

Putting equation (5.1) in (5.3), we get P i
kh|l = ∅|lCi

kh + blP
i
kh which implies P i

kh|l = blP
i
kh if and only if ∅|lCi

kh = 0 .

Thus, we conclude

Theorem 5.2. In P ∗ −GHh −RFn, the v(hv)-torsion tensor P i
kh behaves as recurrent if and only if ∅|lCi

kh = 0 [provided

the (v)hv-torsion tensor Ci
kh behaves as recurrent].
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