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1. Introduction

Matthews ([1, 2]) in 1992 introduced The notion of a partial metric space (PMS) as a generalizations of the notion of metric
space in which the self distance is not necessarily zero and proved the partial metric version of Banach fixed point theorem.
The concept of weak contraction was defined by Alber and Guerre-Delabriere ([3]) in 1997, and the generalization of ¢-weak
contraction was defined by Zhang and Song ([4]) in 2009. Dutta and Choudhury ([5]) in 2008 introduced (¢p — ¢) weak
contraction as a extension of weak contraction in complete metric spaces. In 2009, Doric ([6]) generalized (¢ — ¢) weak

contraction and proved some theorems on the existence of a fixed point.

Theorem 1.1 ([5]). Let (X,d) be a complete metric space and T : X — X be a self-map satisfying the inequality

P(d(Tz, Ty)) < ¢(d(z,y)) — e(d(z,y)) (1)

for all x,y € X, where ¥, : [0,00) — [0,00) are both continuous and nondecreasing functions with ¥ (t) = ¢(t) = 0 if and

only if t =0. Then T has a unique fixed point in X.
In 2009, Doric ([6]) generalized Theorem 1.1 as follows:

Theorem 1.2 ([6]). Let (X,d) be a complete metric space and T : X — X be a self-map satisfying the inequality

P(d(Tz, Ty)) < P(M(z,y)) — p(M(z,y)) )
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for all x,y € X, where M 1is given by
1
Ma,y) = e {aa, ), (o, To), a0, To). 5ld(e. 7o) + (0. T2)] )
and 9 : [0,00) — [0,00) is continuous monotone nondecreasing function with ¥(t) = 0 if and only if t =0 and ¢ : [0,00) —

[0,00) is lower semi-continuous function with ¢©(t) =0 if and only if t = 0. Then T has a unique fized point in X.

Recently, Karapinar et al. [13] proved some fixed point theorems for mappings satisfying rational type contractive condition

using auxiliary functions as follows.

Theorem 1.3 ([13]). Let (X, p) be a complete partial metric space and T : X — X be a self-map satisfying the inequality

P(p(Tx, Ty)) < Y(M(z,y)) — p(M(z,y)) (4)

for all x,y € X, where M is given by

1+ p(z, Tx)

T+ p(e.3) ,p(w,y)} (5)

M (z,y) = max {p(y, Ty)
and ) : [0,00) — [0,00) is continuous monotone nondecreasing function with ¥(t) = 0 if and only if t =0 and ¢ : [0,00) —
[0,00) is lower semi-continuous function with ¢©(t) =0 if and only if t = 0. Then T has a unique fized point in X .

Definition 1.4 ([1]). Let X be a non-empty set. A function p: X x X — [0,00) is said to be a partial metric on X if the

following conditions hold:
(1) © =y if and only if p(x, ) = p(y,y) = p(z,y);
(i) p(x, ) < p(x,y);
(i) p(z,y) = py, ©);
(w) p(z,y) < p(x,2) + p(z,y) — p(z, 2) for all z,y,z € X.

The set X equipped with the metric p defined above is called a partial metric space and it is denoted by (X, p) (in short
PMS). Each partial metric p on X generates a Ty topology T, on X, which has a base of the family of open p-balls {B,(z,¢€) :

x € X,e > 0}, where By(z,¢) ={y € X : p(z,y) < p(z,z) + €} for allz € X and € > 0.

Example 1.5 ([11]). Let X = {[a,b] : a,b € R,a < b} and define p([a,b], [c,d]) = max{b,d} — min{a,c}. Then (X,p) is a

partial metric space.

Example 1.6 ([11]). Let X = [0,00) and define p(x,y) = max{z,y}. Then Then (X, p) is a partial metric space.
Lemma 1.7 ([1]). Let (X, p) be a partial metric space.

(a) A sequence {zn} in (X, p) converges to a point x € X if and only if p(z, x) = limp— o0 p(Tn, T);

(b) A sequence {zn} in (X, p) is a Cauchy sequence if iMm n—oo P(Tn,Tm) exists and finite;

(c) (X, p) is complete if every Cauchy {xn} in X converges to a point x € X, such that p(xz,x) = liMm,n—oo P(Tm,Tn) =

limp, 00 p(Tn, ) = p(z, x).
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Lemma 1.8 ([1, 2, 7]). Let p be a partial metric on X, then the functions d,,dy : X x X — RT such that d,(x,y) =

2p(z,y) — p(z,z) — p(y,y) and

dm(m,y) zmax{p(:c,y) - p(w,a:),p(:v,y) - p(y7 y)}

=2p(z,y) — min{p(z,z), p(y, y)}
are metric on X. Furthermore (X,d,) and (X, dn) are metric spaces. It is clear that d, and dm are equivalent. Let (X, p)
be a partial metric space. Then
(1) A sequence {zn} in (X, p) is a Cauchy sequence if and only if it is a Cauchy sequence in the metric space (X,d,),

(2) (X, p) is complete if and only if the metric space (X,d,) is complete. Moreover limp o0 dp(@n,z) = 0 & p(z,z) =

limp 00 P(Tn, ) = liMn, m—oo P(Tn, Tm)-

Lemma 1.9 ([8]). Assume that z, — z as n — oo in a partial metric space (X,p) such that p(z,z) = 0 Then

limp o0 p(Xn,y) = p(2,y) for every y € X.
Lemma 1.10 ([12]). Let (X, p) be a partial metric space.
1. if p(z,y) =0 then x =y,
2. If ¢ # y then p(z,y) >0
Lemma 1.11 ([9]). Ifzn} with limp_soc d(@n, Tny1) = 0 is not a Cauchy sequence in (X, p), and two sequences {n(k)} and

{m(k)} of positive integers such that n(k) > m(k) > k, then following four sequences

P(l’m(k)7 xn(k)+1)7 p(xm(k)y xn(k))7
P(xm(k)—h CL’n(k)+1),P(J?m(k)—l,ﬂﬁn(k))
tend to pn > 0 when k — oo.

Definition 1.12 ([10]). A function ¢ : [0,00) — [0,00) is called an altering distance function if the following properties are

satisfied:
(a) ¥ is non decreasing and continuous.
(b) ¥(t) =0 if and only if t = 0.

Remark 1.13. We denote ¥ set of altering distance functions.

2. Main Result

In this section, we shall prove a unique fixed point theorem in the framework of partial metric spaces with rational expressions.

Also we provide an example to validate the result.

Theorem 2.1. Let (X, p) be a complete partial metric space. T : X — X be self-mapping satisfying the condition

Y(p(Tz, Ty)) < max {w((p(x,y)) —e(p(z,y)), b((M(z,y)) — SD(M(wyy))} (6)
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For all x,y € X, ¥, p € ¥ and

1+ p(z, Tx)
1+ p(z,y)

7P(x,Tx)1+p(x’Tw) p(z, Tx) p(y, Ty) }

M = T
(z,y) =max {p(w, v), p(y, Ty) T4 o(wy) 14 p@.y) 1+ p(Tz,T9)
Then T has a unique fixed point in X.

Proof. Let xo be an arbitrary point. Suppose we have a sequence {z,} in X such that zn,41 = Tz, for alln € N. If
ZTp = Tp41 for some n € N, then z,, is a fixed point of T and the existence part of the proof is finished. Suppose x, # Tpt1

for every n € N. Then by (6) we have

Y(p(xn, Tni1)) = P(p(Ten-1, Ten)) < max {w((P(wn—h ) = @(p(xn-1,20)), Y (M (Zn—1,2n)) — @(M(-’En—laxn))} (7)

where

1+ p(wn—h Tmnfl)
TF p(n 1)

1+ p(xnflyTxnfl) p(a:nfl,Twnfl)
T+ p(on1r ) " L+ plon1,am)”

M (a1, ) = max {p (1,20, plan, Ten)  (nr, Tatn)

p(xn, Tn) }
+p(Txn—1,Tzn)

—_

L+ p(@n—1,%n)
1 + p(xnfh -Tn)

Il
=

1+ p(@n-1,2n) p(Tn_1,Tn) P(Tn, Tnt1) }

’ Tn— ’:L‘ ’ ’
p(Tn—1 n)l—‘,—p(iﬁn—lwr") 1+ p(xn—1,2n)" 14+ p(Tn, Tnr1)

ax{p Tn-1,Tn), P(Tn, Tni1)

max p :En,l‘n+1 (l’n—lﬂcn)}

Now we consider the following cases.

Case 1: If
max {w((p(xn—hmn)) = o(p(@n—1,20)), (M (zn—1,20)) = (M (21, xn))} = P((p(zn—1,20)) — e(p(xn-1,2n))  (8)
Then by (7) we have
P(p(@n; tni1)) < P((p(Tn-1,20)) = @(p(Tn-1,22)) < P((p(Tn-1,20)) 9)
Case 2: If
max {w((p(%—hxn)) = o(p(zn—1,20)), (M (Tn—1,20)) = (M (zn1, xn))} = P((M(zn—1,20)) = o(M(n—1,25)) (10)
where M (¢n_1,%n) = max{p(zn, Tnt1), p(Zn—1,2n)}. Then by (7) we have
P(p(@n, tnt1)) < p(max{p(@n, Tnt1), p(Tn-1,22)}) — p(max{p(zn, Tni1), p(Tn-1,7n)})

Now, if p(n,Zn+1) > p(Tn-1,2n) then Y(p(n,zni1)) < Y(p(@n, Tni1) — @(p(@n, Tni1) < P(p(Tn,Tny1), which is a

contradiction since p(Zn,Tn+1) > 0 by Lemma 1.10, therefore

P(p(@n; tni1)) < P(p(n-1,20)) = @(p(Tn-1,21)) < Y(p(Tn-1,2n)) (11)

s0, in both cases we have ¥(p(2n, Tnt+1)) < Y((p(Tn-1,2n)) L.e., {p(@n, Tnt1) : n € N} is a decreasing sequence of non negative

real numbers. Hence it is convergent to a real number, therefore there exists ro > 0 such that lim p(zn,Zn+1) = 70. Let

n—
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ro > 0. Then taking the limit n — oo from lemma 1.7, ( 9) and (11), we get, ¥(ro) < 9¥(ro) — @(r0) < ¥(ro). This is
contradiction. Hence

lim p(xn, Tny1) =0 (12)

n—>00

Now by Lemma 1.8, we have

dp(Tn, Tnt1) =20(Tn, Tnt1) — P(Tn, Tn) — P(Tnt1, Tnr1)
=2p(Tn, Tnt1) — min{p(zn, Tn), p(Tn+1, Tni1)}

§2p(xn, Zl’n+1)

Therefore by lemma 1.8,

lim dy(zn,Tnt1) =0 (13)

n—r oo

Now, we show that {x, } is a Cauchy sequence in X i.e., We prove that lim, m—cc p(Zn, Tm) = 0. We prove it by contradiction.

Let lim p(zn,2m) # 0. Then sequences in lemma 1.11 tends to p > 0, when k — 0o. So we can see that
n—oo

m p(Z k), Tn(r)) = 1 (14)

k—oo

Further corresponding to m(k), we can choose n(k) in such a way that it is smallest integer with n(k) > m(k) > k. Then
Jm p(@n ) -1, Tmer) = 4 (15)

Again, p(Tmr)—1, Tnk-1)) < P(Tmk)=1, Tn(k)) + P(Tn(k), Tnk)—1) — P(Tn(k), Tn(k)). Letting k — oo and using lemma 1.11,

we get,

Jim P(Tim (k)15 Tn(k—1)) = (16)

Now in (6) replacing = by n(k) and y by m(k) respectively, we get

V(P(Znkys Tmr))) = V(P(TTpe)—1, TTm(k)—1)) < max {w(p(mn(k)flaxm(k)fl)) — p(P(Tn(k)—1> Tm(k)—1)),

V(M (Tnk)—1, Tm(k)—1)) — <P(M($n(k)—1,$m(k)—1))} (17)

‘Where

L+ p(@n(k)—1, TTn(k)-1)
L+ p(Zn(ky—15 Tm(k)—1)
14 p(@n) -1, TZn)—1)  P(@n)—1, Tn(k)—1)

1+ p(Tnmy=1, Tm)—1) 1+ p(@nk)=1, Tmk)—1)
(@) =1 T T ()—1) }

14+ p(Twpey—1, TTm()—1)

M (Zn(k)—1, Tmk)—1) = max {p(xn(k)—h T (k)=1)1 P(Trmk) =15 T T (i) —1)

P(Triky—1, TTrn(k)—1)

14 p(znk)—15Tn(k))
14 p(Tnk) =15 Tm(r)—1)
L+ p(Tnm—1, Tn(k)) P(Tn(k) =1, Tn(k)) P(Zm(k)—15 Tm(k)) }
1+ p(Tnk)—1, Tmr)=1) 14+ p(@n)—15 Tm)—1) " 1+ p(Tn(k)s Tmr))

=max {p(xn(k)fh T(k)=1), P(Tm(k)—15 Tm(k))

P(Tn(k)—15 Tn(k))
Letting k — oo and using (14), (15) and (16), we get,

Jim M (Tr(ky—1, Tm(r)—1) = 4 (18)
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Now, letting k — oo in (17) and using (16) and (18), we get, ¢ (1) < max{y)(u) — p(u), (1) — ()} = (1) — () < P(p).

This is a contradiction, therefore

lim p(zn,zm) =0 (19)

n,m—00
i.e{xn} is a Cauchy sequence in complete partial metric space (X, p).Thus by Lemma 1.8 this sequence is also Cauchy in
(X,d,) which is complete. Therefore there exists z € X such that nan;o p(xn,2) = p(z,2). Also, from Lemma 1.7, Lemma
1.9 and (19) we get

0= lim p(En,2m) = pln, 2) = pl(2,2) (20)
n,m—oo
implies
nl;n;o dp(xn,z) =0 (21)

Now, we will prove that z is a fixed point of T i.e., Tz = z. We prove it by contradiction. Let Tz # z, then from (6) we

have

B(p(ns1, T2)) = (p(Tn, T2)) < max {w@(xn,z)) (Pl 2), $(M (0, 2)) — o(M(za, z))} (22)

‘Where

1+ p(zn, Txrn)

L+ p(@n, T2n) plan, Tan)  p(z,T2)
M 2) Zmex {”(“’"’ 20(e T L o T e e e )
- 1+ p(n, ns1) 1t p(@n,nt) plEn,Zns))  p(5,T)
e R e e R e e e e o S
Case (i): If max {w (zn,2)) —p(p(zn, 2), (M (20, 2) — p(M(2n, z)} =Y (p(zn, 2)) — p(p(zn, 2)). Then, letting n — 4oc0
in (22) and using (20), we get,
Y(p(xni1,T2)) = (p(Txn, Tz)) < ¥(0) — ¢(0) < ¥(0) (24)

So,

Tx, =Tz (25)

Case (ii): If max {w(p(azn,z)) — o(p(Tn, 2), (M (zn, 2)) — Lp(M(xn,z))} = P(M(zn, 2)) — o(M(zn,2)). Then, letting
n — +oo in (23) and using (12), (20), we get,

M(zn,z) = p(z,Tz) (26)

Now letting n — 400 in (22) and using (26) with continuity of ¢ and ¢, we get, ¥ (p(z,Tz)) < ¢Y(p(z,Tz)) — o(p(z,Tz)) <
¥(p(z,Tz)), which is a contradiction. Hence z € X is a fixed point. Now we are to prove that z is unique. For that let 21 is

another fixed point such that z # z1. Then, from (6) we have

P(p(z,21)) = ¥(p(Tz,Tz1)) < max {d)(ﬂ(z, 21)) = p(p(2,21)), (M (2, 21)) — (M (2, Zl))} (27)

‘Where

M(z,zl):max{p(z,zl),p(zl,Tzl)m, (2,T )1+P(2»TZ) p(z,Tz) p(z1,Tz1) }

1+ p(z, 21) T p(zz1) 1+ p(z,21) 1+ p(Tz, Tz)
Lp(z2) o Lha(n2)  p(s2) p(zl,zn}
1+ p(z,21) 1+ p(z,21) T+ p(z,21) 1+ plz,21)

=max {p(z,z1)»P(Zlv z1)
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=p(z,21) (28)

Thus, we get,

max {w(p(% 21)) = ¢(p(2,21)), P(M(z, 21)) — (M (2, 21))} =¥(p(z,21)) — ¢(p(2,21)) (29)

Now from (27) using (29), we get, ¥(p(z,21)) = V(p(Tz,Tz1)) < ¥(p(z,21)) — p(p(z,21)) < P(p(z,21)). This is a contradic-

tion. Hence z = z; that is, the fixed point is unique. This completes the proof. O

Following are consequences of the Theorem.

Corollary 2.2. Let (X, p) be a complete partial metric space. T : X — X be self-mapping satisfying the condition

V(p(Tz,Ty)) < ¥(p(z,y)) — w(p(z,y)) (30)
For allz,y € X, ¢, € ¥. Then T has a unique fized point in X.
Corollary 2.3. Let (X, p) be a complete partial metric space. T : X — X be self-mapping satisfying the condition
P(p(Tz, Ty)) < P((M(x,y)) — o(M(z,y)) (31)

For allx,y € X, ¢,p € U and

1+ p(z, Tx)
1+ p(z,y)

. pla, T) 1+ p(z,Tz) p(z,Tx) o(y, Ty) }

Mavy) = e { ot ), o T1) Lo ds) pwln. ety

Then T has a unique fixed point in X.

Example 2.4. Let X = [0,1] and p(z,y) = max{z,y}. Then (X,p) is a complete metric space. Consider the mapping

T : X — X defined by T(x) = & for all x and (t),p(t) : [0,00) — [0,00) ¥(t) =t and (t) = 5. Without loss of

generality, assume that x >y, we have,

p(Tz, Ty) = max{lo 10 1
and
x x
V(oI Ty)) = () = & (32)
Now
1+ p(z,Tx) 1+ p(z,Tz) p(z,Tx) p(y, Ty)
Mll,',y :max{ x,Y), y7Ty T N JZ',TCL‘ ) )
(@.9) pla ). ol )1+p(w Y) ol )1+p(x7y) 1+ p(z,y)" 1+ p(Tz, Ty)
1+ p(z, 75) z 1+p( 5) plz,5) Py, 1) }
=max x, — 2102 sz, — ,
{p( VP30T 5 ) P 10 T plany) T+ ooy T+ 02 B
max<{ x 1tz x1+x r L =z
N it 4z 1+z" 1+ %)
Therefore

(33)

From (32) and (83) it is clear that it satisfies all the conditions of Corollary 2.3. Hence T has a unique fized point, which

in this case is 0.
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