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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [17] and later Atanassov [1] generalized this idea to intuitionistic fuzzy
sets using the notion of fuzzy sets. On the other hand Coker [3] introduced intuitionistic fuzzy topological spaces using the
notion of intuitionistic fuzzy sets. The concept of generalized closed sets in topological spaces was introduced by Levine
[8]. In this paper we introduce intuitionistic fuzzy g-closed sets and intuitionistic fuzzy g-open sets. The relations between

intuitionistic fuzzy §-closed sets and other generalizations of intuitionistic fuzzy closed sets are given.

2. Preliminaries

Definition 2.1 ([1]). Let X be a non empty set. An intuitionistic fuzzy set (IFS in short) A in X can be described in the

form

A= {(,pa(z),va(z))|r € X}

where the function pa : X — [0, 1] is called the membership function and pa(z) denotes the degree to which x € A and the
function va : X — [0, 1] is called the non-membership function and va(z) denotes the degree to which x ¢ A and 0 < pa(z)
+ va(z) < 1 for each x € X. Denote IFS(X), the set of all intuitionistic fuzzy sets in X. Throughout the paper, X denotes

a non empty set.

Definition 2.2 ([1]). Let A and B be any two IFSs of the form A={(z, pa(z), va(z)) | z € X} and B={{(z, pr(z), vB(z))
| z € X}. Then
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(1). A C Bif and only if pa(x) < ps(x) and va(x) > vp(z) for all z € X,
(2). A = Bif and only if A C B and B C A,

(8). A® = {(z, va(z), pa(z)) | x € X},

(4). AN B = {(z, pa(z) A pp (1), va(z) V vs(z)) | z € X},

(5). AU B = {(z, pa(z) V pp (1), va(z) A vs(z)) | = € X}.

Definition 2.3 ([1]). The intuitionistic fuzzy sets O~ = {(z, 0, 1) | z € X} and 1~ = {(z, 1, 0) | = € X} are called the

empty set and the whole set of X respectively.

Definition 2.4 ([1]). Let A and B be any two IFSs of the form A = {{z, pa(z), va(z)) | z € X} and B = {(z, pB(z),
vB(z)) | © € X}. Then

(1). ACB and ACC = A C BNC,
(2). ACC and BCC = AUB C C,

(3). ACB and BCC = A C C,

(4). (AUB)® = A° N B° and (ANB)° = A° U B,
(5). ((A)) = A,

(6). (1.)° = 0o and (0~)° = 1...

Definition 2.5 ([3]). An intuitionistic fuzzy topology (IFT in short) on X is a family T of IFSs in X satisfying the following

azrioms :

(1). O~, 1~ € T,

(2). Gi N Gz € T for any Gi, G2 € T,

(8). U Gs € 7 for any family {G; | i € J} C 7.

In this case the pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS in short) and any IFS in 7 is known
as an intuitionistic fuzzy open set(IFOS in short) in X. The complement A° of an IFOS A in an IFTS (X, 7) is called an

intuitionistic fuzzy closed set (IFCS in short) in X.

Definition 2.6 ([3]). Let (X, 7) be an IFTS and A = {(z, pa(z), va(z)) | z€X} be an IFS in X. Then the intuitionistic

fuzzy interior and the intuitionistic fuzzy closure are defined as follows:

int(A) = U {G| Gis an IFOS in X and G C A},
c(A) =N {K | Kis an IFCS in X and A C K}.

Proposition 2.7 ([3]). For any IFSs A and B in (X, 7), we have
(1). int(A) C A,
(2). A C d(A),

(3). A is an IFCS in X < cl(A) = A,
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(4). A is an IFOS in X & int(A) = A,
(5). AC B = int(A) C int(B) and cl(A) C cI(B),

(6). int(int(A)) = int(A),

(7). cl(cl(A)) = ci(A),

(8). cl(AUB) = cl(A) U ci(B),

(9). int(ANB) = int(A) N int(B).

Proposition 2.8 ([3]). For any IFS A in (X, T), we have
(1). int(0~) = 0~ and cl(0~) = 0-,

(2). int(1.) = 1~ and cl(1.) = 1.,

(3). (int(A))° = cl(A°),

(4). (cl(A))° = int(A°).

Proposition 2.9 ([3]). If A is an IFCS in (X, 7) then cl(A) = A and if A is an IFOS in (X, 7) then int(A) = A. The

arbitrary union of IFCSs is an IFCS in (X, 7).
Definition 2.10. An IFS A in an IFTS (X, 7) is said to be an
(1). intuitionistic fuzzy a-closed set (IFaCS in short) if cl(int(cl(A))) C A, [5]
(2). intuitionistic fuzzy semi closed set (IFSCS in short) if int(cl(A)) C A, [2]
(3). intuitionistic fuzzy semi pre closed set (IFSPCS in short) if int(cl(int(A))) C A. [16]
Definition 2.11. An IFS A in an IFTS (X, 7) is said to be an
(1). intuitionistic fuzzy a-open set (IFaOS in short) if A C int(cl(int(4))), [5]
(2). intuitionistic fuzzy semi open set (IFSOS in short) if A C cl(int(A)), [4]
(3). intuitionistic fuzzy semi pre open set (IFSPOS in short) if A C cl(int(cl(A))). [16]
Remark 2.12 ([7]). We have the following implications.
IFCS — IFaCS — IFSCS — IFSPCS
None of the above implications are reversible.

Definition 2.13 ([12]). Let A be an IFS in an IFTS (X, 7). Then the a-interior of A (aint(A) in short) and the c-closure
of A (acl(A) in short) are defined as

aint(A) =U {G | Gis an [Fa0OS in (X, 7) and G C A},
acl(A) =N {K | K is an IFaCS in (X, 7) and A C K}.

sint(A), scl(A), spint(A) and spcl(A) are similarly defined. For any IFS A in (X, 7), we have acl(A°) = (aint(A))° and
aint(A°) = (acl(A))°.
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Remark 2.14 ([12]). Let A be an IFS in an IFTS (X, 7). Then
(1). acl(A) = A U cl(int(cl(A))),

(2). aint(A) = A N int(cl(int(A))).

Definition 2.15. An IFS A in (X, 7) is said to be an

(1). intustionistic fuzzy generalized closed set (IFGCS in short) if cl(A) C U whenever A C U and U is an IFOS in (X, ),
[14]

(2). intuitionistic fuzzy generalized semi closed set (IFGSCS in short) if scl(A) C U whenever A C U and U is an IFOS in
(X, 7), [11]

(3). intuitionistic fuzzy semi generalized closed set (IFSGCS in short) if scl(A) C U whenever A C U and U is an IFSOS
in (X, 7), [13]

(4). intuitionistic fuzzy o generalized closed set (IFaGCS in short) if acl(A) C U whenever A C U and U is an IFOS in
(X, 7). [12]

(5). intuitionistic fuzzy o generalized semi closed set (IFaGSCS in short) if acl(A) C U whenever A C U and U is an

IFSOS in (X, T), [6]
(6). intuitionistic fuzzy w closed set (IFwCS in short) if cl(A) C U whenever A C U and U is an IFSOS in (X, 7), [13]

(7). intuitionistic fuzzy generalized semi pre closed set (IFGSPCS in short) if spcl(A) C U whenever A C U and U is an

IFOS in (X, 7). [10]

The complements of the above mentioned intuitionistic fuzzy closed sets are called their respective intuitionistic fuzzy open

sets.

Remark 2.16 ([13]).

(1). Bvery IFOS is an IFSGOS,

(2). Bvery IFSOS is an IFSGOS.

Definition 2.17 ([15]). Two IFSs A and B are said to be g-coincident (AgB in short) if and only if there exists an element

z € X such that pa(x) > ve(x) or va(z) < ps(x). For any two IFS A and B of (X, 7), A@B if and only if A C B°.

3. Intuitionistic Fuzzy g-closed Sets

In this section we introduce intuitionistic fuzzy g-closed sets and study some of their properties.

Definition 3.1. An IFS A in an IFTS (X, 7) is said to be an intuitionistic fuzzy j-closed set (IFGCS in short) if cl(A) C
U whenever A C U and U is an IFSGOS in (X, 7). The collection of all intuituionistic fuzzy g-closed sets in X is denoted
by IFG C(X).

Example 3.2. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). We have uc (a)
= 0.3, pa(b)=0.4, va(a) = 0.6 and va(b) = 0.5. Consider an IFS A = (z, (0.6, 0.5), (0.3, 0.4)). Then A is an IFGCS.
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Example 3.3. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). We have
pe(a) = 0.8, ug(b)=0.4, va(a) = 0.6 and va (b) = 0.5. Consider an IFS A = (z, (0.3, 0.4), (0.6, 0.5)). Then A is not an
IFGCS.

Theorem 3.4. Every IFCS in an IFTS (X, ) is an IFGCS, but not conversely.

Proof. Let A be an IFCS in (X, 7). Let U be an IFSGOS such that A C U. Since A is IFCS, cl(A) = A. Thus we have
cl(A) C U, whenever A C U and U is an IFSGOS in (X, 7). Therefore A is an IFGCS in (X, 7). Hence every IFCS is an
IFGCS. O

Example 3.5. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.6, 0.7), (0.8, 0.2)). Consider an
IFS A = (z, (0.2, 0.1), (0.7, 0.8)). Here the IFSGOS = (x, (li, m1), (2, mz2)) where I, € [0.6, 1], mx € [0.7, 1], L € [0,
0.3] and my € [0, 0.2]. Then the IFS A is an IFG'CS but not an IFCS in (X, T).

Theorem 3.6. Every IFGCS in an IFTS (X, 7) is an IFGSPCS, but not conversely.

Proof. Let A C U where U is an IFOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSGOS in (X, 7). Since spcl(A) C cl(A), we have spcl(A) C U. Therefore A is an IFGSPCS in (X, 7). Hence
every IFGCS is an IFGSPCS. O

Example 3.7. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). Consider an
IFS A = (z, (0.4, 0.5), (0.5, 0.4)). Then A is an IFGSPCS but not an IFGCS in (X, 7).

Theorem 3.8. Every IFGCS in an IFTS (X, 7) is an IFwCS, but not conversely.

Proof. Let A C U where U is an IFSOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSGOS in (X, 7). Therefore A is an IFwCS in (X, 7). Hence every IFGCS is an IFwCS. O

Example 3.9. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.4, 0.3), (0.5, 0.6)). Consider an
IFS A = (z, (0.6, 0.7), (0.3, 0.2)). Then A is an IFwCS but not an IFGCS in (X, 7).

Theorem 3.10. Every IFGCS in an IFTS (X, 7) is an IFGCS, but not conversely.

Proof. Let A C U where U is an IFOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSCGOS in (X, 7). Therefore A is an IFGCS in (X, 7). Hence every IFGCS is an IFGCS. O

Example 3.11. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.6, 0.5), (0.3, 0.4)). Consider an
IFS A = (z, (0.7, 0.6), (0.2, 0.3)). Then A is an IFGCS but not an IFGCS in (X, 7).

Theorem 3.12. Every IFGCS in an IFTS (X, 7) is an IFaGCS, but not conversely.

Proof. Let A C U where U is an TFOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSGOS in (X, 7). Since acl(A) C cl(A), we have acl(A) C U. Therefore A is an IFaGCS in (X, 7). Hence
every IFGCS is an IFaGCS. |

Example 3.13. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.5, 0.6), (0.4, 0.3)). Consider an
IFS A = (z, (0.6, 0.7), (0.8, 0.2)). Then A is an IFaGCS but not an IFGCS in (X, ).

Theorem 3.14. Every IFGCS in an IFTS (X, ) is an IFGSCS, but not conversely.
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Proof. Let A C U where U is an IFOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSGOS in (X, 7). Since scl(A) C cl(A), we have scl(A) C U. Therefore A is an IFGSCS in (X, 7). Hence every
IFGCS is an IFGSCS. O

Example 3.15. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.2, 0.4), (0.7, 0.5)). Consider an
IFS A = (z, (0.6, 0.7), (0.3, 0.2)). Then A is an IFGSCS but not an IFGCS in (X, 7).

Definition 3.16. An IFS A in an IFTS (X, 7) is said to be an intuitionistic fuzzy -closed set (IF) CS in short) if scl(A) C
U whenever A C U and U is an IFSGOS in (X, 7). The complement of intuitionistic fuzzy v-closed set is called intuitionistic
fuzzy -open set (IFY OS in short).

Theorem 3.17. Every IFGCS in an IFTS (X, 7) is an IFy) CS, but not conversely.

Proof. Let A C U where U is an IFSGOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSGOS in (X, 7). Since scl(A) C cl(A), we have scl(A) C U. Therefore A is an IFyCS in (X, 7). Hence every
IFGCS is an IFyCS. O

Example 3.18. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.2), (0.6, 0.7)). Consider an
IFS A = (z, (0.4, 0.3), (0.5, 0.6)). Then A is an IF)CS but not an IFGCS in (X, 7).

Theorem 3.19. Every IFGCS in an IFTS (X, 7) is an IFaGSCS, but not conversely.

Proof. Let A C U where U is an IFSOS in (X, 7). Since A is an IFGCS in (X, 7), we have cl(A) C U, whenever A C U
and U is an IFSGOS in (X, 7). Since acl(A) C cl(A), we have acl(A) C U. Therefore A is an IFeGSCS in (X, 7). Hence
every IFGCS is an IFaGSCS. O

Example 3.20. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). Consider an
IFS A = {(z, (0.7, 0.6), (0.2, 0.3)). Then A is an IFa GSCS but not an IFGCS in (X, 7).

Definition 3.21. An IFS A in an IFTS (X, 7) is said to be an intuitionistic fuzzy ja-closed set (IFG,CS in short) if
acl(A) C U whenever A C U and U is an IFSGOS in (X, 7). The complement of intuitionistic fuzzy Ga-closed set is called

an intuitionistic fuzzy §o-open set (IFC;’,X OS in short).
Theorem 3.22. Every IFGCS in an IFTS (X, 7) is an IFG.,, CS, but not conversely.

Proof. Let A be an IFGCS in (X, 7). Then we have cl(A) C U, whenever A C U and U is an IFSGOS in (X, 7). Since
acl(A) C cl(A), we have acl(A) C U, whenever A C U and U is an IFSGOS in (X, 7). Therefore A is an IFG,CS in (X, 7).
Hence every IFGCS is an IFéaCS. O

Example 3.23. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.3, 0.7), (0.6, 0.2)). Consider an
IFS A = (z, (0.3, 0.2), (0.6, 0.7)). Then A is an IFG,,CS but not an IFGCS in (X, ).

Remark 3.24. IFaCS and IFGCS are independent.

Example 3.25. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.3, 0.2), (0.7, 0.8)). Consider an
IFS A = (z, (0.2, 0.4), (0.8, 0.6)). Then A is an IFaCS but not an IFGCS in (X, 7).

Example 3.26. Let X = {a, b}. Let 7 = {0~, G1, G2, 1.} be an IFT on X, where G1 = (z, (0.2, 0.3), (0.7, 0.6)) and G2
= (z, (0.8, 0.4), (0.6, 0.5)). Consider an IFS A = (z, (0.75, 0.65), (0.15, 0.25)). Then A is an IFGCS but not an IFaCS
in (X, 7).
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Remark 3.27. [FSCS and IFGCS are independent.

Example 3.28. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.2, 0.3), (0.7, 0.6)). Consider an
IFS A = {(z, (0.8, 0.4), (0.6, 0.5)). Then A is an IFSCS but not an IFGCS in (X, 7).

Example 3.29. Let X = {a, b}. Let 7 = {0~, G1, G2 1.} be an IFT on X, where Gv = (z, (0.2, 0.3), (0.7, 0.6)) and G2
= (z, (0.3, 0.4), (0.6, 0.5)). Consider an IFS A = (z, (0.8, 0.7), (0.1, 0.2)). Then A is an IFGCS but not an IFSCS in
(X, 7).

Theorem 3.30. If A and B are IFGCSs in an IFTS (X, 7), then AU B is also an IFGCS in (X, ).

Proof. If AUBC G and G is IFSGOS, then A C G and B C G. Since A and B are IFGCSs, cl(A) € G and cI(B) C G
and hence cl(A) U cI(B) = cl(A U B) C G. Thus A U B is IFGCS in (X, 7).

Remark 3.31. The intersection of two IFGCSs in an IFTS (X, T) need not be an IFGCS in (X, 7).

Example 3.32. Let X = {a, b}. Let 7 = {0~, G1, G2 1.} be an IFT on X, where G1 = (z, (0.2, 0.3), (0.7, 0.6)) and G2
= (z, (0.3, 0.4), (0.6, 0.5)). Consider the two IFSs A = (z, (0.1, 0.7), (0.8, 0.2)) and B = (z, (0.8, 0.2), (0.1, 0.7)). Then
A and B are IFGCSs. But AN B = (z, (0.1, 0.2), (0.8, 0.7)) is not an IFGCS in (X, 7).

Theorem 3.33. If A is an IFGCS in an IFTS (X, 7) and A C B C cl(A), then B is an IFGCS in (X, ).

Proof. Let B C U where U is an IFSGOS in (X, 7). Since A C B, A C U. Since A is an IFGCS in (X, 7), cl(A) C U.
Since B C cl(A), cl(B) C cl(A) C U. Therefore B is an IFGCS in (X, 7). O

Theorem 3.34. Let A be an IFS in an IFTS (X, 7). Then A is an IFGCS if and only if AGF implies cl(A)gF for every
IFSGCS F in (X, 7).

Proof. Necessary Part: Let F be an IFSGCS in (X, 7) and let AGF. Then A C F°, where F¢ is an IFSGOS in (X, 7).
Therefore by hypothesis cl(A) C F¢. Hence cl(A)gF.

Sufficient Part: Let F be an IFSGCS in (X, 7) and let A be an IFS in (X, 7). By hypothesis, AGF implies cl(A)gF. Then
cl(A) C F® whenever A C F° and F° is an IFSGOS in (X, 7). Hence A is an IFGCS in (X, 7). O

Theorem 3.35. Let (X, 7) be an IFTS. Then IFC(X) = IFGC(X) if every IFS in (X, 7) is an IFSGOS in X, where IFC(X)
denotes the collection of IFCSs of an IFTS (X, 7).

Proof.  Suppose that every IFS in (X, 7) is an IFSGOS in X. Let A € IFGC(X). Then cl(A) C U whenever A C U and U
is an IFSGOS in X. Since every IFS is an IFSGOS, A is also an IFSGOS and A C A. Therefore cl(A) C A. Hence cl(A) =
A. Therefore A € TIFC(X). Hence IFGC(X) C IFC(X) — (i). Let A € IFC(X). Then by Theorem 3.4, A € IFGC(X). Hence
IFC(X) C IFGC(X) — (ii). From (i) and (ii), we have IFC(X) = IFGC(X). O

Proposition 3.36. If A is an IFSGOS and IFGCS in an IFTS (X, 7), then A is an IFCS in (X, T).

Proof. Since A is an IFSGOS and IFGCS, cl(A) C A. Hence A is an IFCS in (X, 7). O

4. Intuitionistic Fuzzy g-open Sets

In this section we introduce intuitionistic fuzzy g-open sets and study some of their properties.
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Definition 4.1. An IFS A in an IFTS (X, 7) is said to be an intuitionistic fuzzy §-open set (IFGOS in short) if A° is an

intuitionistic fuzzy §-closed set in (X, 7). The collection of all intuituionistic fuzzy §-open sets in X is denoted by IFG’O(X).

Example 4.2. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.8, 0.4), (0.6, 0.5)). We have uc(a)
= 0.3, pc(b)=0.4, v (a) = 0.6 and vg (b) = 0.5. Consider an IFS A = (z, (0.3, 0.4), (0.6, 0.5)). Then A is an IFGOS.

Example 4.3. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). We have
e (a) = 0.8, puc (b)=0.4, vg(a) = 0.6 and vg (b) = 0.5. Consider an IFS A = (z, (0.6, 0.5), (0.3, 0.4)). Then A is not an
IFGCS.

Theorem 4.4. An IFS A in an IFTS (X, 7) is IFGOS if and only if F C int(A) whenever F C A and F° is an IFSGOS.

Proof. Necessary Part: Let A be an IFGOS in (X, 7). Let F® be an IFSGOS such that F C A. Then A° C F° where
A° is an IFGCS. Hence cl(A°) C F°. This implies (int(A))° C F°. Thus we have F C int(A) whenever F C A and F° is
an IFSGOS. Sufficient Part: Let F C int(A) whenever F C A and F€ is an IFSGOS in (X, 7). This implies (int(A))¢ C F°¢
whenever A° C F¢ and F€ is an IFSGOS. That is cl(A°) C F° whenever A° C F¢ and F°¢ is an IFSGOS. Therefore A€ is an
IFGCS. Hence A is an IFGOS in (X, 7). O

Theorem 4.5. Every I[FOS in an IFTS (X, 7) is an IFGOS, but not conversely.

Proof. Let A be an IFOS in (X, 7). Therefore A¢ is an IFCS in (X, 7). Then by Theorem 3.4, A® is an IFGCS in (X, 7).
Therefore A is an IFGOS in (X, 7). O

Example 4.6. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.6, 0.7), (0.5, 0.2)). Consider an
IFS A = {(z, (0.7, 0.8), (0.2, 0.1)). Then A is an IFGOS but not an IFOS in (X, 7).

Theorem 4.7. Every IFGOS in an IFTS (X, 7) is an IFGSPOS, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A® is an IFGCS in (X, 7). Then by Theorem 3.6, A® is an IFGSPCS in
(X, 7). Therefore A is an IFGSPOS in (X, 7). O

Example 4.8. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). Consider an
IFS A = (z, (0.5, 0.4), (0.4, 0.5)). Then A is an IFGSPOS but not an IFGOS in (X, T).

Theorem 4.9. Every IFGOS in an IFTS (X, 7) is an IFwOS, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A is an IFGCS in (X, 7). Then by Theorem 3.8, A° is an IFwCS in (X,
7). Therefore A is an IFwOS in (X, 7). O

Example 4.10. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.4, 0.3), (0.5, 0.6)). Consider an
IFS A = (z, (0.3, 0.2), (0.6, 0.7)). Then A is an IFwOS but not an IFGOS in (X, 7).

Theorem 4.11. Every IFGOS in an IFTS (X, 7) is an IFGOS, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A° is an IFGCS in (X, 7). Then by Theorem 3.10, A° is an IFGCS in
(X, 7). Therefore A is an IFGOS in (X, 7). O

Example 4.12. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.6, 0.5), (0.3, 0.4)). Consider an
IFS A = (z, (0.2, 0.3), (0.7, 0.6)). Then A is an IFGOS but not an IFGOS in (X, 7).

Theorem 4.13. Every IFGOS in an IFTS (X, 7) is an [FaGOS, but not conversely.
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Proof. Let A be an IFGOS in (X, 7). Therefore A€ is an IFGCS in (X, 7). Then by Theorem 3.12, A€ is an [FaGCS in
(X, 7). Therefore A is an IFeGOS in (X, 7). O

Example 4.14. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.5, 0.6), (0.4, 0.3)). Consider an
IFS A = (z, (0.3, 0.2), (0.6, 0.7)). Then A is an IFaGOS but not an IFGOS in (X, ).

Theorem 4.15. Every IFGOS in an IFTS (X, 7) is an IFGSOS, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A® is an IFGCS in (X, 7). Then by Theorem 3.14, A° is an IFGSCS in
(X, 7). Therefore A is an IFGSOS in (X, 7). O

Example 4.16. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.2, 0.4), (0.7, 0.5)). Consider an
IFS A = {(z, (0.3, 0.2), (0.6, 0.7)). Then A is an IFGSOS but not an IFGOS in (X, 7).

Theorem 4.17. FEvery IFGOS in an IFTS (X, 7) is an IF) OS, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A® is an IFGCS in (X, 7). Then by Theorem 3.17, A® is an IFyCS in
(X, 7). Therefore A is an IF9OS in (X, 7). O

Example 4.18. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.2), (0.6, 0.7)). Consider an
IFS A = (z, (0.5, 0.6), (0.4, 0.3)). Then A is an IFip)OS but not an IFGOS in (X, 7).

Theorem 4.19. Every IFGOS in an IFTS (X, 7) is an IFaGSOS, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A° is an IFGCS in (X, 7). Then by Theorem 3.19, A€ is an IFaGSCS in
(X, 7). Therefore A is an IFeGSOS in (X, 7). O

Example 4.20. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.3, 0.4), (0.6, 0.5)). Consider an
IFS A = (z, (0.2, 0.3), (0.7, 0.6)). Then A is an IFaGSOS but not an IFGOS in (X, 7).

Theorem 4.21. Every IFGOS in an IFTS (X, T) is an IFG4 08, but not conversely.

Proof. Let A be an IFGOS in (X, 7). Therefore A° is an IFGCS in (X, 7). Then by Theorem 3.22, A is an IFG,CS in
(X, 7). Therefore A is an IFG,0S in (X, 7). O

Example 4.22. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.7), (0.6, 0.2)). Consider an
IFS A = (z, (0.6, 0.7), (0.8, 0.2)). Then A is an IFG,0S but not an IFGOS in (X, 7).

Remark 4.23. IFa0S and IFGOS are independent.

Example 4.24. Let X = {a, b}. Let 7 = {0~, G, 1.} be an IFT on X, where G = (z, (0.3, 0.2), (0.7, 0.8)). Consider an
IFS A = (z, (0.8, 0.6), (0.2, 0.4)). Then A is an IFaOS but not an IFGOS in (X, 7).

Example 4.25. Let X = {a, b}. Let 7 = {0~, G1, G2, 1~} be an IFT on X, where G1 = (z, (0.2, 0.3), (0.7, 0.6)) and G2
= (z, (0.3, 0.4), (0.6, 0.5)). Consider an IFS A = (z, (0.15, 0.25), (0.75, 0.65)). Then A is an IFGOS but not an IFaOS
in (X, 1).

Remark 4.26. [FSOS and IFGOS are independent.

Example 4.27. Let X = {a, b}. Let 7 = {0~, G, 1~} be an IFT on X, where G = (z, (0.2, 0.3), (0.7, 0.6)). Consider an
IFS A = (z, (0.6, 0.5), (0.3, 0.4)). Then A is an IFSOS but not an IFGOS in (X, 7).
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Example 4.28. Let X = {a, b}. Let 7 = {0~, G1, G2, 1.} be an IFT on X, where G1 = (z, (0.2, 0.3), (0.7, 0.6)) and
Gz = (z, (0.3, 0.4), (0.6, 0.5)). Consider an IFS A = (z, (0.1, 0.2), (0.8, 0.7)). Then A is an IFGOS but not an IFSOS
in (X, 7).

Theorem 4.29. If A and B are IFGOSs in an IFTS (X, 7), then AN B is also an IFGOS in (X, 7).

Proof. Let A and B be IFGOSs in (X, 7). Therefore A® and B are IFGCSs in (X, 7). By Theorem 3.30, (A° U B°) is an
IFGCS in (X, 7). Since (A° U B®) = (A N B)¢, AN B is an IFGOS in (X, 7). O

Remark 4.30. The union of two IFGOSs in an IFTS (X, 7 ) need not be an IFGOS in (X, 7).

Example 4.31. Let X = {a, b}. Let 7 = {0~, G1, G2, 1.} be an IFT on X, where G1 = (z, (0.2, 0.3), (0.7, 0.6)) and
Gz = (z, (0.3, 0.4), (0.6, 0.5)). Consider the two IFSs A = (z, (0.1, 0.7), (0.8, 0.2)) and B = (z, (0.8, 0.2), (0.1, 0.7)).
Then A and B are IFGOSs. But AU B = (z, (0.8, 0.7), (0.1, 0.2)) is not an IFGOS in (X, 7).

Theorem 4.32. If A is an IFGOS in an IFTS (X, 7) such that int(A) C B C A, then B is IFGOS in (X, 7).

Proof. Let A be an TFGOS in (X, 7) such that int(A) € B C A. It implies A° C B® C cl(A°) where A° is an IFGCS in
(X, 7). By Theorem 3.33, B is an IFGCS in (X, 7). Therefore B is an IFGOS in (X, 7). O

Theorem 4.33. Let (X, 7) be an IFTS. Then IFO(X) = IFGO(X) if every IFS in (X, 7) is an IFSGOS in X, where
IFO(X) denotes the collection of IFOSs of an IFTS (X, 7).

Proof.  Suppose that every IFS in (X, 7) is an IFSGOS in X. Then by Theorem 3.35, we have IFC(X) = IFGC(X).
Therefore IFO(X) = IFGO(X). O
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