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Abstract: In the present paper, a Finsler space whose curvature tensor K;kh satisfies K]i'kh\e\m: ang;kh +

bom (%gjh — J;ngk) 7Kgi'kh # 0, where ay,, and by,, are non-zero covariant tensor fields of second order called re-

currence tensor fields, is introduced, such space is called as a generalized K" —birecurrent Finsler space. The associate
tensor Kj.p of Cartan’s fourth curvature tensor K;:kh’ the torsion tensor H,ih, the deviation tensor K}il, the Ricci tensor
K, the vector Hy and the scalar curvature K of such space are non-vanishing. Under certain conditions, a general-
ized K" —birecurrent Finsler space becomes Landsberg space. Some conditions have been pointed out which reduce a
generalized K" —birecurrent Finsler space F, (n > 2) into Finsler space of scalar curvature.
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1. Introduction

H.S. Ruse [3] considered a three dimensional Riemannian space having the recurrent of curvature tensor and he called
such space as Riemannian space of recurrent curvature. This idea was extended to n-dimensional Riemannian and non-
Riemannian space by A.G. Walker [1], Y.C.Worg [9], Y.C. Worg and K. Yano [10] and others. This idea was extended
to Finsler spaces by A.Moor [2] for the first time. Due to different connections of Finsler space, the recurrent of Cartan‘s
fourth curvature tensor K;kh have been discussed by N.S.H.Hussien [5], birecurrent of Cartan’s fourth curvature tensor
K;:kh have been discussed by M.A.A.Ali [4]. P.N.Pandey, S.Saxena and A.Goswami [7] interduced a generalized H-recurrent
Finsler space. Let F), be an n-dimensional Finsler space equipped with the metric function a F' (z,y) satisfying the request

conditions [3]. The vectors y;, y* and the metric tensor g;; satisfies the following relations

a) yiy' = F?

b) gi; = Oiy; = 0y

) Yik =0 1)
d) y|lk =0

e) gijijk =0 and

f) g =o.
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The unit vector 2* and the associate vector 1; is defined by

b) 1 = gij’Lj — 81F = % (2)

The process h- covariant differentiation commute with the partial differentiation with respect to y’ according to

a) 9 (X‘;) - (a'jX")‘k = X7 (531“:;) - (&X’) Py,

b) P = (&Tik) " = Doy,

c) F;Iichyh = G;‘khyh =0, (3)

d) Py’ =0,

€) girPin = Prin.

The tensor H;kh satisfies the relation

The torsion tensor Hj,; satisfies

where Hjj, and H are called h-Ricci tensor [6] and

H;khyj = Hlih- (4)
Hpp = 9;Hpp. (5)
Hiny" = Hi, (6)
Ky’ = Hip, (7)
Hj, = HJZ:M, (8)
Hy = H}ii, and 9)
H=- i 1H§. (10)

curvature scalar respectively. Since contraction of the indices does not

affect the homogeneity in y¢, hence the tensors H,x, H, and the scalar H are also homogeneous of degree zero, one and two

in y° respectively. The above tensors are also connected by

ijyj = Hk, (11)
Hji, = 9;Hy, (12)
Hyy" = (n—1)H. (13)

The tensors Hi, Hi, and H}kh also satisfy the following :

Hji, = dnHj}, (14)

The associate tensor Kjjrn of Cartan’s fourth curvature tensor K, is given by

Kijen = griKign- (16)
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The necessary and sufficient condition for a Finsler space F,, (n > 2) to be a Finsler space of scalar curvature is given by
Hj = F?R(8}, — 1'u). (17)
A Finsler space F, is said to be Landsberg space if satisfies
YrGikn = —2Cjknmy"™ = —2Pjen = 0. (18)
The Ricci tensor K, of the curvature tensor K ;kh, the tensor K} and the scalar K are given by

a) K = Kjn,
b) gijjk = K7 (19)

C) ginjk = K;;

2. Generalized K"-Birecurrent Finsler Space

Let us consider a Finsler space F,, whose Cartan’s fourth curvature tensor K ; 1n Satisfies
Kjpnje = MK jin + pe(01.95n — 61.91), Kipn # 0, (20)

where A\¢ and p¢ are non-zero covariant vector fields and called the recurrence vector fields. Such space called it as a
generalized K"-recurrent Finsler space. Differentiating (20) covariantly with respect to ™ in the sense of Cartan and using
(1e), we get

K pnjeim = MejmKin + XK knjm + Heim (0kgin — 0hgsk)- (21)

Using (20) in (21) we get
K pnjeim = (Agjm + XX K n + (Neptm =+ tejm ) (61,950 — 0495k,
which can be written as

K pnieim = @emKpn + bem (0kg5n — 0hgin), Kjpn # 0, (22)

Where a¢m = Agjm + AeAm and bem = Agftm + pig)m are non-zero covariant tensor fields of second order and called recurrence

tensor fields.

Definition 2.1. If Cartan’s fourth curvature tensor K;kh of a Finsler space satisfying the condition (22), where a¢m and
bem are non-zero covariant tensor fields of second order, the space will be called generalized K" — birecurrent Finsler space,

we shall denote such space briefly by GK"* — BR — F,,.
However, if we start from condition (22), we cannot obtain the condition (20), we may conclude

Theorem 2.2. Every generalized K"— recurrent Finsler space is generalized K" — birecurrent Finsler space, but the converse

need not be true.
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Transvecting (22) by the metric tensor g;,, using (1le) and (16), we get
Kjrknjoim = @emKjrin + bem (gkr gin — Ghr gjk) .
Transvecting (22) by %7, using (1d) and (7) we get
Hipjoim = aemHin + bom (5iyh - 52%) .
Further transvecting (24) by 3", using (1d), (6) and (1a), we get
Hijojm = em Hjy + bem, (yiyh - 62F2)

Thus we have

(23)

(24)

Theorem 2.3. In GK" — BR— F, the associate tensor Kjrin of Cartan’s fourth curvature tensor K;kh, the torsion tensor

Hj, and the deviation tensor Hi are non- vanishing.

Contracting the indices 7 and h in equations (22), (24) and (25), using (19a), (9), (10) and (la), we get
Kjkjopm = aemKji + (1 — n)bemgjn.

Hyjejm = aemHi + (1 — n)bem Y.
Higjr, = apm H — bem F2.

Transvecting (26) by ¢*, using (1f), (19¢), we get
Kli\élm = aem K, + (1 — n)bem by,
Transvecting (26) by ¢’%, using (1f) and (19b), we get
Kitjm = aem K + (1 — n)bgr.

Thus, we conclude

(29)

(30)

Theorem 2.4. In GK" — BR — Fy, the Ricct tensor K, the curvature vector Hy, the scalar curvature H the deviation

tensor K& and the scalar curvature tensor K are non- vanishing.
Differentiating (24) partially with respect to ¢/, using (5) and (1b), we get

0; (Hihmm) = (ajaem) Hip, + aom Hjr, + (ijem) (5th - 52%) + bem (Skgjn — 6 ;k)-

Using commutation formula exhibited by (1.3a) for (HlihM) in (31), we get

{01 (Hinne) }, -+ Hinge (87700) = Hinge (3iT55) = Hisge (5785) = Hiy (3i8%50) = O (Hie) P

= (3jaem) Hip + aom Hjgp, + (3jbem) (&yh - 52%) + bem (895 — O gsk)-

(32)
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Again applying the commutation formula exhibited by (1.3a) for (Hf,) in (32) and using (5), we get

{Huage + Hin (O5073) = Hin (D050 ) — i (D035 ) = HiwnPle} 4 Hiwge (85T = Hinge (85T ) — Hiwe (8577)
= Hingy (837500 ) = { Elunge + Hin (8,:05) = Bl (8037) = Hix (9:T35) = Hi P} P
= (5ja4m) H;ih + agmH;:kh + (3jbgm) (5;iyh — 52yk) + bém((sigjh — 5129;‘19)- (33)
This shows that
Hpnjeim = aomHjin + bem (51gjn — 0hgik)- (34)

if and only if

{Hin (&5175) — Hin (8573 ) = Hiw (O5T0) = Hiwn P} + Hinge (750 ) = Hinge (8 ka)
= Hie (0,730 ) = Hinge (90000) = {Hiwge + B (6050) = H (8,T57) = Hix (9,T57) = Hip Pl } P
= <3jaem) Hip + (8jbem) ((%yh — 52:%) . (35)

Contracting the ¢ and h in (33) and using (8), we get

Howieon + { By (85777) = Ho (O5T30) = HI (T50) = HonPle} o+ Higye (95T3%) = Hoe (9577
— 12 (0575 ) = Hige (85750) = {Hoge + 1, (8,037) — 1 (0,03) — 2, (152) — HoPi ) P
= (8jaem) Hi + aemHjr + (1 —n) (6jbzm) ye + (1 —n)d,, gk (36)
This shows that
H]-kwm = azmij + (1 — ’I’L) démgjk. (37)

if and only if

{H;;,, (@-r:ﬁ;) —H, (@r;z) — H, (@-F;z) - HTkPJQ}lm + Hipp (8jrifn) ~ Hyp (8 Ty, )
HEe (05T5m ) = Hugr (957500 ) = { Hope + Hiy (9037) = Ho (9137) = HE (8.T57) = HoaP ) P

= (9aem ) He + (1 —n) (9ibem ) yr- (38)
(dsac..) (B

Thus, we have

Theorem 2.5. In GK" — BR — F,,, Berwald curvature tensor H}kh and Ricci curvature tensor Hj are non-vanishing if

and only if conditions (35) and (38) hold, respectively.

Differentiating (27) partially with respect to 47, using (??) and (1b), we get
8y (Hujeim) = (500m ) Hi+ aom Hyn + (1= 1) (8bem ) i + (1= n)bem g - (39)
Using the commutation formula exhibited by (1. 3a) for (Hy,) and using (12), we get

(3ij|z)|m —H, («%PZL) — Hyr (33‘1751) - (3er\z) P, = (3jaem) Hy + aem Hji + (1 —n) (3jbem) Yk

(1 —n)bemGjk- (40)
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Again using commutation formula exhibited by (3a) for (Hy) in (40), we get

L@, ~ Hy (OT3) = @cHOPL Y~ Hype (T35 = Hygy (85750) = {@cHw),, — Ho (8,T32) — @.HOPL ) P

|m
= (Bjazm) H; + a[mH]'k + (1 — n) (3jbgm) Yk + (1 — n)bemg]-k . (41)

Using (12) and (37) in (41), we get

{_Hr (@U‘;) - (Hkr)sz} — H,y, (@'FZZL) — Hyr (@Fﬂn)

Im
- {Hmz — H, (&F?i) - Hkste} Pjn = (3jaem) Hy + (1 —n) (3ijm) Yk- (42)

Transvecting (42) by y*, using (1d), (2?), (3b) and (1a), we get

—2H, P}, — (n —1) Hy, (3']-1“2‘:”) = (n—1) (8jalm) H-(n-1) (3jbem) 2.

‘Which can be written as

. (3jaem) H
(Osbem) = g (43)
if and only if
—2H P, — (n— 1) H), (@r;ﬁ;) —0. (44)

If the tensor ag,, is independent of 3*, the equation (43) shows that the tensor by, is also independent of y*. Conversely,
if the tensor bg,, is independent of 3*, we get Héjagm = 0. In view of Theorem 2.3, the condition Hajaem = 0 implies

@»aem =0, i.e. the covariant tensor as,, is also independent of yi. This leads to

Theorem 2.6. The covariant tensor bey, is independent of the directional arguments if the covariant tensor agm is inde-

pendent of directional arguments if and only if conditions (44) and (38) hold.

Suppose the tensor as, is not independent of y, then (42) and (43) together imply

(. (Orit) = )P} = Hope (85Ti0) = Hige (9,720 ) = { Hire = Ho (073 = Hio P2} P

|m

— (dyaem) {Hk _ (o F;UHM} . (45)

Transvecting (45) by y™ and using (1d), (3c) and (3d), we get

{-H (a'jrzf;)—<Hkr)sz}lmym=(f%ae—aﬂ) (i — 55— Hy). (46)

where amy™ = ag, if

{~H, (8;T5%) = (H) PR} g™ =0, (47)

|m
Equation (46) implies at least one of the following conditions

(n—1)

a) aje = 5jae, b) Hk = F2

Hyy (48)

Thus, we have
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Theorem 2.7. In GK" — BR — F,, for which the covariant tensor aem is not independent of the directional arguments and

if conditions (47) and (38), (44) hold, at least one of the conditions (48a) and (48b) hold.

Suppose (48b) holds equation (45) implies

(n — 1) ) T r (n — 1) ) T
- Hyr0;Ty, — Hir Pjy - Hy, » 0;I'x
2 J J 2 Jt km

(n—1)
F2

n— 1 A Y T
*{( a2 )Hyk} 0ilm — Hiro Pl —
|r

Transvecting (49) by y?, using (1d), (3b) and (3d), we get

(’I’L—l) 7”} {(n_l) T (n_l) T
HyrPyy + Hy, ¢ Ppm + Hye ¢ Py =0.
{ F? |m F? |2 F? |r

Thus, we have
Theorem 2.8. In GK" — BR — F,,, we have the identity (50) provided (48b).

Transvecting (50) by the metric tensor g,;, using (le) and (3e), we get

{(n - 1)HyTPﬂk}|m + { (n l)Hyr}erkm + { (n~ l)Hyk}rPﬂm =0.

F? F? F?

By using (1c), equation (51) can be written as

yr(HPjék)\m + yr H ¢ Pjkm + yr H ) Pjem = 0.

In view of Theorem 2.3, we have

Pjom =0.

if and only if

yr(HPjex),,,, + yrH e Pjkm = 0.

Therefore the space is Landsberg space. Thus, we have

Theorem 2.9. An GK" — BR — F,, is Landsberg space if and only if conditions (53), (48b), (38) and (44) hold good.

Hy. (:T3k) Pl = His PP = 0.

(49)

(52)

If the covariant tensor aj¢ # éjag, in view of Theorem 2.6, (48b) holds good. In view of this fact, we may rewrite Theorem

2.8 in the following form

Theorem 2.10. An GK" — BR— F, is necessarily Landsberg space if and only if conditions (53), (38), (44) and (48b) hold

good and provided aj, # ajag.

Using (34) in (33), we get

{Hi (70) = Hin (85T ) = Hyw (O5T30) = Hyw P} + Hinge (07 ) = Hinge (O5T5)

— e (0,730 ) = Hinge (95T00e) = { Hlwnie + Hin (0751) — Hin (8,757) — Hix (0,755) — H

= (8ja[m) Hi, + (3jbem) (&iyh - 52?!19) .

(54)
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Transvecting (54) by y* , using (1d), (1a), (3b), (4) and (6), we get

{#7 (0rm3) — B3 (O5T0) = 2Hiu Py} o+ Hiye (80050 ) = Hinge (Phn) = Hige (85730 ) = Hi (851302

— {Hige + B (8,75) = HE(:15%) = 2H P} P = (Bi00m ) Hiv + (9b0m ) (u'yn — 0% ). (55)
Substituting the value of d;bg,, from (43) , in (55), we get

(i (8570) = 12 (0570 ) — 20 Py} + Hie (95T50) = Hinge (P) = Hiye (130) = Hiy, (95770)

\
— {Hine + H (0:050) = Hy (T33) = 2HY P Ph = (dy00m ) [H), = H (3h =2 'u. ) (56)

if

{7 (85070) — 17 (Oi030) = 2HiPle}  + Hiye (175 ) = Hinge (P0)

— i (OiTi) = Hiy, (T3) = (i + Hi (905%) = H2 (8.153) = 2H: PE} P = 0. (57)
We have at least one of the following conditions :
a) (a'jagm) =0, b) Hi=H (5; - z%h) . (58)
Putting H = F2R , the equation (57b) may be written as
Hi = F?R (5;; - zizh) , (59)

where R # 0. Therefore the space is a Finsler space of scalar curvature. Thus, we have

Theorem 2.11. An GK" — BR—F,, forn > 2 admitting equation (57) holds is a Finsler space of scalar curvature provided

R # 0, the covariant tensor agm is not independent of directional arguments and condition (35) holds .
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