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1. Introduction and preliminaries

Most of the generalizations of fixed point theorems usually start from Banach [5] contraction principle. But all the
generalizations may not be from this principle. In 1973, Geraghty [9] introduced an extension of the contraction in which
the contraction constant was replaced by a function having some specified properties. In 1989, Bakktin [4] introduced the
concept of a b-metric space as a generalization of a metric spaces. In 1993, Czerwik [8] extended many results related to
the b-metric spaces. In 1994, Matthews [17] introduced the concept of partial metric space in which the self distance of
any point of space may not be zero. In 1996, S.J.O’Neill [22] generalized the concept of partial metric space by admitting
negative distances. In 2013, Shukla [28] generalized both the concepts of b-metric and partial metric space by introducing
the partial b-metric spaces. Many authors recently studied the existence of fixed points of self maps in different types of
metric spaces [1, 2, 14, 21, 26, 29]. Xian Zhang [31] proved a common fixed point theorem for two self maps on a metric
space satisfying generalized contractive type conditions. Some authors studied some fixed point theorems in b-metric spaces
[18, 24, 25, 32]. After that some authors proved a — 1 versions of certain fixed point theorems in different type metric

spaces [13, 19, 24]. Mustafa [20] gave a generalization of Banach contraction principle in complete ordered partial b - metric
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space by introducing a generalized « — 1 weakly contractive mapping.

In this paper we prove fixed point theorems for 1)-weak generalized Geraghty contractive pair of weakly increasing/decreasing
self mappings in complete partially ordered partial b - metric spaces satisfying a contractive type condition by considering
partial b - metric p as in Definition 1.1 (Shukla [28]) which is more general than that of any partial b-metric and obtained
some fixed point results of G.V.R.Babu et.al [3] in complete partially ordered metric space as corollaries A supporting
example is given and an open problem is also given at the end of the paper. Shukla [28] introduced the notation of a partial

b-metric space as follows.

Definition 1.1 ([28]). Let X be a non empty set and let s > 1 be a given real number. A function p: X x X — [0,00) is

called a partial b-metric if for all x,y,z € X the following conditions are satisfied.
(1). @ =y if and only if p(z,x) = p(z,y) = p(y,y)

(2). p(z,z) < p(z,y)

(3). p(x,y) = ply, @)

(4). p(z,y) < s{p(z,z) +p(z,y)} — p(z,2). The pair (X,p) is called a partial b-metric space. The number s > 1 is called a

coefficient of (X, p).

Definition 1.2 ([13]). Let (X, <) be a partially ordered set and T : X — X be a mapping. We say that T is non decreasing

with respect to < if v,y e X, x <y= Tz <Ty.

Definition 1.3 ([13]). Let (X, <) be a partially ordered set. A sequence {zn} € X is said to be non decreasing with respect

to < ifxn <xpaVneN.

Definition 1.4 ([20]). A triple (X, <,p) is called an ordered partial b-metric space if (X, <) is a partially ordered set and

p s a partial b-metric on X.

Definition 1.5 ([19]). Define ¥ = {3/ : [0,00) — [0,00) is non-decreasing and satisfies (1) } ¢ is continuous and

Y(t)=0&t=0 (1)

Definition 1.6 ([9]). A self map f : X — X is said to be a Geraghty contraction if there exists € Q such that
d(f(x), f(y)) < B(d(z,y))d(z,y) where @ ={B:[0,00) = [0,1)/8(tn) = 1= tn — 0 asn — co}.

Definition 1.7 ([7]). Suppose (X,<) is a partially ordered set and f,g : X — X are self maps. f is said to be g—

non-decreasing if for r,y € X, gr < gy = fx < fy.

Definition 1.8 ([3]). Let (X, <) be a partially ordered set and suppose that there exists a metric d such that (X,d) is a

metric space. Let f and g be two self mappings on X. Suppose there exists » € ¥, B € Q and L > 0 such that

Pd(f(2), f(y)) < BM (z,y)) M (z,y) + L.N(z,y) )

for all z,y € X with gz > gy, where M (z,y) = max{d(gz, gy), d(gz, fx),d(gy, [v), 5ld(gz, fy) + d(fz,gy)]} and N(z,y) =

min{d(gz, gy), d(gz, fy),d(fz,gy)}. Then we say that (f,g) is a pair of ¥ weak generalized Geraghty contraction maps.
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Definition 1.9 ([10]). Two self maps f and g of a metric space (X,d) are said to be compatible if im d(fgxn,gfzn) =0
n—r o0

whenever {x,} is a sequence in X such that lim fz, = lim gz, = u for some u € X.

n— oo n—r oo

Definition 1.10 ([11]). Two self maps f and g of a metric space (X,d) are said to be weakly compatible if they commute

at their coincidence points, that is if fu = gu for some u € X, then fgu = gfu.

Definition 1.11 ([23]). Two self maps f and g of a metric space (X,d) are said to be reciprocally continuous if lim fgz.,
n—o0
= fz and lim g¢fxz, = gz whenever {x,} is a sequence in X with lim fz, = lim gz, = z. G.V.R.Babu et.al [3] proved
n— oo n— oo n— oo

the following theorems:

Theorem 1.12 ([3]). Let (X, <) be a partially ordered set and suppose that there exists a metric d such that (X,d) is a
complete metric space. Let f and g be two self maps on X such that f is g-non-decreasing. Suppose that (f,g) is a pair of

generalized Geraghty contraction maps satisfying (2). Assume that

(1). fX CgX

(2). there exists xo € X such that gxo < fxo

(3). g(X) 1is is a closed subset of X.

(4). if any non-decreasing {xn} in X, converges to u, then xn <u ¥ n € N. Then f and g have a coincidence point in X

Theorem 1.13 ([3]). In addition to the hypothesis of Theorem 1.12, if gu < ggu where u is as in (iv) and f and g are

weakly compatible then f and g have a common fixed point in X.

Theorem 1.14 ([3]). Let (X, <) be a partially ordered set and suppose that there exists a metric d such that (X,d) is a
complete metric space. Let f and g be two self maps on X, f is g-non-decreasing. Suppose that (f,g) is a pair of V-weak

generalized Geraghty contraction maps. Assume that
(1). fX CgX

(2). f and g are compatible.

(3). there exists xo € X such that gxo < fxo

(4). f and g are reciprocally continuous. Then f and g have a coincidence point in X.

2. Main Result

In this section we prove coincident point and common fixed point theorems for a pair of weakly increasing/decreasing self
maps on partially ordered partial b - metric spaces by using by partial b - metric p of definition 1.1 and obtain Theorems
1.12, 1.13 and 1.14 as corollaries. A supporting example is also given. An open problem is also given at the end. We begin

this section with the following definition

Definition 2.1 (][20]). Suppose (X, <) is a partially ordered set and p is a partial b-metric with s > 1 as the coefficient of
(X,p). Then we say that the triplet (X, <,p) is a partially ordered partial b-metric space. We observe that every ordered

partial b-metric space is a partially ordered partial b-metric space.
Definition 2.2 ([20]). A sequence {x,} in a partial b - metric space (X,p) is said to be:

(1). convergent to a point x € X if im p(zn,,z) = p(z,x)
n—o0
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(2). a Cauchy sequence if lim p(xn,xTm) exists and is finite
n,m—oo

(3). a partial metric space (X,p) is said to be complete if every Cauchy sequence {x»} in X converges to a point © € X

such that lim  p(Tn,Tm) = lim p(zn,z) = p(z,x).

n,m—oo n— oo
Now we introduce the notions of a pair of weakly increasing/decreasing self maps, compatibility, weak compatibility and

reciprocal continuity of two self maps on a partially ordered partial b-metric space.

Definition 2.3 ([6]). Let (X,<) be a partially ordered set and S,T : X — X be such that Sx < T'Sxz and Tx < STz

(Sx > TSz and Tx > STx) Vr € X. Then S and T are said to be weakly increasing/decreasing mappings.

Definition 2.4. A pair of weakly increasing/decreasing self maps S, T and a self map g on a partially ordered partial b
- metric space (X,<,p) are said to be compatible if lim p(Sgzn,gSzn) = 0 = lim p(Tgxn,gTxn) whenever sequence
n—oo n— oo
{zn} in X such that lim p(Szm,Tz,) = lim p(Tzp,u) = lm p(Szm,u) = p(u,u) = 0 and lim  p(gzm,gTn) =
m,n—roQ n—oo m—r0oQ m,n%oo

lim p(gxn,u) = p(u,u) =0 for some u € X

n— oo
Definition 2.5. A pair of weakly increasing/decreasing self maps S, T and a self map g on a partially ordered partial b-
metric space (X, <,p) are said to be weakly compatible if they commute at their coincidence points, that is Su = Tu = gu

for some u € X, then Sgu = gSu = Tgu = gTu.

Definition 2.6. A pair of weakly increasing/decreasing self maps S,T and a self map g on a partially ordered par-
tial b - metric space (X,<,p) are said to be reciprocally continuous if lim p(Sgxm,Tgrs,) = lm p(Sgrm,Sz) =
m,n— 00 m— oo

lim p(Tgzn,Tz) = p(Sz,Tz) =0 and lUm p(gSzm,9Tz,) = lim p(gSzm,Sz) = lim p(¢Tzn,Tz) = p(gz,g92z) = 0

n— oo m,n—>oo m—r o0 n—r o0

whenever {z,} is a sequence in X with lim p(Sxm,Tx,) = lim p(Sxm,z) = lUm p(Txn,z) = p(z,2) = 0 and
m,n—00 m—»o0 n—oo

im p(gxm,gzn) = lim p(gzn,z) = p(z,2z) =0 for some z € X
m,n— 00 n—oo

In the following definition we extend the notion of ¢y — weak generalized Geraghty contraction for a pair of weakly increas-

ing/decreasing self maps S, T and a self ma on a partially ordered partial b-metric space (X, <,p).
g g ps o, P g p Yy p 1Y y P

Definition 2.7. Let (X, <) be a partially ordered set and suppose that there exists a partial b-metric p such that (X,p) is a
partial b-metric space. Let S, T be a pair of weakly increasing/decreasing self maps and g be a self mapping on X. Suppose

there exists
Y eV, BEQ such that P(sp(Sz,Ty) < B(Y(M(z,y)))b(M(z,y)) 3)

for all x,y € X whenever gx and gy are comparable, where M(xz,y) = max{p(gz,gy),p(g9z, Sz),p(g9y, TYy), 5= [p(9z, Ty) +
p(Sz,gy)]}. Then we say that g is a pair of ¥ weak generalized Geraghty contraction maps S,T. We also say that g is a

pair of weak generalized Geraghty contraction maps S, T if (t) =t V t € [0,00).

Definition 2.8 ([7]). Suppose (X, <) is a partially ordered set and S,T,g: X — X are self maps on X. S, T are said to be

g-non-decreasing if for v,y € X, gr < gy = Sx < Sy and Tx < Ty.
Now we state the following useful lemmas, whose proofs can be found in Sastry. et. al [26].

Lemma 2.9. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let {xn} be a
sequence in X such that
(1). im z, =z, lim y, =y and lim p(zn,yn) =0=>z =1y

n—oo n—oo n— oo

(2). lim p(zn,Znt1) =0 and lim z, =z, lim z, =y
n—oo n— oo n— oo

Then lim p(zn,z) = lim p(z,,y) = p(x,y) and hence x =y
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Lemma 2.10.
(1). p(z,y) =0 =z =y

(2). lim p(zn,z) =0 = p(z,z) =0 and hence xn, — = asn — oo.

n—o0o

Lemma 2.11. Let (X, <,p) be a partially ordered partial b - metric space with coefficient s > 1. Let {zn} be a sequence in

X such that lim p(zn,zn+1) =0. Then
n— oo

(1). {zn} is a Cauchy sequence = lim p(Tm,xn) = 0.

m,n— oo

(2). {zn} is not a Cauchy sequence = 3 € > 0 and sequences {m;},{ni} > mr > ni, > k € N; p(@m,,Tn,) > € and

P(Zny, s Tmy—1) < €
Proof.

(1). Suppose {z,} is a Cauchy sequence then lim p(zm,z,) exists and finite. Therefore 0 = lim p(xn,Tni1) =
m,n— oo n—oo

lim p(@m,zn). Therefore lim p(zm,zn) =0.
m,n— oo m,n— o0

(2). {zn} is not a Cauchy sequence = mlyilgoop(xm,xn) # 0 if it exists = 3 € > 0 and for every N and m,n > N >
D(Tm,xTn) > € nli_)rréop(xn,xnﬂ) =0=3I M 3 p(xn,Tn+1) < eV n > M. Let Ny > M and ni be the smallest
such that m > n1 and p(zn,,zm) > € for at least one m. Let m; be the smallest such that m1 > n1 > N; > 1
and p(Tn,, Tm,) > € so that p(zn,, Tm;—1) < €. Let N2 > Ni and choose ma > n2 > No > 2 3 p(Tpy, Tmy) > €

and p(Zn,, Tms—1) < €. Continuing this process we can get sequences of positive integers {my} and {nx} such that

my > ng > k and p(@n,, Tm, ) > € ; P(Tn,, Tmy—1) < €

Now we state our first main result for a pair of weakly increasing self maps:

Theorem 2.12. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let S,T be
a pair of weakly increasing self maps and g be a self mapping on X. S,T are g- non - decreasing. Suppose that g is a
pair of weak generalized Geraghty contraction maps S, T, that is there exist v € U and B € Q such that ¥(sp(Sz, Ty) <

B (M (z, ) (M(x,y)) for all z,y € X whenever gz and gy are comparable, where

5clplg2, Ty) + p(Sz, 90)]} @

M(z,y) = maz{p(gz, 9y), p(9z, Sx), p(gy, T'y)
Assume that
(1). S(X),T(X) C g(X)
(2). there exists xo € X such that gxo < Szo
(3). g(X) is is a closed subset of X.

(4). if any non - decreasing sequence {x,} in X, converges to u, then o <u Vn >0

Then S, T and g have a coincidence point in X .
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PTOOf. let zo € X be as in (i7). If gro = Sxo then xo is a coincident point and there is nothing to prove. Now
suppose gro < Sxo. By (i) 3 #1 € X such that gz1 = Sxo. Since gzo < Szo = gz1 and S is g— non decreasing, we
have Szog < T'Szo = Szo < Tx1. Since S(X),T(X) C ¢g(X) and Tx1 € T(X) C g(X), there exists 2 € X such that
gre = T'z1 and gz1 < gzo. Continuing this process, we can find sequence {z,} with Sxon = gx2n+1 and TTont1 = gTon42
forn =0,1,2,3,.... Further, since gr1 < gzs and S, T are weakly increasing g— non decreasing, we have T'x; < Sx2 so that
gre < gx3.

.. By induction, we get gz, < gznt+1 Vn =0,1,2,3,... Suppose n is odd and gz, = gTnt+1 = gTnt1 = TTp = gTn = Ty is
a coincident point of T" and ¢ in X. Suppose n is even and gz, = gTn+1 = gTnt+1 = STn = gTn = T, is a coincident point
of S and g in X. Suppose n is odd and x,, is a coincident point of 7" and g in X. Then gz, = gTn+1 = gTn+1 = Txn = gTn

and assume that gzn+1 # gTn42 we have

Y(sp(9Tn+2, gTnt1)) = P(sp(Stnt1, Trn))
< BW(M(zn+1,20))) (M (Tnt1,2n)), where M(Tnir1, 2n)
= max{p(gTn+1, 9Tn), P(9Tn+1, STn+1), P(9Tn, TTn), % [p(9Znt1, Txn) + p(STnt1, gzn)|}
= max{p(gTn+1, 9Zn), P(9Tn+1, 9Tn+2), P(9Tn, gTn+1), %s[p(gxnﬂ, 9Tn+1) + P(9Tnt2, 97n)|}
< max[p(gTn+1, 9Tn), P(9Tn+1, 9Tnt2), %{p(gfsn%gwnﬂ) + 8(p(9Tn+2, 9Tn+1) + P(gTn+1, 9Tn))

— P(9Tn+1, 9Tn+1)}]
= p(gTnt1, Tnt2)
" Y(sp(9Tnt2, 9Tnt1)) < B (P(9Tnt2, 9Tn+1)) Y (P(9Znt2, 9Tnt1)

< P(p(9Tn+2, 9Tn+1))

= sp(gTn+2, gTn+1) < P(gTn+2, 9Tn+1), a contradiction.

U 0Tn41 = GTni2

S 9Tng2 = SThi1 = gTnt1

;. Tn+1 = Ty is a coincident point of S and g in X. .". z, is a coincident point of 7" and g in X then z,, is a coincident point
of S and g in X. Similarly by considering n to be even x, is a coincident point of S and g in X, then z, is a coincident
point of 7" and g in X. Let n be odd and we may assume that gzn4+1 # gzni2 ¥V n € N. Then we have p(gZn12, gTn+1) > 0,

therefore by (4),

Y(sp(gTnt2, gTn+1)) = P(sp(STnt1, Tan))
< B (M (Tnt1,2n))) (M (Tpy1,2n)), where M(Zni1,7n)

1
= max{p(gTn+1, 9Tn), P(gTn+1, STn+1), p(gTn, TTn), ?[p(gxn-‘rla Tzn) + p(STnt1,92n)]}

2

= max{p(gTn+1,9%n), P(9Tn+1, 9Tn+2), P(GTn, 9Tn+1), ?13 [P(gTn+1, 9Tnt1) + P(GTnt2, 9Tn)]}

< max[p(gTn+1, 9Tn), P(gTn+1, 9Tn+2), ;*s{p(gwnﬂagxnﬂ) + 8(p(9Tn+2, gTn+1) + P(gTn+1, 9Tn))
— P(9%n+1, 9Tn41)}]

= max[p(gTn+1,9Tn), P(gTn+1, Tnt2)]

Suppose
P(9Tn41,97n) < p(9Tnt1, 9Tni2) (5)
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Then M (zn+1,%n) = p(gTn+1, gTn+2)

S P(sp(gTnte, gTny1)) < 5(¢(p(gwn+27gwn+1))¢(p(9$n+zygwn+1) < ¢(p(g$n+2vgxn+l))

= sp(9Tn+1, 97n)< p(gTn+2, gTn+1), a contradiction.

S M(Tng1, ) = p(gTns1, gTn) (6)
= P(p(9%nt2, gTnt1)) < P(sp(9Tnt2, 9Tn+1))
< B (P(gTnt1, g2n ) (p(gTnt1, g2n)
<Y(p(g2n+1, 92n)))

= p(g2ni2,9Tnt1) < $P(gTni2, 9Tni1) < P(gZni1, gTn) (7)

-, sequence {Y(p(gxny1,9zn))} is strictly decreasing and converges to r (say). Also sequence p(gTni1,92n) is strictly

decreasing and converges to A (say).
S =1Y(A) (8)

Suppose 7 # 0

CV(p(9Tnt2, gTni1))
Y(p(gTn+1,92n))

< B (p(grnt1, gzn)) <1 9)
taking limits as n — oo
o lim B((p(gnr1, grn))) = 1= lm P(p(g2nt1, gzn)) =0
r=0=>¢9vN)=0=>X=0 (10)

In the similar lines we can discuss the case when n is even and arrive the same conclusions.
r=0=¢9A)=0=A=0 (11)

Now we claim sequence {gz,} is a Cauchy sequence. Assume that {gz,} is not a Cauchy sequence. Then by lemma 2.11
3 e > 0 and sequences {my} , {nx} ; mr > ni > k such that p(gzm,,g92n,) > € and p(gTm,—1,9%n, ) < €. Let us observe
the following cases:

Case(7): Let my is even and ny is odd

Soab(se) < w{sp(gxmkﬂgxnk)} = w{SP(Txmk—lv ank—l)}
< ﬂ(w(M(xmk*h xnkfl))w{M(xmkflv wnkfl)} where M(xmk*h xnkfl) (12)

= max[p(gm’mkflvgmnkfl)ap(gl‘nk*h ankfl)ap(gmmkflv Txmk*1)7

2 P01, S0, 1) + DTy 1, gn, )]
= max[p(gTmy—1, 9Tn; 1), P(9Tnj 1, GTny )5 P(9Tmy—1; 9Tmy, )
2%9 [{p(gl’mk —1,9Tny, ) + p(gl’mk y GTmy, —1)}]
< max[p(9Tmy—1, 9Tng—1), P(9Tng—1, 9Tny. ), P(9Tmy —1, GTmy, ),
% [({sP(9%my—1, 9Tny—1) + 8P(9Tny—1, 9Tny ) — P(9Tnj—1, 9Tny—1) + SP(9Tmy—1, 9Tnj—1)

+ sp(g:vmk ’ gmmkfl) - p(gxmkfla gxmkfl)}]



Common Fixed Point Theorems For A Pair Of Weakly Increasing/Decreasing Self Maps Under 1-Weak Generalized Geraghty Contractions in
Partially Ordered Partial b-Metric Spaces

1
S maXLP(mek—la gxnk—l)yp(gxnk—hgxnk)yp(gitmk—h gwmk)7 %[{QSp(gxmk—lv gﬂ?nk—l)

+ 5p(9Tny—1,9%n,, ) + 5D(9Tmy, 9Zmy—1) }]

2p(gxmk y GTmy, -1)

1
= p(9Tmp—1,9Tn,—1) + Ep(gxn,cq,gwnk) +

1 1
< 8p(gTmy—1,9Tny,) + 8P(GTny, GTny—1) — P(GTny, GTny) + ip(g:cnk—hgwnk) + 5p(9zmkvg$mk—1)

1 1
< 5p(9my—1, 9%n,.) + 5P(g@n, 9Tny—1) + 5P(9Tn -1, 9Ty ) + 5P(9Tmy, 9Tmy—1)

1 1
< se+sn+ 577—}— 5" where n > 0 for large k

S (s€) < BO(M (g —1, Ty —1))1b(s€ + 51+ 1) < Y(se+sn+1) (13)
(This being for large k and true for every n > 0). Since ¢ is continuous , then we get for large k, ¥(se) < kli)rglo
B (M (zmy,—1,ZTn,—1))) ¥(se) < (se). Therefore lerr;o B (M (xm),—1,Zn,—1))) = 1. Therefore klgr()l() M(Tm)—1,Tny—1) =
0 = ¥(se) <0 = 1(se) =0 = se =0, a contradiction.
Case(ii): Let my is odd and ny, is odd
S (sp(gTmy s gy 41)) = Y(sp(STmy, 1, TTny, )
S BE(M (@mp—1, 20y )Y (M Ty —1, Tny.))
< M(%my—1,Tn,,) where M(Tm, —1,%n,,) (14)

= max([p(9Tmy—1, 9Tny, )s P(GTmy —1, STmy—1), P(9Tny, Tny, ),
S DS ma 1, 920) + Plgzme 1, Tn, )}

= max([p(gTm, —1, 9Tny )s P(9Tm, —1, 9Tm,, ), P(GTny, > GTny+1),
%[{p(gwmk,gwnk) + p(9ZTmy,—1, 9Tny+1)}]

1
= P(gZmy—1,92n,) or o [{P(gTmys gTni) + P(gTmy—1, 9ny+1)}]

Suppose M (Zmj,—1,Zn,,) = P(9Tm; -1, gZn,) < €. But

€ < p(9Zmy,, 9Tny) < SP(9Tmy s 9Ty +1) + 8P(9Tny+1, 9Tny ) — P(9Tny 415 GTny+1)
< 8p(9Tmy, s GTny+1) + sn where 1> 03 p(gTny+1,9Tn,) <1 (15)
= € — 51 < sp(9Tmy,, 9Tny,+1) (16)
sop(e = 5m) < Y(sp(gTmy s GTng+1)) < PY(5p(STimg—1, TTny )

< B (P(gTmy—15 9Tn,,) )V (P(9Tmy 1, 9Tny,))

< P(P(9Tmp 15 9%ny)) < P(€) (17)
Allowing k — oo, then n — 0 and ¢ is continuous. .. ¥(e) < kli_{n BW(P(9ZTmy—1,9%n,)))¥(e) < 9(e) and klim

P(9Tmp—1, 9Tny) = €. .. klim B (p(9Tmy—1,9%n,))) = 1 = klim P(gTmy—1,9%n,) = 0 = € = 0, a contradiction. Sup-
— 00 —0o0

pose M(Zmy—1,%n,) = i {p(9Zmy s 9Tn, ) + P(GTmy—15 GTn,+1)}]- On the other hand
P(9Tmy> 9Tny, ) + P(9Tmp—1, 9Tnp+1) < SP(9Tny, 9Tmy—1) + SP(GTmy—1, 9%my, ) — P(9Tmy—1, 9Tmy—1) + SP(GTny +1, 9Tny,)
+ sp(gm"k ) gmmkfl) - p(gm"mgxnk)
< Sp(gxnkvgmmkfl) + Sp(gl’mkfl, gwmk) + Sp(gmnk7gxmk71) + sp(gacnkH, gl‘nk)
< 25p(gn,,, gTmy—1) + 251 < 2se + 2s1).
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where p(gZn, +1, gTn, ) <1 and p(gTm,, gTm,—1) < n for some n > 0 for large k

1
E[{p(gxmkvgmnk) +p(gmmk*17gmnk+1)}] <e+n. (18)

Therefore,

1
M(Imkflv xnk) = %[{p(gxmk7g‘rnk) +p(gxmk*179xnk+1)}] <e+n

Therefore from (16), (17) and (18)

€ — 51 < 8p(gTmy, GTny+1)
b€ —sn) S Y(sp(gTmy, gTny+1))
< BE(M (@my,—1, n ) )Y (M (T 1, Tny, )
S UM (@my,—1,Tny,))

< ple+mn)

Allowing k — oo, then n — 0.

() < Jlim B @1, 80,))) Jim 6 @y -1, ) < $(6)

T k—oo
and lim M(Tm,—1,%n,) = €. .. lim B(WY(M(zm,—1,2n,))) = 1 = lim M(Zm,—1,2n,) = 0 = € = 0, a contradiction.
k— o0 k—o0 k— o0

Similarly the other two cases can be discussed. Therefore {gz,} is a Cauchy sequence. Therefore {gz,} — gy for some
y € X by (i14). Also

0= lim p(gzn,grm) = lim p(gza,gy) = p(9y, gy) (19)

n,Mm— o0

Now by (iv) of the hypothesis gz, < gy V n € N. Therefore gxn+1 < gy = Txn < Ty and Sz, < Sy V n € N( since S,T
are g— non-decreasing). Let n be even ¢ {sp(Szn,Ty)} < B(Y(M (zn,y))Y(M(zn,y)), where

1
M(zn,y) = max{p(gzn, 9y), p(gy, Ty), p(9Tn, STn), ;S[p(gxn, Ty) + p(Szn, gy)]}

! [p(92n, Ty) + p(9Tn+1,9y)]}

= max{p(gzn, 9y), p(9¥, TY), P(9Tn, gTn+1), %

=p(gy,Ty) for large n. (20)
Now, Tim B((M(za,y)) =1= lim $(M(zs,y)) =0
= ¥(p(gy, Ty)) = 0 by (20) (21)
= p(g9y,Ty) = 0= gy = Ty ( by Lemma 2.10 (i)). Therefore y is a coincident point of 7" and g. Suppose 3 X such that
B (M(zn,y))) = A, for infinitely many n (22)

S0 X<, p(sp(Szn, Ty)) < AMp(M(x0,y)) < Mp(p(gy, Ty)) < ¥(p(gy, Ty))

= sp(Szn, Ty) < plgy, Ty) = lim sup sp(Szn, Ty) < p(gy, Ty) (23)
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Now

p(9y, Ty) < sp(gy, gTn+1) + sp(gTn+1, TY) — P(gTn+1, gTnt1)
< sp(9y, 9Tn+1) + sp(gTn+1, Ty)
= p(gy, Ty) — sp(gy, gTn+1) < 5p(Sxp, TY)

= p(gy, Ty) < lim inf sp(Szn, Ty) (24)
n— oo

Therefore lim sup sp(Szn, Ty) < p(gy, Ty) < lim inf sp(Szn,Ty). Therefore lim sp(Sz.,Ty) = p(gy, ty).
n—oo n—oo n—oo

= P(p(gy, Ty)) = ¢( lim_sp(Szn, Ty))
= 1Lm Y(sp(Szn,Ty)) (since ¢ is continuous)

< Mp(p(gy, Ty))

= Y(p(gy, Ty)) = 0= p(gy, Ty) =0=> gy =Ty (25)

Therefore y is a coincident point of 7" and g. Let n be odd. Interchanging the roles of S and T in the above discussion we
can conclude y is a coincident point of S and g. Hence y is a coincident point of a pair of weakly increasing self maps S, T

and g. O
Now we state and prove our second main result.

Theorem 2.13. Let (X, <,p) be a complete partially ordered partial b-metric space with coefficient s > 1. Let S,T be
a pair of weakly increasing self maps and g be a self mapping on X. S, T are g-non-decreasing. Suppose that g is a
pair of weak generalized Geraghty contraction maps S, T, that is there exist v € U and B € Q such that ¥(sp(Sz, Ty) <

B (M (z,y))p(M(x,y)) for all x,y € X whenever gz and gy are comparable, where

M(z,y) = max{p(gz, gy), p(gz, Sx), p(9y, Ty) ! [p(gz, Ty) + p(Sz, gy)]} (26)

' 2s
Assume that

(1). S(X), T(X) Cg(X).

(2). there exists xo € X such that gro < Sxg.

(3). g(X) is a closed subset of X.

(4). if any non - decreasing {zn} in X, converges to y, then that x, <y ¥V n > 0.

Further if S, T and g are weakly compatible and if gy < ggy ¥V y € X, then S,T and g have a common fized point in X.

Proof. We have by Theorem 2.12, {gz,} is a Cauchy sequence, which is non-decreasing that converges to gy and gy =
Sy = Ty. Therefore lim p(gzn,gxm) exists and is equal to 0. As sequence {gz,} — gy implies 0 = lim p(gzn, gzm) =
n,m—oo n,m—oo

lim p(gxn,9y) = p(g9y, gy). Since S,T and g are weakly compatible, we have Sgy = gSy = T'gy = gTy. Let
n—oo

gy =Sy =Ty =u (say) (27)

. Tu=Tgy=gTy = gu (28)
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If y = u, then u = Su =Tu = gu = u is a common fixed point of T" and g in X. Let y # u= gy # gu = p(gy, gu) # 0 (by
Lemma 2.10 (i)). We have from (26),

¥(sp(gy, gu)) = ¥(sp(Sy, Tu)) < B (M (y,u)))P(M(y,w))

1
where M (y, u) = max{p(gy, gu), p(gy, Sy), p(gu, Tu), ;S[p(gy, Tu) + p(Sy, gu)]}

p(gy, gu) (by (27) and Lemma 2.10 (i))
So(splgy, gu)) < BY(M (y,uw))) (M (y,u))
= Y(sp(gy, gu)) < B(¥(p(gy, gu)))¥(p(gy, gu))

= Y(p(gy, gu)) < ¥(sp(gy, gu)) < ¥ (p(gy, gu)) if ¥(p(gy, gu)) > 0, a contradiction.

Therefore ¥ (p(gy, gu)) = 0 = p(gy, gu) = 0. Therefore gy = gu. Therefore By (27) and (28) v = Su = T'uw = gu. Therefore

u is a common fixed point of S,T and g in X. O
Now we state and prove our third main result.

Theorem 2.14. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let S,T be
a pair of weakly increasing self maps and g be a self mapping on X. S,T are g- non - decreasing. Suppose that g is a
pair of weak generalized Geraghty contraction maps S, T, that is there exist v € U and B € Q such that ¥(sp(Sz, Ty) <
B (M (z,y)v(M(x,y)) for all z,y € X whenever gx and gy are comparable, where

! [p(gz, Ty) + p(Sz, gy)] (29)

M (z,y) = max{p(gz, gy), p(gz, Sz), p(gy, Ty), %

Assume that

(1). 5(X), T(X) <€ g(X)

(2). S,T and g are compatible

(3). there exists xo € X such that gro < Szo
(4). S, T and g are reciprocally continuous.
Then S, T and g have a coincidence point in X.

Proof. We have by Theorem 2.12, {gz, } is a Cauchy sequence, which is non-decreasing that converges to z (say). Therefore
lim p(gxn, grm) exists and is equal to 0. As sequence {gz,} — z implies lim p(gxn, gzm) = lim p(gzn,z) = p(z,2) =

n,m—oQ n,m%oo n—oo
0.
For n is even

lim Sz, = lim gxp41 =2

n— oo n—oo

o lim gz, = lim Sz, = 2
n— oo n—oo

For n is odd

lim Tz, = lim gTny1 =2
n— oo n—oo

oo lim gz, = lim Txy, =2
n—oo n— o0
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o lim gx, = lim Tz, = lim Sz, =z
n—oo n— oo n—r o0

Since S, T and g are reciprocally continuous,

lim Sgx, =Sz and lim ¢Sz, = gz
n— oo n— o0

lim Tgx, =Tz and lim g7z, = gz
n— o0 n— o0

Also since S, T and g are compatible, . lim p(Sgxn,9Szn) =0 = p(T'gxn, gTzs). Then by Lemma 2.10 (i), we get Sz = gz
n—o0

and Tz = gz. Hence z is a coincidence point of S,T and g in X. O
The following corollaries can be established for the Theorems 2.12, 2.13 and 2.14

Corollary 2.15. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let S,T : X — X
be a pair of weakly increasing self maps under v weak generalized Geraghty contraction and there exists xo € X such that
xo < Szo. If any non decreasing sequence {xn} in X converges to u, then we assume that x, <u ¥V n > 0. Then S,T have

a fized point in X.
Proof. TFollows from the theorem 2.12 by choosing g = I, O

Corollary 2.16. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let S,T : X — X
be a pair of weakly increasing self maps under weak generalized Geraghty contraction and there exists xo € X such that xo
< Szo. if any non decreasing sequence {xn} in X converges to u, then we assume that tn, < u ¥V n > 0. Then S,T has a

fized point.
Proof.  Follows from the theorem 2.12 by choosing g = I, and 9 (t) = t. O

Corollary 2.17. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let S,T : X — X
be a pair of weakly increasing self maps under 1 weak generalized Geraghty contraction and there exists xo € X such that

xo < Szo and S, T are continuous. Then S,T has a fized point.
Proof. Follows from the theorem 2.12 by choosing g = I,.. O

Corollary 2.18. Let (X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1. Let S, T : X — X
be a pair of weakly increasing self maps under weak generalized Geraghty contraction and there exists xo € X such that zo

< Szo. and S, T is non decreasing and continuous. Then S,T has a fixed point.
Proof.  Follows from the theorem 2.12 by choosing g = I, and 9(t) = t. O
Now we give an example in support of Theorem 2.12

Example 2.19. Let X = {0,1, %, %, e %} with usual ordering. Define

Oifx=y

lifz#ye{0,1}
pz,y) =
lz—ylif 2,y€{0,3, 4,8, %, 15

4 otherwise
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T:X =5 XbyTl=T;=T3=T;=Tt=3;T0=T¢=Tt =Tt =T; =T+ =1 = T(X)={5,1}. Define
S:X > XbyS1=8;=95=9;=5t=80=5;=81=95;=5;=5%=3=5X)={3}

1 .

55 1f2<n <5

9(x) =9 Llif6<n<10

g0=4,91=1

= g(X) = {1, L 1L Therefore T(X),S(X) C 9(X) C X and g(z) < g(y) = T(z) < T(y) and S(z) < S(y).

7274767879

Therefore S, T are g-non decreasing. Define 1 : [0,00) — [0,00) by 9 (t) = £ and

L if te(0,00)

By =4
0 ift=0
Forz,ye X == 0<z= % < % and 0 <y = % < %, the following cases can be observed
(1). For x = 0,y € X = ¢(sp(Sz,Ty)) = 0 or 5 < 5 = B(M(z,y)b(M(z,y)) where M(z,y) =

maz{p(gz, gy), p(gz, Sz), p(g9y, Ty), 55 [p(9x, Ty) + p(Sz, gy)]} = 4.
(2). For 1 <m <5 and 6 < n <10, = ¢(sp(Sz,Ty)) < 5 < 3 = B((M(z,y))(M(z,y)) where M(z,y) = 4.
(3). For 6 <m <10 and 1 <n <5 = ¢(sp(Sz,Ty)) =0 < § = B (M(x,)))(M(z,y)) where M(z,y) = 4.
(4). For 6 <m <10 and 6 <n < 10 = ¢(sp(Sz, Ty)) < 5 < § = Bb(M (z, ) (M (z,y)) where M(z,y) = 4.

T% = % = g% = Tg% = % :gT% =T and g are weakly compatible at % € X. Also S% = % = g% = Sg% = % :gS% =S

and g are weakly compatible at % € X. Clearly g% = % < i = f%. Let xo = % = gxo < Tzo = % = g% =gr1 = Sr1 =

S% = % = g% =gre = Tre = T% = % = g% = gxa. Therefore % € X is a fized point of T. Also since S% = % Therefore
% € X is a fized point of S. Therefore % € X is a unique common fized point of S,T. The hypothesis and conclusions of of

Theorem 2.12 satisfied.

We observe that Theorems 1.12, 1.13 and 1.14 are corollaries of our main results.

Open Problem: Are the Theorems 2.12, 2.13, 2.14 and their corollaries true if continuity of v is dropped?.
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