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1. Introduction

Fixed point theory in the framework of metric spaces is one of the most powerful and useful tools in nonlinear functional
analysis. The intrinsic subject of this theory is concerned with the conditions for the existence, uniqueness and exact
methods of evaluation of fixed point of a mapping. The application of fixed point theorems is remarkable in a wide scale
of mathematical, engineering, economic, physical, computer science and other fields of science. The Banach contraction
principle [1] is a simplest and limelight result in this direction. Fixed point theorems for contractive, non-expansive,
contractive type and non-expansive type mappings provide techniques for solving a variety of applied problems in
mathematical and engineering sciences. It is one of the reason that many authors have studied various classes of contractive

type or non-expansive type mappings.

In this paper, X always denotes a metric space. H denotes the Housdorff (resp. generalized Housdorff) metric on
CB(X)(resp. CL(X)) induced by the metric d, where CB(X)(resp. CL(X) ) is the collection of all nonempty closed
and bounded (resp. closed), subsets of X. For these definitions one may refer [7, 15, 18]. For y € X and A C X,d(y, A) will

denote the ordinary distance between y and A. If T is such that for all z,y in X

d(Tz,Ty) < Ad(z,y) (1)
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where 0 < A < 1, then T is said to be a contraction mapping. If T" satisfies (1) with A = 1, then T is called a non-expansive

mapping. If T satisfies any conditions of type
d(Tz,Ty) < ard(z,y) + azd(z, Tx) + asd(y, Ty) + asd(x, Ty) + asd(y, Tz) 2

where a; (i = 1,2,3,4,5) are nonnegative real numbers such that a1 + a2 + az + a4 + as < 1, then T is said to be a
contractive type mapping. If T satisfies (2) with a1 + a2 + as + a4« + a5 = 1, then T is said to be a non-expansive type

mapping. Similar terminology is used for multi-valued mappings.

Bogin [3] proved the following result:

Theorem 1.1. Let X be a nonempty complete metric space and T : X — X a mapping satisfying
d(Tz,Ty) < ad(x,y) + bld(z, Tx) + d(y, Ty)] + c[d(x, Ty) + d(y, Tz)] 3)

where a >0, b >0, c >0 and

a+2b+2c=1 (4)
Then T has a unique fixed point.

This result was generalized by Rhoades [17] and Ciric [6, 8]. Iseki [10] studied a family of commuting mappings Ti, T, ... T,
which satisfy (3) with a > 0, b6 > 0, ¢ > 0 and a + 2b + 2¢ = 1. For Banach spaces the famous is Gregus’s Fixed Point
Theorem [9] for non-expansive type single-valued mappings, which satisfy (3) with ¢ = 0,a < 1. Ciric [8] introduced and
investigated a new class of self-mappings T' on X which satisfy an inequality of type (3) with b > 0 and still have a fixed
point. Also proved that by an example if the mapping T satisfies (3) with b = 0 and if a and ¢ are such that (4) holds,
then 7' need not have a fixed point. Therefore, a contractive condition for T, which shall guarantee a fixed point of T in

the case b =0 and a + 2¢ = 1, must be stricter then (3).

In [12] Jungck introduced the concept of commuting maps. In [13] Jungck introduced the concept of compatible mappings

which generalize the concept of commuting maps.

Definition 1.2 ([13]). Two self maps T and f of a metric space X are said to be compatible if lir_'r_l AT fxn, fTzn) =0,

whenever {x,} is a sequence such that lim Tz, = lim fz,=t¢€ X.
n—-+4oo n—-+oo

Definition 1.3 ([7]). An orbit of the multi-valued map T at a point xo in X is a sequence {xn : T, € TTn_1}. A space X

is T— orbitally complete if every Cauchy sequence of the form {zy,; : Tn, € Txn,—1} converges in X.

Definition 1.4 ([18]). If for a point zo in X, there exists a sequence x,, € X such that fxni1 € Txn, n=0,1,2,... then
Of(xo) = {fxn : n=1,2,...} is an orbit of (T, f) at xo. A space X is called (T, f)—orbitally complete if every Cauchy
sequence of the form {xn, : Tn, € Txn,—1} converges in X.

LetT, f: X — X be two self mappings on X. For each z,y € X, denote

M (z,y) = max{d(fz, Ty),d(fy,Tx)}

m(z,y) = min{d(fz, Ty),d(fy, Tx)}
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In this paper, we shall investigate a new class of self-mappings T, f on X which satisfy the following non-expansive type

condition:

d(Tz,Ty) < a(z,y) maxd(fz, fy),d(fz, Tz),d(fy,Ty), %[M(% y) +m(z,y)] + c(z, y)[M(z,y) + hm(z,y)] (5)
for all z,y € X, where 0 < h < 1, a(z,y) > 0,
B =inf{c(z,y) :z,y € X} >0 (6)
and
sup (a(z,y) + 2c(z,y)) = 1. (7)

z,yeX

2. Main Results

Now, we give our main results.

Theorem 2.1. Let (X,d) be a metric space, T, f are self maps of X satisfying condition (5), where a and c satisfying (6)
and (7) with T(X) C f(X) and either (a) X is complete and f is surjective; or (b) X is complete, f is continuous and T, f
are compatible; or (c) f(X) is complete ; or (d) T(X) is complete. Then f and T have a coincidence point inX. Further,

the coincidence value is unique, i.e. fp = fq whenever fp=Tp and fq="Tgq,(p,q € X).

Proof. First, we shall prove that f and T have at most one coincidence point. On the contrary, suppose that f and T

have two coincidence points p and ¢g. Then from (5) with a and ¢ evaluated at (p, q), we have

[M(p,q) +m(p, q)} + c[M(p, q) + hm(p, q)]

N | =

d(Tp,Tq) < amax {d(fp, fa),d(fp,Tp),d(fq,Ta),
=la+c(14 h)d(Tp,Tq).
Hence by (7), (T'p,Tq) < [1 — ¢(1 — h)]d(Tp, Tq) implying Tp = T'q by (6) and hence fp = fq.

Pick zo € X. We construct two sequences {z,} and {y,} as follows: SinceT'(X) C f(X), choose z1 so that y1 = fz1 = Txo.

In general, choose zp+1 so that yny1 = fxnt1 = Txn. Applying (5), we have

1
d(Tzn, TTni1) < amax {d(fl“m frag1), d(fn, Tan), d(fTni1, TTni1), §[M($n, Tnt1) + m(Tn, Jin+1)}
+ c[M(2n, Zny1) + hm(Tn, Tni1)]
1
= amax {d(fmnv Tan),d(frn, T2n), d(fTnt1, TTnt1), i[M(xna Tnt1) + m(Tn, xn+1)}
+ c[M(%n, Tnt1) + hm(Tn, Tri1)] (8)
where a and ¢ are evaluated at (n,Zny1). Since m(zn, Tnt1) = 0 and M(zn, Tnt1) = d(fxn, Tani1). If we suppose

that for some n, d(fxn+1,TTn+1) > d(fzn,Tzn). Then M(zn,Tn+1) < 2d(fZn+1,TTn+1) and the inequality (8) gives

d(frn+1,Txnt1) < (a4 2¢)d(frn+1, Txn+1) a contradiction. Therefore, for all n we have

d(fni1, Tans1) < d(fon, Tan). (9)
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Again from (5), we have

(g1, Tatn) = d(Tn—2, Tan)
< amax {d(fxn,z, Fn), A(f 2, Ttn2), d(fn, Trn), L [M (a2, 22) +m{n 2, xn)}
M (22, ) + (a2, 22)]
— amax {d(fxn,z, F0), d(fn -2, Ton2), d(fn, Tn), 2 M (@n—2,2n) + m(ra-2, xn)}

+ c[M(zn—2,zn) + hm(zn—2,zn)] (10)

where a and c¢ are evaluated at (x,—2,25). Since

d(fen-2, fon) < d(fon-2, fn-1) + d(fTn1, f2n)
=d(frn-2,Ton—2) + d(fTn-1,TTn-1)
< 2d(fxpn—2,Txn_2)
d(fan-2,Tan) < d(frn-2, fn-1) + d(fTn_1,T2n)
< d(fen_z, frn-1) + d(fTn_1, fzn) + d(fzn, Tzm)
= d(fn-2,Ten-2) + d(frn-1,TTn-1) + d(f2n, Tzn)

< 3d(f1'n—27 TIn—Q)

and
d(fxn7 Txn—2) = d(Tl’n—lz f'rn—l) < d(fl'n—27 T'Tn—2)
Hence
m(n—2,zn) = min{d(frn—2,Txn),d(frn, TTn—2)}
S min{3d(fa:n,2, Tﬂ)nfg), d(fxnfz, T$n72)}
= d(f.l‘nfz, T:L‘nfz)
and

M(mn*% {En) = max{d(fmn*% Tl'n), d(fxnv T:ETL*Q)}
< max{3d(fxn—2,TTn—2),d(frn-2,TTn_2)}

= 3d(fxn—27 Tl’n—Q)

Using (9), the inequality (10) gives

d(Txn—2,Txn) < 2ad(frn—2,TTn—2)+ c[3d(fTn—2,TTn—2) + hd(fTn—2,TTn_2)]
=[2a+c(3+ h)]d(frn—2,TTn—2)

=[2—-c(1—=h)d(frn-2,TTn—2) (11)
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Again from (5), we have

d(Yns Yn+1) = d(TTn—1,Txn)
< amax {d(fx’ﬂflv fx’ﬂ)v d(fxnflv T$n71), d(fflfn, TZEn), %[M(xnfla xn) + m(x’ﬂfla xn)}}
+c[M(zn-1,70) + hm(zn_1, Zn)]

= amax {d(f:cnfl,T:cnfl), d(fxn-1,Txn-1),d(fEn, Tzn), =[M(Tn-1,2n) + m(Tn-1, mn)]}

N =

+c[M(xn—1,%n) + hm(Tn-1,2n)] (12)

where a and c are evaluated at (zn—1,%n). Since m(xn—1,zn) =0 and M (zn—1,%n) = d(TZn—2,Txs). Using (9) and (11),

the inequality (12) gives

AYn,Ynt1) < ad(frn_2, Txn_2) + cd(T2n_2,Txn)
<ad(fxn—2,Txn-2)+c[2— b1 — h)|d(frn—2,TTn—2)

=[1 -1 = h)]d(frn—o, TTn_2)
Hence d(yn, yn+1) < [1 — B2(1 — h)]d(yn—2,yn—1). Proceeding in this manner we obtain
d(Txn 1, Try) < (1— 521 = h)2d(yo, 1) (13)

where [%] stands for the greatest integer not exceeding %. Since § = inf{c(z,y) : z,y € X} > 0 and h € (0,1), {yn} is
Cauchy, hence converges to a point p in X and then fz,, — p and Tz, — p as n — 4o0.

Case (a): Suppose that f is surjective. Then there exists a point z in X such that p = fz. From (5), we have

d(fZ7TZ) < d(fZ,yn+1) + d(yn+1,TZ)
= d(f2ryns) + d(Tn, T2)
< d(fz,Yn+1) + amax {d(fxna f2),d(fzn, Tan),d(fz, T7), %[M(mm z) + m(zn, z)}}

+ c[M(zn, z) + hm(zn, 2)] (14)

Since M(zn,z) — d(fz,Tz) and m(zn,z) — 0 as n — +oo. Taking limit n — +oo in the above inequality, we have

d(fz,Tz) < sup (a+ c)d(fz,Tz) implies that fz =Tz = p.
z,yeX

Case (b): Suppose f is continuous and f and T are compatible. Then since liT Yn = p, We have liT fyn = fp. Now
n—-+4oo n—-+40o0

using triangle inequality, we have

d(fp,Tp) < d(fp, fynt1) + d(fyns1,Tz)

<d(fp, fyn+1) +d(fTxn, T fzn) + d(T frn, Tp)

Note that since lim fx, = lir_‘r_l Tx, = p and f,T are compatible, 11111 d(Tfxn, fTxn) = 0. On letting n — +oo, in
n—-+oo n—r—+00

n—+oo

the above inequality, we have

d(fp,Tp) < im d(T fan, Tp) (15)
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From (5), we have

DN —

d(T farn, Tp) < amax {d(ff:vn, D)2 dUf fms T fn), d( s Tp)s 1M (fmsp) + m(fxn,pn}

+ c[M(fzn,p) + hm(fzn,p)] (16)

Note that

A(ffan, Tfen) <d(ffan, fTan) +d(fTzn, T frn)

=d(ffxn, ffns1) + A(fTxn, Tfxs).

Using the continuity of f and compatibility of f and T, it follows that 115[_1 d(ffzn,Tfzs) =0.
n—-+0oo

Since lim ffz, = fp, it follows that lim 7T fz, = fp and
n—-+oo n—-+oo

lim M(fzn,p) = lim max{d(ffen,Tp),d(fp,Tfen)} = d(fp,Tp)

n——+oo

and

lim m(fz,,p) = 11)141_1 min{d(f fan, Tp),d(fp, T frs)} =0

n——+oo

Taking limit n — 400 in the inequality (15), we have d(fp, Tp) < sup (a+ ¢)d(fp,Tp) implies that fp = Tp.
z,yeX

Case (c): In this case p € f(X). Let 2 € f~'(p). Then p = fz and the proof is complete by case (a).

Case (d): In this case p € T(X) C f(X) and the proof is complete by case (c). O

Corollary 2.2. Let (X,d) be a complete metric space and T is self mapping of X satisfying (5) with f = I, the identity map

on X, where h =1, a and ¢ satisfying (6) and (7). Then T has a unique fized point and at this fized point T is continuous.

Proof. The existence and uniqueness of the fixed point comes from Theorem 2.1 by setting f = I. To prove continuity,

let {yn} C X with lirJ1r1 Yn = p, p the unique fixed point of T'. Using (5), we have
n—r oo

T3, Tp) < e { ). A T ). . o) 5 M) + 0]}

+ c[M (yn,p) + m(yn,p)]
< a(d(yn,p) + d(p, Tyn)) + c[d(p, Tyn) + d(yn,p)]
= (a+ ¢)d(yn,p) + (a + c)d(p, Tyn)

= (1= )d(yn,p) + (1 — c)d(p, T'yn)

Hence

d(Tyn,Tp) < (1 = B)d(yn,p) + (1 — B)d(p, Tyx)

Since 8 = inf{c(z,y) : z,y € X} > 0. Hence we get

d(Tyn, Tp) < (% - 1) d(yn,p)

Taking the limit as n — +oo yields lirf Tyn = Tp. Therefore T is continuous at p. O
n—r—+0oo
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Next we establish some results when 7' is a multi-valued map from a metric space X to the collection of nonempty subset
of X, and f is a self map of X.
In this theorem, we use the following non-expansive type condition: let T : X — C(X) be a multi-valued map and f : X — X

be a single valued map, which satisfy the following condition:

M (z,y) + mia, y)]}

N | =

H(T, Ty) < a(e,y) max {d(fx,fy),d(fm,Tx),d(fy,Ty),

+ c(@,y)[M (z, y) + hm(z,y)] (17)

for all z,y € X, where 0 < h < 1, with a and ¢ satisfy (6) and (7).

Theorem 2.3. Let (X,d) be a metric space, T a multi-valued map from X to C(X) and f be a self map of X satisfying
(17), where a and c satisfying (6) and (7), with T(X) C f(X). Then f and T have a coincidence point in X either (a)
X is (T, f)—orbitally complete and f is surjective or (b) f(X) is (T, f)—orbitally complete or (c) T(X) is (T, f)—orbitally

complete.

Proof. Pick zo € X. We construct two sequences {z,} and {y,} as follows: Since T(X) C f(X), choose z1 so that
y1 = fr1 € Txo. If Txo = Tx1, choose y2 = fra # Tx1 such that y1 = y2. If Txg # Tx1, choose y2 = fre € Tx
such that d(y1,y2) < H(Txzo,Tx1). Such a choice is possible since Tz is compact for each z in X. In general, choose
Yn+2 = fTni2 € Txpy1 such that ynt1 = Yny2 if Toni1 = Txni2 and d(Yn+1, Ynt2) < H(Tzn, Txrn41) otherwise.

From (17), we have
d(yn+17 yn+2) S H(T{L‘n, T],'n+1)
1
< amax {d(fxna fxns1), d(fTn, Ton), d(fTnt1, TTni1), 9 [M (2, Trnt1) + m(zn, anrl)]}

+ C[M(l’ny xn+1) + hm($n7 xn-&-l)}

[M (%, Tng1) + m(xn,wn+1)]}

N —

= amax {d(fxn, Txn), d(fxn, Txn),d(fTnt1, TTnt1),

+ oM (@ @ns1) + hn(n, 2o )] (18)

where a and c¢ are evaluated at (Zn,Znt1). Since m(xn,Tnt+1) = 0 and M (zn, Tnt1) = d(f2n, TTn+1). If we suppose that

for some n, d(fxnt+1, Txnt1) > d(fon, Txn). Then M (zn, Tnt1) < 2d(frn+1,TZnt+1) and the inequality (18) gives
d(frni1, Tent1) < (@ + 20)d(fTnt1, TTni1)
a contradiction. Therefore, for all n we have
d(fnt1, Tani1) < d(fon, Tzn). (19)
Again from (17), we have

d(ynfh yn+1) < H(T:pn*% T:pn)

[M(zn—2,zn) + m(mn,g,xn)]}

N | =

< amax {d( Fones, fn),d(fon_s, Tans2), d(fan, Tan),

+ c[M(zn—2,%n) + hm(zn_2, )]

(M(an-a,22) + (-] |

N =

= amax {d(fﬂcn,g7 fxn), d(fon—2, TTn_2),d(frn, TTn),

+ c[M(zn—2,zn) + hm(zn—2,Tn)] (20)
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where a and c are evaluated at (zn—2,%n). Since

d(frn—2, fzn) < d(frn—2, ftn—1) + d(frn-1, fzn)
= d(frn—2,TTn—2) + d(frn_1,TTn_1)
< 2d(fzn 2, Tan_2)
d(fan—2,Tan) < d(fon-2, ftn-1) +d(frn-1,Tzn)
< d(fon—2, fon1) + d(fon_1, f1n) + d(fzn, Tzn)
= d(fzn_2,TTn o)+ d(fTn1, T 1)+ d(fzn, Tzn)

S 3d(fxn72, Tl'n72)

and
d(fen, Txn—2) = d(TZn-1, ftn-1) < d(frn-2,TTn-2).
Hence
m($n727 l'n) = min{d(fxn*Qa Tx”)v d(.fx'nd Tl'n72)}
< min{3d(fxn—2,Txn—2),d(frn-2,TTn-2)}
= d(fl’n—Qy Tl’n—2)
and

M(zn—2,2n) = max{d(fon—2,TTn),d(fTn, TTn-2)}
< max{3d(fxn—2,TTn—2),d(fxn—2,TTr_2)}

=3d(frn—2,Trn-2)
Using (18), the inequality (19) gives

d(Txn—2,Trn) < 2ad(frn—2,TTn—2) + c[3d(frn—2,TTn—2) + hd(fEn—2,TTn_2)]
= [2a + c(3 + h)]d(frn—2, TTrn—2)

=2-c(l=h)]d(frn—2, TTn—2) (21)
Again from (17), we have

A(Yn, Yn+1) < Hd(Txpn—1,Txn)
< amax {a( s, ). A0t ). A, T, § M (@ 00) 4 (s,
+c[M(zn-1,70) + hm(Tn_1, Tn)]

= amax {d(fivn71,TiEn71), d(fxn-1,Txn-1),d(fxn, Tzn), =[M(Tn-1,2n) + m(Tn-1, mn)]}

N =

+c[M(xn—1,%n) + hm(Tn-1,Zn)] (22)
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where a and c are evaluated at (zp—1,%rn). Since m(xn—1,2n) =0 and M (zn—2,2n) = d(Txn—2,Tx,). Using (19) and (21),

the inequality (22) gives

d(yn7 yn+l) < ad(fxnf% Txn72) + Cd(Txnf% T-Tn)
<ad(fen—2,Txn—2)+c[2—c(1 — h)]d(frn—2,TTn_2)

=[1 -1 —h)d(frn_o, Txn_2)

Hence

AW, ynt1) < [1 = B*(1 = h)]d(Yn—2, Yn—1)

Proceeding in this manner we obtain
d(Tzn1,Tzn) < (1— 421 — 1) Fd(yo, 1) (23)

where [4] stands for the greatest integer not exceeding %. Since 8 = inf{c(z,y) : z,y € X} > 0 and h € (0,1), {yn} is
Cauchy, hence converges to a point p in X in cases (a)-(c).

If f is surjective, there exists a point z such that p = fz. This is obviously true in cases (b) and (c) as well,

d(fZ, T’Z) < d(fza ynJrl) + d(y’ﬂ+17 TZ)
< d(f2,yor) + H(Tan, T2)

[M(xn, z) + m(xn, z)}} + c[M (zn, z) + hm(xn, 2)]

<d(fz,yn+1) + amax{d(fmn,fz),d(fxn,T:cn),d(fz,Tz), %

Since M (zn,z) — d(fz,Tz) and m(x,,z) — 0 as n — +oo. On letting n — +oo in the above inequality, we obtain

d(fz,Tz) < sup (a+c)d(fz T%z)

z,yeX
which implies that fz € T'z. O

Theorem 2.4. Let X,T and f satisfy the hypotheses of Theorem 2.8 with C(X) replaced by CL(X) and 6 =

sup, ,ex(a(z,y) +2¢(z,y)) < 1. Then T and f have a coincidence point in X.

Proof. Choose zo € X. We construct two sequences {z,} and {y,} as follows: Since T(X) C f(X), choose z1 so that
y1 = fx1 € Txo. If Txog = Tx1, choose y2 = fza € Txy such that y1 = y2. If Txg # Tx1, choose y2 = fxo € Ty
such that d(y1,y2) < AH(Tzo,Tx1), where A > 1 and Ad < 1. In general, choose ynt2 = fTnt2 € TTnt+1 such that

A(Ynt1,Ynt2) < AH(Txn, Txny1). From (17) we have

A(Yn+1,Yn+2) < AH (Txn, Tont1)

1
< Aamax {d(fmm Jxni1), d(fan, Ten), d(fnt1, TTnt1), i[M(xn: Tnt1) +m (T, l’nJrl)}}

+ A[M (2, Tnt1) + hm(xn, Tni1)]

(M (2, o) + (e, xn+1>]}

= dama a0, T, o). dl i, Tooin). 3

+ A[M (zn, Tns1) + hm(zn, Tng1)] (24)
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where a and c are evaluated at (n,Tn+1). Since m(Tn, Tnt+1) = 0 and M (zn, Tnt1) = d(fTn, TTns1). If we suppose that

for some n, d(fxnt+1, TTnt1) > d(fon, Txy). Then M (zn, Tnt1) < 2d(fTn+1, TTnt+1) and the inequality (24) gives
A(fxnt1, Txns1) < AMa+ 20)d(fxnt1, TTnt1)
a contradiction. Therefore, for all n we have
d(frn+1, Txnt+1) < d(fen, Tan). (25)
and then from (24), we obtain

d(Yn+1,Ynt2) < Ma + 20)d(fan, Tan)
= >\(a + Zc)d(ym yn+1)

< kd(yn, yn+1) < k"d(yo,y1)

where k = sup,, . x A(a + 2¢), Therefore {yn} is Cauchy, hence converges to some point p in X. Since [ is surjective, there

exists a point z such that p = fz. Now

d(fZ, TZ) S d(fz7yn+l) + d(yn+1,TZ)

< d(fz,yn+1) + AH(Tzn, Tz)

[M(2n, z) + m(xn, z)]}

N | =

< (2, ) + Namax {d(fan, F2) A, T, 2 T2),
+ Ae[M (zn, 2) + hm(xn, 2)].
Since M (zn,z) — d(fz,Tz) and m(xy,,z) — 0 as n — +oo. On letting n — +oo in the above inequality, we obtain
d(fz,Tz) < sup Aa—+c)d(fz,Tz)
z,yeX

which implies that fz € Tz. O
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