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Abstract: In the present paper, a Finsler space whose curvature tensor Ki
jkh satisfies Ki

jkh|`|m= a`mK
i
jkh +

b`m
(
δikgjh − δ

i
hgjk

)
,Ki

jkh 6= 0, where a`m and b`m are non-zero covariant tensor fields of second order called re-

currence tensor fields, is introduced, such space is called as a generalized Kh−birecurrent Finsler space. The associate
tensor Kjrkh of Cartan’s fourth curvature tensor Ki

jkh, the torsion tensor Hi
kh, the deviation tensor Ki

h, the Ricci tensor

Kjk, the vector Hk and the scalar curvature K of such space are non-vanishing. Under certain conditions, a general-
ized Kh−birecurrent Finsler space becomes Landsberg space. Some conditions have been pointed out which reduce a

generalized Kh−birecurrent Finsler space Fn(n > 2) into Finsler space of scalar curvature.

Keywords: Finsler space, Generalized Kh−birecurrent Finsler space, Ricci tensor, Landsberg space, Finsler space of scalar curvature.

c© JS Publication.

1. Introduction

H.S. Ruse [3] considered a three dimensional Riemannian space having the recurrent of curvature tensor and he called

such space as Riemannian space of recurrent curvature. This idea was extended to n-dimensional Riemannian and non-

Riemannian space by A.G. Walker [1], Y.C.Worg [9], Y.C. Worg and K. Yano [10] and others. This idea was extended

to Finsler spaces by A.Moor [2] for the first time. Due to different connections of Finsler space, the recurrent of Cartan‘s

fourth curvature tensor Ki
jkh have been discussed by N.S.H.Hussien [5], birecurrent of Cartan’s fourth curvature tensor

Ki
jkh have been discussed by M.A.A.Ali [4]. P.N.Pandey, S.Saxena and A.Goswami [7] interduced a generalized H-recurrent

Finsler space. Let Fn be an n-dimensional Finsler space equipped with the metric function a F (x, y) satisfying the request

conditions [3]. The vectors yi, y
i and the metric tensor gij satisfies the following relations

a) yiy
i = F 2

b) gij = ∂̇iyj = ∂̇jyi

c) yi|k = 0 (1)

d) yi|k = 0

e) gij|k = 0 and

f) gij|k = 0.
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The unit vector ıi and the associate vector ıi is defined by

a) ıi =
yi

F
b) ıi = gijı

j = ∂̇iF =
yi
F
. (2)

The process h- covariant differentiation commute with the partial differentiation with respect to yj according to

a) ∂̇j
(
X i
|k

)
−
(
∂̇jX

i
)
|k

= Xr
(
∂̇jΓ
∗i
rk

)
−
(
∂̇rX

i
)
P r
jk,

b) P r
jk =

(
∂̇jΓ
∗r
hk

)
yh = Γ∗rjhky

h,

c) Γ∗ijkhy
h = Gi

jkhy
h = 0, (3)

d) P i
jky

j = 0,

e) girP
i
kh = Prkh.

The tensor Hi
jkh satisfies the relation

Hi
jkhy

j = Hi
kh. (4)

Hi
jkh = ∂̇jH

i
kh. (5)

The torsion tensor Hi
kh satisfies

Hi
khy

h = Hi
k, (6)

Ki
jkhy

j = Hi
kh, (7)

Hjk = Hi
jki, (8)

Hk = Hi
ki, and (9)

H =
1

n− 1
Hi

i . (10)

where Hjk and H are called h-Ricci tensor [6] and curvature scalar respectively. Since contraction of the indices does not

affect the homogeneity in yi, hence the tensors Hrk, Hr and the scalar H are also homogeneous of degree zero, one and two

in yi respectively. The above tensors are also connected by

Hjky
j = Hk, (11)

Hjk = ∂̇jHk, (12)

Hky
k = (n− 1)H. (13)

The tensors Hi
h, H

i
kh and Hi

jkh also satisfy the following :

Hi
kh = ∂̇kH

i
h, (14)

gijH
i
k = gikH

i
j . (15)

The associate tensor Kijkh of Cartan’s fourth curvature tensor Ki
jkh is given by

Kijkh = grjK
r
ikh. (16)
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The necessary and sufficient condition for a Finsler space Fn (n > 2) to be a Finsler space of scalar curvature is given by

Hi
h = F 2R(δih − ıiıh). (17)

A Finsler space Fn is said to be Landsberg space if satisfies

yrG
r
jkh = −2Cjkh|my

m = −2Pjkh = 0. (18)

The Ricci tensor Kjk of the curvature tensor Ki
jkh, the tensor Ki

k and the scalar K are given by

a) Ki
jki = Kjk,

b) gjkKjk = K, (19)

c) gijKjk = Ki
k.

2. Generalized Kh-Birecurrent Finsler Space

Let us consider a Finsler space Fn whose Cartan’s fourth curvature tensor Ki
jkh satisfies

Ki
jkh|` = λ`K

i
jkh + µ`(δ

i
kgjh − δihgjk), Ki

jkh 6= 0, (20)

where λ` and µ` are non-zero covariant vector fields and called the recurrence vector fields. Such space called it as a

generalized Kh-recurrent Finsler space. Differentiating (20) covariantly with respect to xm in the sense of Cartan and using

(1e), we get

Ki
jkh|`|m = λ`|mK

i
jkh + λ`K

i
jkh|m + µ`|m(δikgjh − δihgjk). (21)

Using (20) in (21) we get

Ki
jkh|`|m = (λ`|m + λ`λm)Ki

jkh + (λ`µm + µ`|m)(δikgjh − δihgjk),

which can be written as

Ki
jkh|`|m = a`mK

i
jkh + b`m(δikgjh − δihgjk),Ki

jkh 6= 0, (22)

Where a`m = λ`|m +λ`λm and b`m = λ`µm +µ`|m are non-zero covariant tensor fields of second order and called recurrence

tensor fields.

Definition 2.1. If Cartan’s fourth curvature tensor Ki
jkh of a Finsler space satisfying the condition (22), where a`m and

b`m are non-zero covariant tensor fields of second order, the space will be called generalized Kh− birecurrent Finsler space,

we shall denote such space briefly by GKh −BR− Fn.

However, if we start from condition (22), we cannot obtain the condition (20), we may conclude

Theorem 2.2. Every generalized Kh− recurrent Finsler space is generalized Kh− birecurrent Finsler space, but the converse

need not be true.
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Transvecting (22) by the metric tensor gir, using (1e) and (16), we get

Kjrkh|`|m = a`mKjrkh + b`m
(
gkr gjh − ghr gjk

)
. (23)

Transvecting (22) by yj , using (1d) and (7) we get

Hi
kh|`|m = a`mH

i
kh + b`m

(
δikyh − δihyk

)
. (24)

Further transvecting (24) by yk, using (1d), (6) and (1a), we get

Hi
h|`|m = a`mH

i
h + b`m

(
yiyh − δihF 2

)
(25)

Thus we have

Theorem 2.3. In GKh−BR−Fn, the associate tensor Kjrkh of Cartan’s fourth curvature tensor Ki
jkh, the torsion tensor

Hi
kh and the deviation tensor Hi

h are non- vanishing.

Contracting the indices i and h in equations (22), (24) and (25), using (19a), (9), (10) and (1a), we get

Kjk|`|m = a`mKjk + (1− n)b`mgjk. (26)

Hk|`|m = a`mHk + (1− n)b`myk. (27)

H|`|m = a`mH − b`mF 2. (28)

Transvecting (26) by gij , using (1f), (19c), we get

Ki
k|`|m = a`mK

i
k + (1− n)b`mδ

i
k. (29)

Transvecting (26) by gjk, using (1f) and (19b), we get

K|`|m = a`mK + (1− n)b`m. (30)

Thus, we conclude

Theorem 2.4. In GKh − BR − Fn, the Ricci tensor Kjk, the curvature vector Hk, the scalar curvature H the deviation

tensor Ki
k and the scalar curvature tensor K are non- vanishing.

Differentiating (24) partially with respect to yj , using (5) and (1b), we get

∂̇j
(
Hi

kh|`|m

)
=
(
∂̇ja`m

)
Hi

kh + a`mH
i
jkh +

(
∂̇jb`m

)(
δikyh − δihyk

)
+ b`m(δikgjh − δihgjk). (31)

Using commutation formula exhibited by (1.3a) for (Hi
kh|`) in (31), we get

{
∂̇j
(
Hi

kh|`

)}
|m

+Hr
kh|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`

(
∂̇jΓ
∗r
km

)
−Hi

rk|`

(
∂̇jΓ
∗r
hm

)
−Hr

kh|r

(
∂̇jΓ
∗i
m`

)
− ∂̇r

(
Hi

kh|`

)
P r
jm

=
(
∂̇ja`m

)
Hi

kh + a`mH
i
jkh +

(
∂̇jb`m

)(
δikyh − δihyk

)
+ b`m(δikgjh − δihgjk). (32)
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Again applying the commutation formula exhibited by (1.3a) for (Hi
kh) in (32) and using (5), we get

{
Hi

jkh|` +Hr
kh

(
∂̇jΓ
∗i
r`

)
−Hi

rh

(
∂̇jΓ
∗r
k`

)
−Hi

rk

(
∂̇jΓ
∗r
h`

)
−Hi

rkhP
r
j`

}
|m

+Hr
kh|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`

(
∂̇jΓ
∗r
km

)
−Hi

rk|`

(
∂̇jΓ
∗r
hm

)
−Hi

kh|r

(
∂̇jΓ
∗r
m`

)
−
{
Hi

rkh|` +Hs
kh

(
∂̇rΓ∗is`

)
−Hi

sh

(
∂̇rΓ∗sk`

)
−Hi

sk

(
∂̇rΓ∗sh`

)
−Hi

skhP
s
r`

}
P r
jm

=
(
∂̇ja`m

)
Hi

kh + a`mH
i
jkh +

(
∂̇jb`m

)(
δikyh − δihyk

)
+ b`m(δikgjh − δihgjk). (33)

This shows that

Hi
jkh|`|m = a`mH

i
jkh + b`m(δikgjh − δihgjk). (34)

if and only if

{
Hr

kh

(
∂̇jΓ
∗i
r`

)
−Hi

rh

(
∂̇jΓ
∗r
k`

)
−Hi

rk

(
∂̇jΓ
∗r
h`

)
−Hi

rkhP
r
j`

}
|m

+Hr
kh|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`

(
∂̇jΓ
∗r
km

)
−Hi

rk|`

(
∂̇jΓ
∗r
hm

)
−Hi

kh|r

(
∂̇jΓ
∗r
m`

)
−
{
Hi

rkh|` +Hs
kh

(
∂̇rΓ∗is`

)
−Hi

sh

(
∂̇rΓ∗sk`

)
−Hi

sk

(
∂̇rΓ∗sh`

)
−Hi

skhP
s
r`

}
P r
jm

=
(
∂̇ja`m

)
Hi

kh +
(
∂̇jb`m

)(
δikyh − δihyk

)
. (35)

Contracting the i and h in (33) and using (8), we get

Hjk|`|m +
{
Hr

kp

(
∂̇jΓ
∗p
r`

)
−Hr

(
∂̇jΓ
∗r
k`

)
−Hp

rk

(
∂̇jΓ
∗r
p`

)
−HrkP

r
j`

}
|m

+Hr
kp|`

(
∂̇jΓ
∗p
rm

)
−Hr|`

(
∂̇jΓ
∗r
km

)
−Hp

rk|`

(
∂̇jΓ
∗r
pm

)
− Hk|r

(
∂̇jΓ
∗r
m`

)
−
{
Hrk|` +Hs

kp

(
∂̇rΓ∗ps`

)
−Hs

(
∂̇rΓ∗sk`

)
−Hp

sk

(
∂̇rΓ∗sp`

)
−HskP

s
r`

}
P r
jm

=
(
∂̇ja`m

)
Hk + a`mHjk + (1− n)

(
∂̇jb`m

)
yk + (1− n) d`mgjk. (36)

This shows that

Hjk|`|m = a`mHjk + (1− n) d`mgjk. (37)

if and only if

{
Hr

kp

(
∂̇jΓ
∗p
r`

)
−Hr

(
∂̇jΓ
∗r
k`

)
−Hp

rk

(
∂̇jΓ
∗r
p`

)
−HrkP

r
j`

}
|m

+Hr
kp|`

(
∂̇jΓ
∗p
rm

)
−Hr|`

(
∂̇jΓ
∗r
km

)
−Hp

rk|`

(
∂̇jΓ
∗r
pm

)
− Hk|r

(
∂̇jΓ
∗r
m`

)
−
{
Hrk|` +Hs

kp

(
∂̇rΓ∗ps`

)
−Hs

(
∂̇rΓ∗sk`

)
−Hp

sk

(
∂̇rΓ∗sp`

)
−HskP

s
r`

}
P r
jm

=
(
∂̇ja`m

)
Hk + (1− n)

(
∂̇jb`m

)
yk. (38)

Thus, we have

Theorem 2.5. In GKh − BR − Fn, Berwald curvature tensor Hi
jkh and Ricci curvature tensor Hjk are non-vanishing if

and only if conditions (35) and (38) hold, respectively.

Differentiating (27) partially with respect to yj , using (??) and (1b), we get

∂̇j
(
Hk|`|m

)
=
(
∂̇ja`m

)
Hk + a`mHjk + (1− n)

(
∂̇jb`m

)
yk + (1− n)b`m gjk . (39)

Using the commutation formula exhibited by (1. 3a) for (Hk|`) and using (12), we get

(∂̇jHk|`)|m −Hr|`

(
∂̇jΓ
∗r
km

)
−Hk|r

(
∂̇jΓ
∗r
`m

)
−
(
∂̇rHk|`

)
P r
jm =

(
∂̇ja`m

)
Hk + a`mHjk + (1− n)

(
∂̇jb`m

)
yk

(1− n)b`mgjk. (40)
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Again using commutation formula exhibited by (3a) for (Hk) in (40), we get

{
(∂̇jHk)|` −Hr

(
∂̇jΓ
∗r
`k

)
− (∂̇rHk)P r

j`

}
|m
−Hr|`

(
∂̇jΓ
∗r
km

)
−Hk|r

(
∂̇jΓ
∗r
`m

)
−
{

(∂̇rHk)|` −Hs

(
∂̇rΓ∗s`k

)
− (∂̇sHk)P s

r`

}
P r
jm

=
(
∂̇ja`m

)
Hk + a`mHjk + (1− n)

(
∂̇jb`m

)
yk + (1− n)b`mgjk . (41)

Using (12) and (37) in (41), we get

{
−Hr

(
∂̇jΓ
∗r
`k

)
− (Hkr)P r

j`

}
|m
−Hr|`

(
∂̇jΓ
∗r
km

)
−Hk|r

(
∂̇jΓ
∗r
`m

)
−
{
Hkr |` −Hs

(
∂̇rΓ∗s`k

)
−HksP

s
r`

}
P r
jm =

(
∂̇ja`m

)
Hk + (1− n)

(
∂̇jb`m

)
yk. (42)

Transvecting (42) by yk, using (1d), (??), (3b) and (1a), we get

−2Hr|`P
r
jm − (n− 1)H|r

(
∂̇jΓ
∗r
`m

)
= (n− 1)

(
∂̇ja`m

)
H − (n− 1)

(
∂̇jb`m

)
F 2.

Which can be written as

(∂̇jb`m) =

(
∂̇ja`m

)
H

F 2
. (43)

if and only if

−2Hr|`P
r
jm − (n− 1)H|r

(
∂̇jΓ
∗r
`m

)
= 0. (44)

If the tensor a`m is independent of yi, the equation (43) shows that the tensor b`m is also independent of yi. Conversely,

if the tensor b`m is independent of yi, we get H∂̇ja`m = 0. In view of Theorem 2.3, the condition H∂̇ja`m = 0 implies

∂̇ja`m = 0, i.e. the covariant tensor a`m is also independent of yi. This leads to

Theorem 2.6. The covariant tensor b`m is independent of the directional arguments if the covariant tensor a`m is inde-

pendent of directional arguments if and only if conditions (44) and (38) hold.

Suppose the tensor a`m is not independent of yi, then (42) and (43) together imply

{
−Hr

(
∂̇jΓ
∗r
`k

)
− (Hkr)P r

j`

}
|m
−Hr|`

(
∂̇jΓ
∗r
km

)
−Hk|r

(
∂̇jΓ
∗r
`m

)
−
{
Hkr|` −Hs

(
∂̇rΓ∗s`k

)
−HksP

s
r`

}
P r
jm

=
(
∂̇ja`m

)[
Hk −

(n− 1)

F 2
Hyk

]
. (45)

Transvecting (45) by ym and using (1d), (3c) and (3d), we get

{
−Hr

(
∂̇jΓ
∗r
`k

)
− (Hkr)P r

j`

}
|m
ym =

(
∂̇ja` − aj`

)
(Hk −

(n− 1)

F 2
Hyk). (46)

where a`my
m = a`, if {

−Hr

(
∂̇jΓ
∗r
`k

)
− (Hkr)P r

j`

}
|m
ym = 0, (47)

Equation (46) implies at least one of the following conditions

a) aj` = ∂̇ja`, b) Hk =
(n− 1)

F 2
Hyk (48)

Thus, we have
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Theorem 2.7. In GKh −BR−Fn for which the covariant tensor a`m is not independent of the directional arguments and

if conditions (47) and (38), (44) hold, at least one of the conditions (48a) and (48b) hold.

Suppose (48b) holds equation (45) implies

{
− (n− 1)

F 2
Hyr∂̇jΓ

∗r
`k −HkrP

r
j`

}
|m
−
{

(n− 1)

F 2
Hyr

}
|`
∂̇jΓ
∗r
km (49)

−
{

(n− 1)

F 2
Hyk

}
|r
∂̇jΓ
∗r
`m − Hkr|`P

r
jm −

(n− 1)

F 2
Hys

(
∂̇rΓ∗s`k

)
P r
jm −HksP

s
r`P

r
jm = 0.

Transvecting (49) by yj , using (1d), (3b) and (3d), we get

{
(n− 1)

F 2
HyrPr

`k

}
|m

+

{
(n− 1)

F 2
Hyr

}
|`
P r
km +

{
(n− 1)

F 2
Hyk

}
|r

Pr
`m = 0. (50)

Thus, we have

Theorem 2.8. In GKh −BR− Fn, we have the identity (50) provided (48b).

Transvecting (50) by the metric tensor grj , using (1e) and (3e), we get

{
(n− 1)

F 2
HyrPj`k

}
|m

+

{
(n− 1)

F 2
Hyr

}
|`
Pjkm +

{
(n− 1)

F 2
Hyk

}
|r
Pj`m = 0. (51)

By using (1c), equation (51) can be written as

yr(HPj`k)|m + yrH|`Pjkm + ykH|rPj`m = 0.

In view of Theorem 2.3, we have

Pj`m = 0. (52)

if and only if

yr(HPj`k)|m + yrH|`Pjkm = 0. (53)

Therefore the space is Landsberg space. Thus, we have

Theorem 2.9. An GKh −BR− Fn is Landsberg space if and only if conditions (53), (48b), (38) and (44) hold good.

If the covariant tensor aj` 6= ∂̇ja`, in view of Theorem 2.6, (48b) holds good. In view of this fact, we may rewrite Theorem

2.8 in the following form

Theorem 2.10. An GKh−BR−Fn is necessarily Landsberg space if and only if conditions (53), (38), (44) and (48b) hold

good and provided aj` 6= ∂̇ja`.

Using (34) in (33), we get

{
Hr

kh

(
∂̇jΓ
∗i
r`

)
−Hi

rh

(
∂̇jΓ
∗r
k`

)
−Hi

rk

(
∂̇jΓ
∗r
h`

)
−Hi

rkhP
r
j`

}
|m

+Hr
kh|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`

(
∂̇jΓ
∗r
km

)
−Hi

rk|`

(
∂̇jΓ
∗r
hm

)
− Hi

kh|r

(
∂̇jΓ
∗r
m`

)
−
{
Hi

rkh|` +Hs
kh

(
∂̇rΓ∗is`

)
−Hi

sh

(
∂̇rΓ∗sk`

)
−Hi

sk

(
∂̇rΓ∗sh`

)
−Hi

skhP
s
r`

}
P r
jm

=
(
∂̇ja`m

)
Hi

kh +
(
∂̇jb`m

)(
δikyh − δihyk

)
. (54)
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Transvecting (54) by yk , using (1d), (1a), (3b), (4) and (6), we get

{
Hr

h

(
∂̇jΓ
∗i
r`

)
−Hi

r

(
∂̇jΓ
∗r
h`

)
− 2Hi

rhP
r
j`

}
|m

+Hr
h|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`
(
Pr

jm

)
−Hi

r|`

(
∂̇jΓ
∗r
hm

)
− Hi

h|r

(
∂̇jΓ
∗r
m`

)
− {Hi

rh|` +Hs
h

(
∂̇rΓ∗is`

)
−Hi

s

(
∂̇rΓ∗sh`

)
− 2Hi

shP
s
r`}P r

jm =
(
∂̇ja`m

)
Hi

h +
(
∂̇jb`m

)(
yiyh − δihF 2

)
. (55)

Substituting the value of ∂̇jb`m from (43) , in (55), we get

{
Hr

h

(
∂̇jΓ
∗i
r`

)
−Hi

r

(
∂̇jΓ
∗r
h`

)
− 2Hi

rhP
r
j`

}
|m

+Hr
h|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`
(
Pr

jm

)
−Hi

r|`

(
∂̇jΓ
∗r
hm

)
− Hi

h|r

(
∂̇jΓ
∗r
m`

)
− {Hi

rh|` +Hs
h

(
∂̇rΓ∗is`

)
−Hi

s

(
∂̇rΓ∗sh`

)
− 2Hi

shP
s
r`}P r

jm =
(
∂̇ja`m

)
[Hi

h −H
(
δih − ı iıh

)
]. (56)

if

{
Hr

h

(
∂̇jΓ
∗i
r`

)
−Hi

r

(
∂̇jΓ
∗r
h`

)
− 2Hi

rhP
r
j`

}
|m

+Hr
h|`

(
∂̇jΓ
∗i
rm

)
−Hi

rh|`
(
Pr

jm

)
−Hi

r|`

(
∂̇jΓ
∗r
hm

)
− Hi

h|r

(
∂̇jΓ
∗r
m`

)
− {Hi

rh|` +Hs
h

(
∂̇rΓ∗is`

)
−Hi

s

(
∂̇rΓ∗sh`

)
− 2Hi

shP
s
r`}P r

jm = 0. (57)

We have at least one of the following conditions :

a)
(
∂̇ja`m

)
= 0, b) Hi

h = H
(
δih − ıiıh

)
. (58)

Putting H = F 2R , the equation (57b) may be written as

Hi
h = F 2R

(
δih − ıiıh

)
, (59)

where R 6= 0. Therefore the space is a Finsler space of scalar curvature. Thus, we have

Theorem 2.11. An GKh−BR−Fn for n > 2 admitting equation (57) holds is a Finsler space of scalar curvature provided

R 6= 0, the covariant tensor a`m is not independent of directional arguments and condition (35) holds .
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