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A(G)
Abstract: Let G = (V, E) be a graph. The vertex polynomial of the graph G = (V, E) is defined as V(G,z) = . wvia*, where
k=0
A(G) = max{d(v)/v € V} and vy is the number of vertices of degree k. The adjacent vertex sum polynomial is defined
A(G)
as S(G,z) = > nA(G)_,-:cO‘A(G)*i, where na(g)—; is the sum of the number of adjacent vertices of all the vertices of

1=0
degree A(G) — i and ap(g)—; is the sum of the degree of adjacent vertices of all the vertices of degree A(G) — 4. In this
paper we seek to find the vertex polynomial and the adjacent vertex sum polynomial for the splitting graph of Perfect
factograph and the splitting graph of Integral Perfect factograph.
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1. Introduction

In a graph G = (V, E), we mean a finite undirected, non-trivial graph without loops and multiple edges. The vertex set is
denoted by V and the edge set byE. For v € V, d(v) is the number of edges incident with v. The maximum degree of G is
defined as A(G) = max{d(v)/v € V'}. For terms not defined here, we refer to Frank Harary [8]. For each vertex v of a graph
G, take a new vertex v’, join v’ to all the vertices of G adjacent to v. The graph S(G) thus obtained is called splitting graph
of G [6]. Let G1 = (V1, E1) and G2 = (Va, E2) be two graphs, the union G1 U G2 is defined to be (V, E) where V =V, UV,
and E = F1 U E3, the sum G + G2 is defined as G1 U G2 together with all the lines joining points of Vi to V2. The graph
G = (V, E) is simply denoted by G.

2. Vertex Polynomial for the Splitting Graph of Perfect Factograph

Definition 2.1 ([3]). A factograph G with z = pJ*, where p1 is a prime and a1 is any positive integer is called perfect

factograph.

Theorem 2.2. The vertex polynomial for the spitting graph of the Perfect factograph G is given by V(S(G),z) =

g2 pog2ea=1) 4 ygger g4 p2e—(ea=D) 4 gen yogen=1 oy opT 4 gler—(ea=1) when a1 is even;

z2o1 pog2lea—1) 4 2ac2[a71] 4 glea—(ea—1) 4 par yogoa—1 4 291:(%W +...+ a:(o‘lf(o‘rl)), when a1 15 odd.
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Adjacent vertex sum polynomial for the splitting graph of Factographs

Proof. Let G be a perfect factograph. Let the vertex set be V = {p{, pi, p?, ..., pi'}. In G, we observe that for i # 7,
the vertex pt is adjacent to p{ if and only if i + j < .

Case (i): when ag is even,

aq aq

The degree sequence of G is d(p}) = a1, d(p1) =1 — 1, ..., d(p;® ) = &, d(plT_H) =%, d(p*) =1. In S(G), each
new vertex corresponding to each vertex of v has same degree as in v of G and rest of vertices becomes twice the degree.

Similar manor we can prove for the odd case. O

Example 2.3. Consider the Perfect factograph G = p3, then the corresponding graph S(G) is depicted as follows;

P
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pi \
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Figure 1.
Here,

V(S(Q),x) = 2° + 22" + 2° + 2° + 22° + .

=m6+2x4+x3+3x2+x.

Theorem 2.4. Let G = p{" be the perfect factograph. Then the vertex polynomial of ¢ = S(G)US(G)U...US(G) (n times)

is given by

nz?® 4+ ng?@ Dy 4ona®i 4. 4ng?er(@-D) ey pper—ly 2nz 7 +.. 4nglea—(er=1)
when a1 s even.
V(¢ z)=

na?® gD pong?l B4 g ™ gy ongl 4 gpgler (=)

when o1 s odd.
Theorem 2.5. Let G=p1“* be the perfect factograph. Then the vertex polynomial of nS (G) is given by V (nS (G),z) =

nz2ler =D +D] 2@ —D+r-D(e1+D] | opea+2+(n—1)(a1+1)] 2+[2(e1 — (a1 = 1) +(n—1)(a1+1)]

.. Fnx
fpgert2n=D(arit+l) 4o (er—D+2(n—1)(ar+1) 4 .znx(%l+2(n—1)(a1+1)+. ) .+nm2[(a1_(0‘1_1))](’1_1)(0‘1"'1),
when a1 s even.
na2leat(n=D(er+D] | 2ller—D+n-1(e1+D] | .+2na:2”%]+(°‘1+1>]+. g2 T2ler—(er=1)+(n-1)(a1+1)]

4 pgrt2-D@tD) | pa(aa—DF2(n-(eat) | o[ FH+2m=Diea+D) 4 pa2(er—(aa—)l(n-1)(a1+1)

when o1 18 odd.

Proof. Using definition of sum of graphs, degree of each vertex in S (G)US (G) U ...US (G) (n times) is increased by

2(n—1)(a;+1) in nS (G) gives the required result. O
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3. Vertex Polynomial for the Splitting Graph of Integral Perfect Fac-
tograph

Definition 3.1 ([2]). An Integral Factograph G with z =p1*', where p1 is a prime and a1 is any positive integer is called

Integral perfect factograph.

Theorem 3.2. The vertex polynomial for the spitting graph of the Integral Perfect factograph G is given by V (S(G),x) =

272ty yog2latlyog2any 402 +2-201) op2antly  ogartlyggery 4 op(2ert2-2e0)
when «1 is even.

1+

2220+ o2 F 1] opd[F Ty yog2@enta—200) 9, * L o o[G0 g 2 ]

+.. .—|—231:(2°‘1+272"‘1)7 when o1 1s odd.

Proof. Let G=p1*'be the Integral perfect factograph. Let V= {p?,- p?, pi, -p1, p1,-p3, -, p1°, -p1™* } be the vertex set

of G. In G, We observe that for i?j, the vertex pi (or -p}) is adjacent to p] (or -p?) if and only if i+j = 1. When ayis odd,
1

The degree sequence of G is d (p(l)) =2a1+1, d (fp(l)) =2a1+1, ..., d ( 1L2J) =2[F]+1,

d(_p}%J) = 2[%] 414 (p[%) —2[%] ,d(_p[%) —2[%] L (ph) =2a(-pf) =2

In S (G), each new vertex corresponding to each vertex of v has same degree as in v of G and rest of vertices becomes twice

the degree. Similarly, we can prove for the even case. O

Example 3.3. Consider the Integral Perfect factograph G=p3, then the corresponding graph S (G) is depicted as follows;

Figure 2.

Here, V (S (G),z) = 204225420 +22° 4 22° 4-222.

Theorem 3.4. Let G=pi1*' be the Integral perfect factograph. Then the wvertex polynomial of (=S (G)US(G) U

...US(G) (n times) is given by V ({,z) =

2?’Ll’2(2&1+1)+ RS 2nm2(a1+1)+2nx2a1+ . +2nm2(2a1+2—2a1) +2nx2a1+1

Fonx? Tl ot ot b 2nm<2°‘1+272°‘1>, when a1 1s even.
ay 201 +1

2n$2(2a1+1)+.“+ 2nw2[2(‘*71]+1]+2mc4[ 21}_'_.“_’_ 2nm2(2a1+272a1)+ Ine

e

+ - +2n:c2[a7”+1+2n:n2[ e +--- 4 an(ml“_ml)7 when o1 1s odd.
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Theorem 3.5. The vertex polynomial for the spitting graph of the Integral Perfect factograph nS (G) is given by
V (nS(G),x)=

2n1,2[(2a1+1)+(n71)(2a1+2)]_"_. ) .+2nx2[(a1+1)+(n71)(2a1+2)])+2nm2[a1+(n71)(2a1+2)]+. ) A+2nm2[2+(n71)(2a1+2)]

+2n3;’(2a1+1)+(n_1)(2a1+2)—|—. ) ._~_2nx(0<1+1)+(n—1)(2a1+2)+2n$a1+(n—l)(2041+2)_|_. ) .+2nx2+(n—1)(2a1+2)7

when o1 1s even.

o2l ort D+ =11+ L 4 op 22T+ -1 ar+2)] 4 o 1 2[2[ G [+ (-1 @aa42)] o 2024 (n-1)(201+2)]

+2x(2a1+1)+2(n—1)(2a1+2)+. . .+2x(o¢1+1)+2(n—1)(2a1+2)+2xa1+2(n—1)(2a1+2)_|_. . .+2x2[1+(n—1)(2a1+2)]7

when o1 18 odd.

Proof.  Using definition of sum of graphs, degree of each vertex in S (G)US (G) U ...US (G) (n times) is increased by

2(n—1)(2a,4+2) in nS (G) gives the required result. O

4. Adjacent Vertex Sum Polynomial for the Splitting Graph of Perfect
Factograph and Integral Perfect Factograph

Theorem 4.1. Let G=p1“" be the perfect factograph. The adjacent vertez sum polynomial of S (G)is given by S (S (G), x)=

2a1x3[(a1—1)+A“+a1+‘“+(a1—(a1—1))]+~"+2a1$3[a1+4.4+(a17(0‘2—171))]_'_. 42239 gy 211D tart (a1 = (a1 —1))]
4. +a1x2[°‘1+"'+<°‘17(%171)”—!-. . .—|—:c2a1, when o1 1s even.
Qalxs[(a1—1)+m+2[%}+u.+(a1—(a1—1))]+. RETYETY giloattle=[F D4 .+2m3a1+a1x2[(a1—1)+m+2[%1+A.A+(a1—(a1—1))}

4+ 42 [“—Qﬂ xz[o‘ﬁ'“*(al*L%J)]—&—. . 4z%%1 when a1 is odd.

Proof. Let G be a perfect factograph with a1 is even, V={p?, pi, p3,..., p1®'} a vertex set. We know that the degree

o o
sequence G is d (p(f) =a1, d (p%) =a1—1, ...,d (p12 ) =2.d (pf +1) =%, ..., d(pi*)=1. Note that all the vertices

&1

ag ay
except p;®> and p,* ! have different degrees. In S (G), each new vertex corresponding to each vertex of v has same degree
as in v of G and rest of vertices becomes twice the degree. Here, it is obvious to find the degree and sum of the degrees of

the adjacent vertices of each vertex. (I

Example 4.2. The adjacent vertex sum polynomial of the graph S (G) in Figure: 1 is

S5(5(Q), z) =6z +82"°+22"+32' " +42'42°

= 142" +22° + 72 +2°.

Theorem 4.3. Let G=p1“! be an Integral perfect factograph. The adjacent vertex sum polynomial of S (G) is given by
S(5(G), x)=

4(2a1+1) x3(2a1+1)+6[(20¢171)+...+((2a1+1)7(2a171))]_’_ ot 4(ar+]) ms((zal+1)7a1))+6[(2a1+1)+.4.+<(2a1+1)7(a172>)]
4o 4g8@eat) o (201 +1) z2(2a1+1)+4[(2a1*1)+A.-+((201+1)*(2a1*1))]+ co 2 (ar+1) 22 (200+1)—a)

+4[2oa+1) +.. +( (200+1)—(a;=2)) ] +--- + 2242 when «y is even.

4(2a1+1)x3(2a1+1)+6[(2a1+172)+...+((2a1+1)7(20¢171))}+...+4 {%q 20[(2e1+D)+(2a1 — D+ (20 +1)—2| G ])] ...
+4x6(2a1+1)+2(2a1+1)x2(20¢1+1)+4[(20¢1+172)+...+((2a1+1)7(20¢171))]+.‘.+ 9 [%1 $4[(2a1+1)+(2a171)+...+((2a1+1)72l_a71J)}

+-- 4 2174(2“1“), when «1 1s odd.
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Proof. Let G=p;“'be the Integral perfect factograph with aiis even. Let V= {p?, —p?, pi, —pi, 01, —p3, --, p1®t, —p1*1}

o1
be the vertex set of G. The degree sequence of G, d(p})=2a1+1, d(—p?)=2a1-1, ..., d (p12 ) =a;+1,

o1 ”’71+1 ﬂ+1 1 1
d{—-p,® |=a1+1, d|p,® =au, d | —p,° =a1,..., d (pf) =2,d (—pf) =2. In S(G), each new vertex corre-
sponding to each vertex of v has same degree as in v of G and rest of vertices becomes twice the degree. Here, it is obvious

to find the degree and sum of the degrees of the adjacent vertices of each vertex. O

Example 4.4. The adjacent vertex sum polynomial of the graph S (G) in Figure: 2 is

S5(S(@), z)=20x""+122*"+42°°4+102*"+62>°+22'°

= 202 +122%%+142°°+ 622 +22'°.
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