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1. Introduction

Consider the impulsive functional differential equation

' (t) = f(t,we), t#te t>to
Az = Ii(t, (z7)), t=ty, ke Z*.

(1)

Where f : Jx PC — R", Am:m(t)—x(t_),to <ty <.t <tpgr < ..., Withty = ccask — coand I, : JxS(p) = R",
where J = [to,), S(p) = {xr € R:|z| < p}. PC = PC(]—7,0],R") denotes the space of piecewise right continuous
functions ¢ : [-7,0] — R™ with sup-norm |||l ., = sup |¢(s)| and the norm |¢|, = (f |ga(s)|2ds)1/2, where 7 is a
positive constant, ||.|| is a norm in R". z; € PC is deﬁ;;(glss; z¢ (s) =z(t+s) for —7 < s < E)Tx’(t) denotes the right-hand
derivative of = (t). Z7 is the set of all positive integers,

Let f(t,0) =0 and J (0) = 0, then x (t) = 0 is the zero solution of (1). Set PC (p) = {p € PC : |l¢|l., < p}, Vp > 0.
Definition 1.1. Let o be the initial time, ¥V o € R, the zero solution of (1) is said to be

(a). stable if , for each o > to and € > 0, there is a 6 = §(o,e) > 0 such that, for ¢ € PC(9), a solution x(t,o,¢) satisfies

lz(t,0,¢)] <€ fort>to.
(b). uniformly stable if it is stable and & in the definition of stability is independent of o.

(c). asymptotically stable if it is stable and, for each to € R4, there is an n = n(to) > 0 such that, for ¢ €
PC(n), z(t,0,¢0) =0 ast — oo.
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(d). uniformly asymptotically stable if it is uniformly stable and there is an n > 0 and , for each e >0, a T =T(e) > 0 such

that, for o € PC (n), |z(t,0,p)| <& fort>to+T
Definition 1.2. A functional V (t,¢) : J x PC(p) — R4 belong to class vo(.) (a set of Liapunov like functional if

(a). V is continuous on [tk—1,tx) X PC(p) for each k € Zi, and for all ¢ € PC(p) and k € Z4, the limit

lim V (t,o) =V (te™,p) exists.
@)= (te = 5%)

(b). V is locally Lipchitzian in ¢ in each set in PC(p) and V (t,0) = 0. The set R is defined by R = {W € C (R+,R+) :

strictly increasing and W (0) = 0.

2. Main Results

Theorem 2.1. Suppose that V € vo(.), W1 € R and

(a). There is an 0 < Hi < H and for each 0 < v < Ha, there is a p = p(y) > 0 with u(y) > 0 for v > 0 such that if

[2(t)] = v and ||z¢]| < Ha
(b). V'(t,ze) < —p|f (& ze)| — A (@E) Wiinf {|z (s)] : t — h < s < t}) Where A\ : Ry — Ry is continuous with [ A(s)ds = oo
0
(c). V (ti,x+ I (tr,x)) — V(¢ —,x) < 0. Then the zero solution of (1) is asymptotically stable.

Proof.  For given 0 < e < Hy and to € Ry, choose a 0 < § < £/2 such that ¢ € PC(6) implies V (to, ) < p(§)e/2.
Fix ¢ € PC(9) and let z (t) = x(¢,%0, ) be a solution of (1) on [to,to + B]. Suppose, for contradiction, that there is a
to < t1 < to+ B with |z (t1)| =€ and |2(¢)| < € on [to, t1).

Then there is a tg < t2 < t1 such that |z (t2)| =€/2 and €/2 < |z(t)| < € on (t2,t1), so that

/ 1 (5,0) |ds = [z () — (k)| = £/2

ta

Condition (c) yields V' (t,x:) < 0, to < tx—1 < t < tx, K € ZT. And so V(¢) is decreasing on the interval of the form

[tk—1,tk), then from condition (c), we have
\% (tk) -V (tki) =V (tk,x (tki) + Ik (tk,x (tki))) — V(tk7,$ (tki)) <0

Thus V (¢) is non increasing on [tg, 00). Thus we have,

0< V(o) SV () ~n(5) [ W selds+ S [V -V ()

2
t2 to<t<t]

gV(to,w)—u(%>e/2<0

A contradiction. Therefore, |z(t)| < € on [to, to + ), which implies § = co. This proves the stability.

For a given tg € Ry, set n =1n(to) =90 (%, to) > 0, where 0 is that in the definition of stability. For a given ¢ € PC(n), let
z (t) = z(t, to, ¢) ba a solution.

To show asymptotic stability, suppose z(t) - 0 as ¢ — oo. Then, for some g9 > 0, there is a sequence {t;} such that
|z(t:)| > €0 and ¢; — oco. If there is an ¢ > 1 such that |z(t)| > eo/2 for t > t;, then inf {|z (s)] : t —h < s <t} > eo/2 for

t > ti + h, and we have

t
0<V (tae) <V (ti + hyze,4n) — Wi (%‘))/ Msyds+ S [V(t) =V (t:7)] — —oc as t — oc.
tith t>t;+
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A contradiction. Thus we may conclude that there is a sequence {75} with t; < T; < tiy1, |z (T3)| = €0/2 and |z(t)| > €0/2
on [t;, T;) so that

V (tisn, @t 01) SV (Toan) SV (tae) — (5 ) 20/2

And we obtain

n

0 S |4 (t"“/xtn) =V (t17xt1) + Z (V (ti7$ti) -V (ti—17xti,1))

i=2
n—1 £20) ¢ _
<V (ton) %+ S Vi) -V (6)] - oo
ti<tp<tit1
As n — oo; a contradiction. Therefore, z(¢t) — 0 as t — co. This completes the proof of asymptotic stability. O

Theorem 2.2. Suppose that V € vo(.), Wi, W2 € R and

(a). VIt @) < Wi(llell)

(b). there is an 0 < H1 < H and for each 0 < v < Hy, there is a p = u(y) > 0 with p(y) > 0 for v > 0 such that if

[z(t)] = v and ||z]| < Ha

(c). V'(t,ze) = —pl|f(txe)] — XE)Wa(inf {|z(s)]:t —h<s<t}) where A\ : Ry — Ry is continuous with

t+S A

lim .

S—o0

(s) ds = oo uniformly with respect to t € R4
(d). V (tg,z + I, (tg,z)) — V(tx~,x) < 0. Then the zero solution of (1) is uniformly asymptotically stable.

Proof.  Uniform stability is obtained by the same argument for the stability in the proof of Theorem 1. For 0 < H; < H,
set n = & (Hy) > 0, where § is that of uniform stability. For to € R4 and ¢ € PC,, let z (t) = z (¢, to, ¢) be a solution. For
a given 0 < ¢ < Hj, choose § = § (¢) > 0 of uniform stability. Find S = S (¢) > 0 with ft+s A(s)ds > Wi(n)/Wa(d/2) for

t

t € R4, then there is an

si €lto+ (G —1)(S+2h), to+ (i —1)(S+2h)+h+ 9]
With |z (s;)| < §/2 for each ¢ > 1. Otherwise there is an ¢ > 1 such that |z (s)| > §/2 on
Lo+ (1 —1)(S+2h), to+ (i —1)(S+2h)+h+ 5],
that is, inf{|z (¢)| : s —h <0 < s} > /2 on
L% [to+ (i — 1) (S+2h) + h, to+ (i —1) (S +2h) + h+S],
and this implies
0<V(to+ (i—1)(S+2h)+h+5 ze,1-1)(S+2h)+h+5)
<V (to+ (i — 1) (S + 2R) + h, Ty 4 (i—1)(S+2h)+h) — W2(6/2)/ A(s)ds + Z [V (te) — Ve )]
I; tp€l;

< 0;

a contradiction. Choose an integer N = N(g) > 1 with Nu(6/2)6/2 > Wi (n). Suppose, for contradiction, that for each

1 < i <N, ||Teg+i(s+2n)l| > 0 then there is a

Ti € [to+ (i —1)(S+2h)+h+ S to+i (S + 2h)]
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with |z(T3)| > 6, and thus there is a t; € (s;,T;) such that |z(¢;)] = 6/2 and |z (t)| > §/2 on (t;, T3] for each 1 < ¢ < N.

Hence

V (to (54 20), argsiisian) SV (Tan) <V (tae) = [ w@/2)1f tanldis 30 V() = Vi)

ti ti <t <T;

SV (to+ (1 = 1) (S +2h), Tyori-1)(st2n)) — 1(6/2)5/2,

and we have

0 <V (to+ N (5+2h), x4 n(s+2n))
N
=V (to, :L‘to) + Z (V (to +1 (S + 2h) 7wt0+i(5+2h)) -V (to + (Z — 1) (S + 2h) a$t0+(i—1)(5+2h)))
i=1
< Wi (n) —Nu(6/2)8/2 <0,
a contradiction. Thus, there is a 1 < i < N with ||, 4i(s42n)l| < J, which implies [z (t)] < e for t > to + (S + 2h).

Set T = T (¢) = N (S + 2h), and we obtain |z (t)| < e for ¢ > to + T. This completes the proof of uniform asymptotic

stability. O
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