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Abstract

Let G be a second countable locally compact abelian group and H a countable closed discrete
subgroup of G such that the quotient group G/H is compact. A simple proof of characterization
of frame generated by a function ¢ € L?(G) and its translates by elements of H in terms of the

boundedness of the periodization of its Fourier transform ¢ is given.
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1. Introduction

If we consider a vector space then each element in the space has an easy unique representation with
the help of a basis of a vector space. Frames are nothing but, a generalization of a basis in vector
space. So, the first natural question arises in the mind : Why do we need frames if we already have a
representation in terms of the basis? Is there something special or extra that we get from frames? The
answer for above question is affirmative. Yes, frames are something different. The uniqueness of the
representation of elements no more bother us. In other words, we are not bound to choose coefficients
uniquely and if some of the coefficients are lost, still we can recover the signals or functions in the
space.

John J. Bendetto and Shidong Li in [2] have given necessary and sufficient conditions for integer
translates of a function in L?(R) to generate a frame. M. Bownik in [10] extended this result in L?(R")
using Helson’s [11] ideas on range functions. Using similar techniques this has been extended in [3]
for locally compact abelian groups. Using the techniques of John J. Benedetto and Shidong Li [2], we
give a simple proof of this result for locally compact abelian groups. Let G denotes a second countable
locally compact abelian group and H a discrete countable subgroup of G such that the quotient group

G/H is compact. H' = {y € G: (h,9) =1 for all h € H}. Then H' = (G/H). Hence, H! is discrete
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and We consider the shift-invariant subspaces of L?(G) of the following form:

V= { Y cnp(-—h) < {en} € KZ(H)}.

heH

2. Fourier Analysis on the Space L*(H)

For f € L2 (H), the Fourier coefficients of f are defined by
/ fr) A =7 dvy;

where A € H. The Fourier series of f is defined as Y F\(f) (A, 7).
AeH

For a finite subset E of H and f € L2 (H), Sgf denotes the partial sum of Fourier series of f defined

by Sgf = IEE F¢(f) (k). By a trigonometric polynomial we mean the functions of the form Ls defined

by Ls(7) = ¥ ca (A7), where S is a finite subset of H and ¢, € C. Pg (H) denotes the set of all
A€S

trigonometric polynomials of the form L4 such that A C E C H.

Lemma 2.1. Given f € L2 (H) and finite subsets A and E of H with A C E, (f — SgF) is orthogonal to all

trigonometric polynomials L.

Proof. Tt suffices to show that (f — SgF) is orthogonal to the characters of the form g () =

every k € A. Now,

(f = Sef,8) = (f.8) = Y Fulf) (1), (K,.))

heE

— R(f) — R(f) = 0.

Lemma 2.2. HSEf||i2(H> = Y. (B (f))|? for every finite subset E of Hand f € L (H).

keE

Proof. It can be easily proved. For f € L2 (H) and A C E C H, the following hold:

(1) For every trigonometric polynomial Ly € P (H),
If = Seflliz(ay = If = Lall2(ay -

(2) Equality holds in the above inequality if and only if L4 = Sgf.

(k,7y) for

Let L4 € Pg (H). Then there exist complex numbers ¢, such that L4 (7) = ¥ ¢k (k, 7). Then by taking

keA
¢,y =0fork € E/A, we can write

f=La=f—Y cclk.)—Scf+Scf,

keE
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where Sef (7) = ¥ F(f) (k,v). We can also see that
keE

f=La=(f=Sef)+ <k2 (Fe (f) = ) (k,.)) :
€E

As a consequence of Lemma 2.1,

2

Yo (B (f) =) (K, ) 1)

keE

If— LAH%z(g) =|f - 5Ef||iz(p1) +

L2(H)

Therefore,
If = Lallfzgay = If = SefllEzay -

Also equality holds if and only if the second summand on the right hand side of equation (1) is equal
to 0 and hence if and only if Fx(f) = ¢, for all k € E and so Ly = Sgf as required. O

Lemma 2.3. There exists a sequence {K;}y of finite subsets of H with distinct elements and H' periodic

functions Fy, satisfying the following:
(1). K; C K41 for every i and 'U K; = H.

(2). f |Fx. (77)| dy = 1 and there exists M > 0 such that f |k, (77)|dy < M for all i.

i=1
(3). Fx, * f = ox,f, where ox.f = II},-I ,ZOSKj(f)'
]:
(4). For every neighbourhood Ny of identity, [ |Fg, (7y)|dy — 0asi— oo.
H/N,
We may use the fact that H = Z? x F for some finite abelian group F. When H is isomorphic to Z, the

Dirichlet’s kernel and Fejer kernel take the following forms:

- v L) = ()]
D, (7) = |jZ§:i <x],'y> - [<;11,f)x> — (xo,’y>]

and

_ DKO (7) + DKl (’Y) T+t DKi—l (7)
|Ki]

1 .
=— 2 Re|{(x1,7) =1/,
K| [(x1,v) — 1) [ }

where, j — x; is an isomorphism between Z and H. Moreover, f |Fk, (7)|dy = 1and f |Fk, (v)|dy <M

for some M > 0. Also for every neighbourhood Nj of the 1dent1ty inH, [ |Fx ( )] dy —»0asi— oo,
A/N
since on H/ Ny,

F ()] = | il e | P

P < ,
K] Rel— (xi, )] | = KiIC
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where C = Re[l — (x1,7)]. When H is isomorphic to Z¢ we define the Dirichlet kernel and Fejer kernel

to be
d d

Dx (7v) =[IDx (vj) and Fx(v)=T]F (7).
=1 =1
d
where K = (K1, Ky, ...,Ky). When H is isomorphic to Z¢ x F, we define Fy () = H Fy; () Duy (70),
ng = |F| and v = (70,71, -, 7). Then Fy * f = ons and f\FN Ydy =1 and f\PN Ydy < M

and [ |Fy(7)|dy — 0. If f : G — C is continuous and periodic with period H then onf — f
H|Ny

uniformly on H. Lete > 0. As H is compact, f is uniformly continuous on H. Hence, there is exists

a neighbourehood Ny of 0 (identity in H) such that |f (1) — f (72)| < § whenever v, 72 € H and

Y1 — 72 € Np. In view of Lemma 2.3 we can find iy such that f ‘Fki (’y)] dy < 5 foralli > iy and also

H/N,
we obtain

7k (Fr1) = £ (D] = | [ 1F (v =) = £ ()] F ()
A

< [If r=w) = F B du+ [ 1f (r=1w) = f ()] [F ()| du
No

H/N,

< /%\FKi(u)\dquMl;
No

3 €
M=+ M=
< 2+ 15

for sufficiently large i. For f € L2 (H), lim |f — Sk, (f)|l;2 (H) = 0. Lete > 0. As continuous functions

on H are dense in L? (H), there exist a Contmuous function g on H such that ||f — g| 12(8) < 5. By

Theorem 2, llgg g — SK,'gHLZ(H> = 0. Now,

If = Sfliz(ay < IF = Skgllaginy < I = &llagany + 18 — Skigliz(any -

The proof follows from the above inequality.

3. Frames Formed by Translates

We give a characterization for translates of ¢ by elements of H to generate a frame in terms of
boundedness condition of the H!-periodic function Gg (). This extends the result of [2] for locally

compact abelian groups.

Lemma 3.1. Let ¢ € L*(G) and that V = span {Tx¢ : k € H}. Then the frame condition

AllfIP < Y [F, Txg) > < BIfI 2)

keH
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is valid for each f € V if and only if (2) is valid for f € span {Tx¢}.
If (2) is valid for each f € V, then (2) is trivially true for f € span {Tx¢}. Suppose that (2) is valid for

f € span {Tk¢} and let f € V. Choose f, € span {Tx¢} such that lgn Ilf = full; = 0. Since
n—oo

[{fur Tk = [, Te) ) < 1912 (1 fullz + 1£12) 1fs = £z

we get

Lim | {fu, Teg)|* = (£, Tco) 3)

Now, as a consequence of equation (3) and Fatou’s Lemma applied to sums, we have by the right side

of (2) for span {Tx¢} that

Y (f Teg)* < liminf Y [(fu, Teg)|? < Bliminf || ful3 = B f3 (4)

keH keH

Thus, the right side of (2) is valid for V. By using the triangle inequality,

<Z|<f/TI<<P>!2> (Z\fwTK(P ) <Z| fTK<P|>
keH keH keH

is true for any n. First inequality of (2) for f can be obtained easily since the lower bound in (2) holds

1
2

in span {Tx¢} and hence holds for f,. Also by inequality (4) the upper bound holds for all f € V.

Hence, we have

(2 (f, TK¢>\Z> > A2 | fully = B2 [Ifu — £l

keH
We obtain the lower bound of inequality (2) by taking the limit as n tending to co on the right hand

side of above inequality.

Lemma 3.2. For ¢ € L*>(G) and a finite set S C H, define f : Y cx, Tk and Ls () := ¥ cx (=k,y). Then
kes kes
f€L*G), Ls € L (H) and
I£13 = [ 1Ls(n)* Gy (1) dy < +eo ©
a

Proof. Using the Parseval’s identity and H!-periodicity of Ls we obtain,

HfH% = < Z CmTm®, Z CnTn(P>

meS nes

= < Z Cmmz Z CnTn(,b>
meS nes

= (Ls¢, Ls$)

= [1Ls (P 1g (0 ay
G
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—/Z!st+k!\¢'r+k\d'r

keH!?

—/\Ls WY ¢ (v + k)| dy

keH!

2/\Ls (7)|? Gpdy
Jai

Since Lg € L™ (.ﬁ) and Gy (v) € L (I:I)'

I£13 = [ ILe (0P Gy () dy < .
a

Lemma 3.3. For ¢ € L?*(G) and a finite subset S C H, define f := Y. ¢, Tu¢p and Ls (y) = ¥ ¢ {
hes hes

If Gy € L* (H), then f € L*(G), Ls € L™ (H) and

L TP = [1Ls(n)F Gy () dy < o0

heH I

Proof. Let K be a finite subset of H. Then

Y U Tp) P = Y (f. Teop) (f, Te)

kek kek

= <2 cn Tu, chp> <Z cu, Tu@, Tk4>>

keK \hes ues

=Y 3 Y acu (Tug, Ted) (Tug, Tep)

keKheSueS

—ZZZChCu/IfP 2 (k—h,7) dv/\gb 2w —k,A)dA

keKheSues

=2, ) ) ol

keKheSueS

=) ZChCu_

heSues

—ZZchcu/]gﬁ h’y/G(p (u,A) DK 'yA )d/\d’y

heSues

—h,7) / 2 (u, A) (k,yA)dAdy
G

G
* (—h) / B (w2) (z <w>> dAdy

kekK

Now,

] G0 () D (At i = T (o) () (k)

keK

where

—h, 7).

(6)
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Therefore,
Y ATk =Y Y enca | [$ ()] (—1,7) Sk (Gpou) (1) dy
keK heSues G
= ¥ Yo [ Gy (1) (=h,7) Sk (Gpn) (1) dy
heS ues g
Now,

[ Go (9) (=1,7) Sk (Gote) (%) = G (1) {1, 7) 81| < |Gl 2 ISk (Gi) = Gotllz sy
H

Therefore, as a consequence of Theorem 2, we get

i 2
|13|1£I>100/G4’ —h,7) Sk (Gpu) (7) dy = / Gy (V)" (u =, y) d,
a
where |K| — oo we mean there exist natural numbers n; < 1, < ... and finite subsets K; C K, C

such that |K;| = n; — o0 as i — o0 and U;K; = H. Hence,

Y- 1{f, Teo) —chhcu/\G(p 2 (u—h,y)dy

kekK heSues

—/|G¢ ‘ Yo Y encu (u—h,y)ydy

heSues

:/|G¢ (MF ILs (1P,
? O

Lemma 3.4. Let ¢ € L? (G) be such that Gy € L* (H) and let V = span {Tx¢ : k € H} be a closed subspace of
L%(G). Then the sequence {Tx¢} is a frame for V with frame bounds A and B if and only if for all trigonometric
polynomials L (y) = Ls (v) = ¥ cx (—k,v) on H,

kes

A [IL@PGy(mdr < [P Gy () dr < B [ IL(3)Gp (1) dy < +eo ?)

Proof. Suppose that {Tk (¢)} is frame for V. For a given Lg, define

=Y Tk ()

keS

In view of Lemma 3.2 and 3.3, we obtain

I£B= [ 1L ()P Gy (1) and ®
A
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LI Teg) = [IL ()P Gy (1) dy ©
a

Since {Tx(¢)} is a frame for V, there exist constants A, B > 0 such that for g € V,

AllgIP<Y g Tkp))> <B | g [IP< o0 (10)

Replacing ¢ = f in (10) and using (8) and (9), we get (7).
Conversely, suppose that (7) is true for all trigonometric polynomials L = Ls. By Lemma 3.2 and

Lemma 3.3 we get

AlLFIPS I Tep)* < B £ 117

for all f span{Tk¢} and hence the result follows from Lemma 3.1. Let ¢ € L*(G) and let V =
span{Tx¢ : k € H} be a closed subspace of L?>(G). Then the sequence {Tx¢} is a frame for V if and

only if there are positive constants A and B such that
A< Gy(y) <B ae. on H\N, (11)

where N = {y € H : Gy () = 0}.
Suppose that (11) holds and that L (y) = Ls (7) = ¥ cx (—k, ) be a trigonometric polynomial on H.

kes
It is easy to see that

A[ILMPG(mdr =4 [ IL(NPGy(7)dy
A A\N
< [ ILMPGy () dy
A\N
= [ ILMP Gy (1) dy
A\N
=B [ [LPGy(7)dr.
A\N
Hence, by Lemma 3.4, {Tx¢} forms a frame for V.

Conversely suppose that the sequence {Tx¢} is a frame for V. Then there exist positive constants A

and B such that for f € V,
AlFIP<SEIS Tk < B fI2.

Hence, in view of Lemma 3.3 and Lemma 3.4 for f = }_ cxTk¢, we obtain
keS

Y T = [ ILs (1) Gy (1) dy

heH J
€ A
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and

2 2 2
I£13 = [ ILs (1)1 Gy () d.
a
Assuming Gy (7) < Aon E C HA\N for some measurable set E of positive Lebesgue measure, we
shall obtain a contradiction. By using our assumption of G, we can choose L € L (H) C L2 (H), not

necessarily a trigonometric polynomial such that L =0 on E, L > 0 on E and

A [ILMPGy (M dy> [IL(IPGylr)dn.
a a
Thus,
c= / LN (AGy (1) = Gy (1)%) dy > 0 (12)

We proceed to find a trigonometric polynomial ¥ so that (12) is true for ¥. This will provide a

N

contradiction to the inequality (7). Also if Gy € L2 (H) \L* (H), then (12) is still valid for L € L* (H).
So, it is not required that G, must belong to L* (H) to choose desired ¥. For any ¥ € L* (H), we

have

J1¥ P (4G (1) = Gp (1) dr = [ 1¥ (N (4G, (1) = Gy ()7) dy
A A\E

[ LM +LMP (A6 (=G (1)) dy  (13)

Since, A— Gy > 0 on E and Gy > 0 a.e. on H\N, we have Gy(A — Gy) > 0 a.e. on E and we may
consider Gy(A — Gy) as a weight on a weighted L2-space on E. Thus, with L, ¥ € L* (H), we have

(/ ¥ (1) (AGy (1) = Gy (1)°) ) (/ ¥ (v (AG¢(7)G¢(7)2)d7)

- (/L(“r)2 (4Gy (1) = Gy (1)?) dv) (14)

2

Using equation (13) and (14) we get,

/ ¥ (NF (4G (1) = Gy (1) dr= [ ¥ (NI (AGy (1) - Gy (1)2)
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Assuming Gy € L (H ) and using a simple estimate we get,

N\»—l

(/ ¥ (7) =L (1) (4G (1) = Gy (1) ) / ¥ (v) = L (1) (AGy (1) = Gy (1)7) dy

<K(I¥ = Loy +1¥ = Litey) . 06)

1
where, K = max (2(:% |Gy (A—Gq,)sz(H) (A_G¢)HL°°(H)>' Since, the trigonometric
polynomials are dense in L?(H) we can choose a trigonometric polynomial ¥ such that

Y — LHLZ( )<L where L = min (1, ;%). Thus,

K (I = Lll gy + ¥ = LliZa(a)) < (17)

Therefore we can conclude from (15), (16) and (17) that

/ ¥ (1) (4Gs (1) = Gy (1)) d

vV
N_\ a

Similarly, if Gy € L? (H), we can choose a trigonometric polynomial ¥ such that

N\»—l

(/ ¥ (7) =L (1) (4G (1) = Gy (1) ) / ¥ (7) = L (1) (AGy (1) = Gy (1)7) dy

<

NI o
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