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1. Introduction
In terms of the Pochhammer’s symbol (a), defined by [14]

1, if n=0;

ala+1)(a+2)...(a+n—-1), ifn=1,2,3,....

the Lauricella’s function F" is defined and represented as follows [14]

0 a b . bn miy mp
F§ (a, by bascian, o an) = > (@)1 4oty (01) gy e (b)) L'xn' @)
mi, o, Mp=0 (C)m1+'“+mn my: Mn 2
max{|z1|, -+, |an|} < 1. Clearly, we have Fg) = F1, where F1 is Appell’s double hypergeometric function [14]
= (a’)m+n (bl)m (b2)n xm yn
Fl(a>b17b27cax7y): Z (C) R Wﬁ (3)
m,n=0 mn
The generalized Lauricella’s function of several variables is defined as follows [14]
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where

A B B(™ ()

jl;[l (@3) s 00 4o ol jl;[l O )y oy jl;[l ®;"),.. o)

@ (ma, -, mn) = c D’ ) (n) ©)
. » - T ,

jl;ll (C])ml ¢/j+ vy ¢§n) =1 (d J)ml 6/j Jl;ll (dj )mn 6](”)
the coefficients 0, j = 1,2---,4; o j =1,2 .., B®; ¥ ;=12 ... ¢ " j=1,2-., D" for
all k € {1,2,---, n} are real and positive, (a) abbreviates the array of A parameters ai,---aa, (b(k>) abbreviates the
array of B parameters bg.k),j =1,2,---,B® forall k € {1,2,---, n} with similar interpretations for (c) and (d®);
k € 1,2,---,n; etc. Note that, when the coefficients in Equation (4) equal to 1, the generalized Lauricella function (4)

reduces to the following multivariable extension of the Kamp’e de F’eriet function [14]:
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n
(@ oo T, T @,
j=1 j=1 j=1

In the theory of hypergeometric series, classical summation theorems such as Gauss, Gauss second and Kummer for the series
2 F1; Dixon, Watson and Whipple for the series 3 F> and others play an important role. For generalizations and applications
of the above mentioned theorems see for examples [1-5, 8-10] and [12]. In the present investigation, we shall require the

following generalization of the classical Kummer’s theorem for the series 2 Fy (—1) [10]:

i

o a,b b :F(%)F(1+a—b+i)l“(1—b) g A
l+a-b+i ; 2°T (1=b+ 5(i+]i]) T (la+li+ I -[2FDLQ+La—b+1i)

)

+ N ®)
I (3a+3i—[Z)T(5+3a—b+ 1)
for i = 0, £1, £2, £3, 4, +5, where [z] denotes the greatest integer less than or equal to = and |z| denotes the usual

absolute value of z. The coefficients A; and B; are given respectively in [10]. When ¢ = 0, (8) reduces immediately to the

classical Kummer’s theorem [4], (see also [12])

@b _ T(+a-bT(d)

o l+a=b ; T e o Gat D ©)
The following results will be required also [13, 14] :
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(2n+ 1) =2°"(3) n! 15)
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2. Transformation Formulas

In this section, the following transformation formulas will be established:

(2r) . . ; PP
Fy"(a, by —i, by, bo — 1, by, --- b — i, bp; c;1, —T1, T2, — T2, -+, Ty, —Ty)
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S S Do, Gy Dy,
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v v [Tbr"’Z - 'L 'L
A(br,d, 2m1) T Ba(bn,d, 2m1)} X oo X qn(bry i, 2my) {Ar(b,«,z, 2my) | Bu(bri, 2my) } +

X [1(b1,i, 2m1) {

oo oo
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- X by, i, 2me +1) A + B fori=0, £1, £2, +3, +4, 5 (16)
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T " AT(b’ﬁi? 2m'f+1) Br(br77:7 2mr+1) ’ - ’ ’ ? ’ :
where
Flrl_ r_br 'Fl—br
Lbri, mp) = L)L mr—b + )T =) o
27T (1= b+ 5+ i)
Arlbryi ) = T (hm dit d = D0 (1= b, — b+ 30) (19
Br(bryi, mp) =T (=3me + 5i = [§)T (5 = g = br + 39) (20)

The coefficients A; and Bj can be obtained from the tables of A; and B; given in [10] by replacing a by —2m,., also the

coefficients A} and B]’ can be obtained from the same tables of A; and B; by replacing a by —2m,. — 1 respectively.
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Proof of (16): Denoting the left hand side of (16) by S, expanding Fgr) in a power series and using the results [14]:

(@mtn = (a)m (@ +m)n (21)

Z Z A(n,m) = Z Z A(n,m —n) (22)

m=0n=0

(a)m_n:m,ogngm and (m —n)! :(z_l)inz)m!,o<n<m, (23)

we get

my

S = i e Z (a)m1+"'+mr(b1 — 2)m1 o (bT _ i)mrxlml o X f(bl77:7 ml) X oo X f(bmia mr) (24)

(gt pmy, MLyl

where
—my , by ;
fbryi, me) = 24 -1 (25)
1—m, —b-+1 ;

Separating (24) into its even and odd terms, we have

S = i i (a)2m1+~~+2mr(bl - i)2m1 o (br = ©)om,. R it
im0 me =0 (Damytopam, Cma)l---(2m,)!
X f(bl,’i7 2m1)f(b2,i, QTTLQ) X X f(br,i, er)
n i . = (a)2m1+1+2m2+-4-+2mr (b1 — i)2m1+1(b2 - i)Zmr coe(br = 7:)2171,« R s
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X f(bl,’i7 2my + 1) X f(bQ,i, 2m2) X oo X f(br,i, er) —+ -
co i .. i (a)2m1+2m2+1+-~+2mr+1(bl - i)2m1 (b2 — i)2m2+1 e (bT - i)2mr+1ml2m1 pp?matl g 2t
im0 my =0 (c)2m1+2m2+1+---+2mr+1(2m1) 2mz2 + 1)1 (2my + 1)!
X f(bl,i7 2m1) X f(bz,i, 2mo + 1) X oo X f(br,i, 2m, + 1)
+ i ... i (a’)2m1+1+-~-+2m7«+1 (b — i)2m1+1 oo (br — i)Zmr+1 e
my =0 my =0 (C)2m1+1+~~'+2mr+1(2m1 + 1) bee (2m7~ + 1) !
x fbi,i, 2m1 + 1) X f(ba, i, 2ma +1) x -+ -- X f(by,i, 2m, + 1) (26)

Finally, in (26) if we use the result (8), then we obtain the right hand side of (16). This completes the proof of (16). The

result (17) can be proved by the similar manner.
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3. Special Cases

In (16), if we take ¢ = 0, then we have
Flg)%‘) (a’7 bl? b17 b2a b27 7bT7 bT; C X1, —T1, T2, —T2," ", xvaxT)

i i (a)2m1+~-~+2m7‘ (b1)2m1 M (bT)QmT x12m1 cee l'rzmT

m1=0  my; =0 (Do, 4oos2m, 2ma)l---(2m;)!

Il(bl,i, 2m1) Ir(bT,i, er)
—_— L X X —=
Al(bhl, 277’L1) A1(b»p,l, Qm'y‘)

i o i (a)2m1+m+2mr (b1)2m1 . (br)2m7y 1’12m1 . xTer
0 i (Damy4ecog2m, Cm)l---(2m,)!

mi =

22D ()T (1 —2ma — b 2> T ($)T (1 = 2my — by
(PO —2mi—b) PN~ 2m, b o
I'(l=m1—b)T (5 —ma) I'(l—=my —b.)T (5 —my)
Now, in (27), if we use the results (10)-(15), then after some simplification we obtain the following transformation formula:
F(DQT) (CL, bl» b17 b27 b2> ,bh b'r“; C,T1, —T1, T2, —T2, """, xr,—xr)
2: 1; i1 | 2a,ia+1 b1 ; N
=F ? 2 i 33'?, 73:2 (28)
2 07 ’ 0 §C7%C+% — ;T
Further, in (28) if we set £1 = 22 = --- = z, = « and use the result [11], (see also [13])
p 1 3 ; 1 ai, , @ (S y Cro g ai,y...,a 7cl+"‘+cr 3
F i z, x| = py1kFy v x (29)
qg:0;---;0 bi,....;bg + — 5 o — bi,...,bq ;
we get
lolatdl bidotb
Flg)zr>(a7b13b17b27b25'“ab7‘a bT;C;mvfmy'“amvfm):?)F? : : 2 a? (30)
lederh
Similarly , in (17) if we take ¢ = 0 and use the results (10)-(15), then we have
Fé2r+1) (aa b17 b17 va b27 7b'r7 bTvc;d;xh*xlv T2, —T2, ", xh*xhy)
1 :1; - 5 1 a:2,-+-,2,1) : (br:1) 5 -+ ;5 (bp:1) ; (c:1) ;
_p ( ) i (b:1) (br:1) 5 (c:1) 2oy (31)
L0 -5 0 (d:e2,,2,1) ¢ = 5 ey =5 =
In (16) if we take r = 1, then we get the following eleven transformation formulas of Appell’s function Fi:
Fi(a, b—i,b;d;z,—x)
= (@, ( Z)Zm':" x 1(b,i, 2m) { o }
— d),,,(2m)! A(b,i, 2m)  B(ce,i, 2m)
= (a), +1(b*i)2 -;-15szJrl A; B;
~ L I(b,i, 2 1 . : 32
+mz::o (d)gpsy @m+1)! < Abyis 2m 1) G D T Bo 2m 1) [ (32)

for i =0, £1, £2, £3, £4, +5.

Similarly, in (17) if we take » = 1, then we get the following eleven transformation formulas of Lauricella’s function of three
variables FS):
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FISS) (aa b_ia b7c; d;ma_xvy)

2m , n

= (@) yy, (0—1)y,,(c), ™™y . Al B;
=> > -Ed)Qern m) 1 n! x 1(b,3, 2m) {A(b,i, 2m)  Blo, 2m)}

m =0 n=0

2m+1, n

N — (a)z 4n+l (b— i)z +1(C) €z Yy A,‘/ B{/
m+n m n I(b.i. 2 1 i i
i mZ:O nZ:O (d)2m+n+1 (2m+ 1)'77" 8 ( by Ame ) A(b/L: 2m+1) * B(b717 2m+1) (33)

for i =0, £1, £2, £3, &4, +5.

Finally, we present the following simple special cases of (32) and (33), when i = 0:

Fi(a, byb;diz,—z) =3F | ° z’ (34)

) 1:1 ;1 a b ;¢
FD (avbabac;d;xafxay):X x Y (35)
1:0 ;0 d : — 5 —

where ngg [z,y] is double hypergeometric series of Exton [7]

ACBB @ 000 | & (@), (0, (), 2"y
Yoino (@ @y "] T @ @) @), T

The other special cases of (32) and (33) for ¢ = £1, £2, +3, £4, 5 can also be obtained in a similar manner.
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