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1. Introduction

In 1965, the theory of fuzzy sets was investigated by Zadeh [23]. In 1981, Heilpern [11] first introduced the concept of fuzzy
contractive mappings and proved a fixed point theorem for these mappings in metric linear spaces. Estruch and Vidal [10]
proved a fixed point theorem for fuzzy contraction mappings in a complete metric spaces which in turn generalized Heilpern
fixed point theorem. Afterwards a number of works appeared in which fixed points of fuzzy mappings satisfying contractive
inequalities have been studied (see [9]). A new category of contractive fixed point problems was addressed by M. S. Khan
[13]. There they introduced Altering Distance Function, which is a control function that alters distance between two points
in a metric space.

Afterwards a number of works have appeared in which altering distances have been used. In references [20] and [21] for
example, fixed points of single valued mappings and in [6] fixed points of set valued mappings have been obtained by using
altering distance functions. Altering distances have been generalized to functions with more than one argument. In [7]
a generalization of such functions to a two-variable function and in [8] a generalization to a three-variable function were
introduced and applied for obtaining fixed point results in metric spaces.

In this paper we introduce a contractive inequality for four fuzzy mappings through a 4-variable generalization of altering
distance function and then prove that the two fuzzy mappings defined on a complete ordered metric linear space satisfying
such inequality have a common fixed point. We have discussed some specific results, which are obtainable under special
choices of the generalized altering distance function. We also show that a more general result in the fixed point theory of
multi-valued mappings can be established and the result we obtained for fuzzy mappings can be deduced from the general

theorem.
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2. Preliminaries

Throughout the rest of the paper unless otherwise stated (X,d) stands for a complete metric space. A fuzzy set in X is
a function with domain X and values in [0,1]. If A is a fuzzy set on X and = € X then the functional value Az is called
the grade of membership of z in A. The a-level set of A, denoted by A,, is defined by A = {z : Az > a}, if a € (0,1],
Ao = {x : Az > 0}, where B denoted the closure of the set B. For any two subsets A and B of X we denote by H(A, B)

the Hausdroff distance. For any two subsets A and B of X we write 6(A, B) = sup,ca gep d(a,b).
Definition 2.1. A function 9 : [0, +00) — [0,400) is called an altering distance function if and only if
(i) ¥ is continuous,
(i) ¢ is non-decreasing,
(i) Y(t) = 0 =t = 0.
Choudhury [9] introduced the concept of a generalized altering distance function for three variables.
Definition 2.2. A function 9 : [0, +00) X [0, +00) X [0, 4+00) — [0, +00) is called an altering distance function if and only if
(i) ¥ is continuous,
(i) ¥ is non-decreasing in all three variables,
(1) Y(z,y,2) =0<=z=y=2=0.
Rao [18] introduced the concept of a generalized altering distance function for four variables.

Definition 2.3. A function 1 : [0, +00) X [0, +00) X [0, +00) X [0, +00) — [0,400) is called an altering distance function if

and only if

(i) ¥ is continuous,

(i) ¢ is non-decreasing in all three variables,
(#i) Y(z,y,z,w) =0<=ax=y=2z=w=0.

Definition 2.4. Let (X,d) be a metric space and f,g : X — X. If w = fx = gz, for some x € X, then x is called a

coincidence point of f and g, and w is called a coincidence point of f and g. If x = w, then x is a common fixed point of f

and g. The pair {f,g} is said to be comparable if and only if liIJIrl d(fgxn,gfxn) = 0, whenever {z,} is a sequence in X
n——+oo

such that lim fx, = lim gx, =t for somet € X.
n——+oo n——+oo

Definition 2.5. Let f and g be two self mappings defined on a set X. Then f and g are said to be weakly comparable if

they commute at every coincidence point.

Definition 2.6. Let X be a nonempty set. Then (X, d, <) is called an ordered metric linear space if and only if
(i) (X,d) is a metric linear space,
(#) (X, =) is a partial order.

Definition 2.7. Let (X, <) be a partially ordered set. Then x,y € X are comparable if x <y or y <X = holds.
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Definition 2.8. Let (X, =) be a partially ordered set. A pair (f,g) of self maps of X is said to be weakly increasing if

gr 2 gfx and gx X fgz for all x € X.
The notion of partially weakly increasing of pair of mappings is introduced by Abbas [1].

Definition 2.9. Let (X, <) be a partially ordered set and f and g be two self maps on X. An ordered pair (f,g) is said to

be partially weakly increasing if gr < gfx and gr <X fgx for all x € X.

Note that a pair (f,g) is weakly increasing if and only if ordered pair (f,g) and (g, f) are partially weakly increasing. In
the following, an example of an ordered pair (f, g) of self-maps f and g which is partially weakly increasing but not weakly

increasing.

Example 2.10. Let X = [0,1] be endowed with a usual ordering and f,g: X — X be defined by fx = 2* and gz = \/x.

Clearly, (f,g) is partially weakly increasing but (g, f) is not partially weakly increasing.

Definition 2.11. Let (X, =) be a partially ordered set. A mapping f is called weak annihilator of g if fgr < x for all
rzeX.

Example 2.12. Let X = [0,1] be endowed with a usual ordering and f,g : X — X be defined by fx = x* and gr = 5.

Thus f is a weak annihilator of g.
Definition 2.13. Let (X, <) be a partially ordered set. A mapping f is called domination if x < fx for each x € X.

Example 2.14. Let X = [0,1] be endowed with a usual ordering and f : X — X be defined by fx = Yx. Thus f is

domination for each r € X.

Definition 2.15. A subset K of a partially ordered set X is called totally ordered when every two elements of K are

comparable.

3. Main Results

Now, we proof our main results of this section.
Theorem 3.1. Let (X,d, <) be an ordered complete metric linear space. Let T, S,I,J : X — W(X) be four fuzzy mappings
satisfying for every pair (z,y) € X X X such that x and y are comparable,
¢1(01(5z, Ty)) < ¢ (M(Iz, Sx)) — P2 (M (I, Sz)) (1)
where
M(Iz,Sz) = {d([l’, Jy), D1(Iz, Sx), D1 (Jy, Ty), %[Dl(lx,Ty) + Dy (Jy, S;I:)]}

and Y1 and 2 are generalized altering distance functions (in W4) and ¢1(x) = Y1(z, z,x,x). Suppose that

(i) (I,T) and (J,S) be partially weakly increasing,

(i) T(X) € I(X) and S(X) C J(X),
(i) S and T are dominating maps,

(w) T is weak annihilator of I and S is weak annihilator of J,
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(v) if for a non-decreasing sequence {xn} with , < yn for all n and y, — u implies that , < u.
Assume either
(a) {S,I} are comparable, S or I is continuous and {T,J} are weakly comparable or
(b) {T,J} are comparable, T or J is continuous and {S,1} are weakly comparable.

Then S, T,1 and J have a common fixed point. Moreover, the set of common fized points of S, T, 1 and J is totally ordered

if and only if S,T,I and J have one and only one common fized point.

Proof. Let zp € X be an arbitrary point in X. Since T'(X) C I(X) and S(X) C J(X), we can define the sequences {zn}

and {y»} in X by
{yan—1} = Jxan—1 C Sxon—2, {yon} = Iz2n C TZon—_1 (2)

for all n € N. By given assumptions x2,—2 =< STon—2 = Jxon—1 =X SJron—1 X Ton—1 and ron—1 =X Txon—1 = [x2, X

TIxo, =< x2,. Thus for all n > 1, we have
T X Tnyl (3)
Without loss of generality, we may assume that
d(y2n,y2n+1) >0 V n €N (4)

If not, then y2n = Yan+1, for some n. Putting £ = z2n+1 and y = x2,, form (3) and the considered contraction (1), we have

d1(d(y2n+2, y2n+1)) = $1(61(S22n+1, TT20))

1
< < (Iz2n+1, Jx2n), D1(Ix2nt1, ST2n+1), D1(Jx2n, TT2n), §[D1 (Iz2ns1, Tzon) + Dl(szn,SmnH)])

1
<d Izoni1, Jxon), Di(Izant1, Stant1), Di(Jxon, Txan), E[Dl (Izant1, Tx2n) + D1(JT2n, STani1)]

1
<d Yan+1,Y2n), A(Y2n+1, Y2nt2), d(Y2n, Y2nt1), i[d(y2n+1ay2n+1) + d(y2n3y2n+2)])
1
<d Y2nt1, Y2n)s A(Y2nt1, Y2nt2), A(Y2n, Y2nt1), §[d(y2n+1»y2n+1) + d(y2n,y2n+2)]) (5)
1 1
<1 | 0,d(Y2n+1, Y2n+2), 0, Ed(an,anw) — 2 ( 0,d(y2n+1, Y2n+2), 0, id(y2n7y2n+2) (6)

Using a triangular inequality, we have

—_

d(Y2n+1, Y2n+2)

N =

1
§d(y2n7y2n+2) < S [d(yen, y2nt1) + d(y2n+1, Y2nt2)] <

[\V]

Using this together with a property of the generalized altering function 1, we get

1
{3 (O,d(y2n+1,y2n+2),0, Qd(yzmyznw)) < 91(d(yan+1, Y2n+2)

Hence, we obtain

1
¢1 (d(y2n+17 y2'ﬂ+2) < ¢1 (d(y2n+17 y2n+2) - wZ (07 d(y2n+17 y2n+2)7 07 Ed(yan y2n+2)) (7)
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This implies that s (O7 d(Y2n+1,Y2n+2), 0, %d(ygn, y2n+2)) = 0, which yields that d(y2n,y2n+1) = 0. Following the similar
arguments, we obtain yant2 = Y2nts and so on. Thus {y,} becomes a constant sequence and {y2,} is the common fixed

point of I, J,S and T. Take for each n, d(y2n,y2n+1) > 0. We claim that

ETOO d(Y2n,Y2n+1) =0 (®)

n

By (5), we have

1(d(y2n+2,y2n+1)) = ¢1(01(ST2n11, TT2n))

< 1 (M(Y2n+1,y2n)) — 2 (M (yY2n+1, Y2n)) 9)
where, M (y2nt1,92n) = {d(Y2n+1,Y2n), d(Y2n+1, Y2n+2), d(Y2n, Y2n+1), 3d(Y2n, yan+2) }. Suppose for some n € N, that
d(y2n+2, y2n+1) > d(Y2n, Y2n+1) (10)
Using (10) and a triangular inequality, we have
1 1
§d(y2my2n+2) < §[d(y2my2n+1) + d(Y2n+1, y2n+2)] < d(y2n+1, Y2n+2)
Using this and (10) together with a property of the generalized altering distance function 1, we get
Y1 (M (Y2n+1,Y2n)) < 1(d(y2nt1, Y2n+2)
where, M (y2nt1,y2n) = {d(Y2n+1,Y2n), d(Y2n+1, Y2n+2), d(Y2n, Y2n+1), 3d(Y2n, y2ni2) }. Hence, we obtain
#1(d(yzn+2,Y20+1)) < d1(d(Y2nt2,y2n+1)) — Y2 (M (y2n+1, Y2n))
where M (yan+1,Y2n) = {d(y2nt1,y2n), d(Y2nt1, Y2n+2), d(Y2n, Y2n+1), 5d(Y2n, yant2) }. This implies that
1
P2 (d(yzn+1,yzn),d(yzn+2,y2n+1),d(y2n+1,yzn), *d(an,an.Fg)) =0

2

which yields that

d(y2n+1,y2n) = 0.

Hence, we obtain a contradiction with (4). We deduce that
d(y2nt1,Y2nt2) < d(Yan, y2nt1), Yn €N (11)

Similarly, putting £ = 2,41 and y = Z2n42, form (3) and the considered contraction (1), we have

&1 (d(Y2n+2, Y2n+3)) = ¢1(01(Szan+1, TTant2))

N

1
< (d(y2n+la Yon+2)s A(Y2n+2, Y2an+3), A(Y2n+1, Y2nt2), 5d(y2n+1 ; y2n+3))

1
—a <d(y2n+17 Yon+2), A(Y2nt2, Y2n+3), d(Y2n+1, Y2n+2), §d(y2n+17 y2n+3)) (12)
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Suppose, for some n € N, that

d(yan+2, Y2n+3) > d(Y2n+1, Y2n+2) (13)

Then, by a triangular inequality, we have

[d(y2n+1,Y2n+2) + d(Y2nt2, Y2nt3)] < d(Y2nt2, Y2nt3)

N | =

1
id(y2n+1 yYonts) <

Hence, from this, (12) and (13), we obtain

$1(d(y2n+1,Y2n+3)) < d1(d(y2n+2, Yon+3))

1
) <d(y2n+17 Yon+2), A(Y2nt2, Y2n+3), d(Y2n+1, Y2n+2), §d(y2n+17 y2n+3))

This implies that

1
d(y2n+17y2n+3)> =0

P2 (d(y2n+1, Yan+2), d(Y2n+1, Y2n+2), d(Y2n+2, Y2n+3), 3

which yields that

d(Y2nt1,Y2nt2) =0

Hence, we obtain a contradiction with (4). We deduce that
d(Y2n+1,Y2nt2) > d(Yani2,Y2n13), YR €N (14)
Combining (11) and (14), we obtain
d(y2n, Yan+1) > d(Y2nt2, Yants), ¥n €N (15)
Then, {d(y2n+1,Y2n+2)} is a non-increasing sequence of positive real numbers. This implies that there exists r > 0 such that
HEIEOO d(y2n+1,Yan+2) =7 (16)

By (9), we have

$1(d(y2n+2, Y2n+1)) 1(01(Sx2n+1, Tx2n))

IA

1
Y1 <d(y2n+1 s Y2n), A(Y2n+1, Y2n+2), A(Y2n, Y2nt1), id(an, y2n+2)>

1
—h2 (d(y2n+1, Yon), A(Y2nt1, Yon+2); d(Y2n, Yon+1), §d(y2m y2n+2)>

IN

d(d(y2n+1,Y2n)) — Y2 (d(Y2n+1, Y2n), d(Y2n+1, Y2n+2), d(Y2n, Y2n+1), 0) (7)

Letting n — +o0 in (17) and using the continuities of ¢1 and v, we obtain

¢1 (7") < ¢1(T) - 1/)2 (Ta T, 0)7
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which implies that 12 (r,r,7,0) = 0 so r = 0. Hence

lim  d(yz2n+1,Y2n+2) =0

n—-+oo

Hence, (8) is proved. Next, we claim that {y,} is a Cauchy sequence. From (8), it will be sufficient to prove that {y2,} is a

Cauchy sequence. We proceed by negation and suppose that {y2»} is not a Cauchy sequence. Then, there exists ¢ > 0 for

which we can find two sequences of positive integers {m(¢)} and {n(¢)} such that for all positive integer i,

n(i) > m(i) > i, dYm)sYni)) = & A Ym)> Yn(i)—2) < €

From (18) and using a triangular inequality, we get

™
IN

IN

AYm (i) Un(iy—2) + AYn(iy=2:Yn()=1) + A Yn()=1, Yn(s))

IN

€+ d(Yn(iy—2+ Yn@)—1) + AYn(i)=1, Yn(s))

Letting ¢ — +o00 in the above inequality and using (8), we obtain

m  d(Ym()s Yn(s) = €

71— 400

Again, a triangular inequality gives us

\d(yn(i),ym(i)—l) - d(yn(i)a ym(i))| < d(ym(i)—hym(i))

Letting ¢ — 400 in the above inequality and using (8) and (19), we get

lim d(yn(z)7 ym(z)fl) =&

1—+o0o

Similarly, we have
1—13+moo d(Yn(i)+1, Ym(iy—1) = €

On the other hand, we have

AWYn(i), Ym@)) < AWYni)s Un)+1) + A Yn(i)+1> Ym())

A(Yn (i) Yn(iy+1) + AT T iy, STim(iy-1)
Then, from (8), (19) and the continuity of ¢1, we get by letting ¢ — +oo in the above inequality

¢1(6) < lim d(Txn(’L%S:Em(z)fl)

i—+4oo

Now, using the considered contractive condition (1) for & = Zom;)—1 and y = Xy (;), we have

$1(81(S2m(iy—1, TZTan(i))) < Y1 (M (@2m(iy—1, TTan(i))) — Y2 (M (@2m(iy—1, TTan(i)))

(19)

(20)
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M (z2m(iy—1, TTan(i)) = {dIZ2m(i)—1, JT2n(i))> D1(IZ2m(i)—1, STam(iy—1), D1 (JT2n(i), TT2n()),
1
B} [D1(Izamy—1, TZonqy) + Di(Jxan(iy, Sﬁﬂzm(i)—l)]}

o1 (61(y2m(i)717y2n(i))) <1 (d(y2m(i)71,y2n(i))7d(y2m(i)71,yzm(z‘))7d(yzn(i),yzn(i)+1),

1

5 [A(Yam(i)—1, Yan(i)+1) + d(an(i)ayZm(i))])

— 2 (d(W2m(i)=1> Y2n(i))» AY2m(iy—1, Y2m (i) )s AY2n (i) Y2n(i)+1),

[A(Y2m(i)—15 Y2n(i)+1) + A(Y2n()s Y2m(i))])

N

Then, from (8), (21), (22) and the continuity of 11 and 12, we get by letting i — 400 in the above inequality

'L~l>l+moo ¢1(61(Sx2m(i)—17Tan(i))) S ¢1(€707075) _w2(570707 6)

IN

(bl (6) - ¢2 (57 Oa 07 E)

Now, combining (1) with the above inequality, we get

¢1(€) S ¢1(8)_¢2(5107O7€)

which implies that ¥2(e,0,0,e) = 0, that is a contradiction since € > 0. We deduce that {y, } is a Cauchy sequence. Finally,

we prove existence of a common fixed point of the four mappings I, J, S and T'. Since {y,} is a Cauchy sequence in complete

metric linear space (X, d), there exists a point z € X, such that {y2,} converges to z. Therefore,
{y2n+1} = Jxon+1 C Sx2n — 2, as n — 400
and
{yont+2} = Izont+2 C Tx2nt1 — 2, as n — 400
Suppose that (a) holds. Since {S, I} are comparable, we have
nEToo Slxanto = nEToo Slxonio =1z

Also, x2n+1 X Tx2n+1 = [X2n+2. Now

$1(01(STx2n12, Tw2nt1)) < 1 (d(IIz2nt2, Jroni1), Di(I1x2ny2, STx2nt2), D1(JT2nt1, T2on11),

1
5 [Di(IIz2ny2, Txont1) + Di(Jxant1, SIr2ny2)])

—2 (d(I1zon+2, Jr2nt1), Di(I1zony2, STxont2), D1(Jx2nt1, To2n+1),

1
5 [D1(I1z2n+2, Tw2n+1) + Di(J22nt1, STxani2)])

Assume that I is continuous. On passing limit as n — 400, we obtain

d1(d(Iz,2)) < 1 (d(Iz,2),0,0,d(I1z,2)) — 12 (d(I2,2),0,0,d(Iz, z))

IN

¢1(d(Iz,2)) — 12 (d(12,2),0,0,d(Iz, 2)),

(24)

(25)
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so Y2 (d(Iz,2),0,0,d(Iz,z)) =0, which implies that

Now, Zant+1 =X TZont+1 and T'xan1 — 2 as n — +00, so by assumption we have z2,4+1 =< z and (1) becomes
$1(01(Sz, Tx2nt1)) < 1 (M(2,%2n41)) — P2 (M (2, T2n+1))
where,
M(z,x2n41) = (d([z, Jxont1), D1(I2,52), D1(Jx2n+1, TT2n+1), %[D1(Iz7 Txon+1) + D1(Jrant1, SZ)]>

Passing to the limit n — 400 in the above inequality and using (26),
1(61(52,2) < (o, Di(2,52),0, 3 Di e, Sz)) — 4 (07 Di(2,52),0, 3 D1z, Sz))
which holds unless ¥ (O, d(z,S5%2),0, %Dl (z, Sz)) =0, so
Sz=z (27)

Since S(X) C J(X), there exists a point w € X such that Sz = Jw. Suppose that Tw # Jw. Since z X Sz = Jw < SJw S w

implies z < w. From (1), we obtain

$1(01(Sz, Tw)) < 1 (d([z, Jw), D1(Iz,Sz), D1 (Jw, Tw), é[Dl(Iz,Tw) + Dl(Jw,Sz)])
— (d(]z, Jw), D1(Iz,8%), D1(Jw, Tw), %[D1(Iz,Tw) + D1(Jw, Sz)})

< n (O, 0, D1 (Jw, Tw), %Dl(Jw,Tw)> — g (O, 0, D1 (Jw, Tw), %Dl(Jw,Tw))
Hence
Jw=Tw (28)

Since T and J are weakly compatible, Tz = TSz = TJw = JTw = JSz = Jz. Thus z is a coincidence point of 7" and J.

Now, since z2, <X Sz2, and Sx2, — z as n — +oo, implies that z2, <X z, from (1)
$1(01(Sx2n, T2)) < 1 (M((220, 2))) = th2 (M((22n, 2)))
where,
M((z2n,2) = (d([xzn, Jz), Di(Iz2n, S2n), D1(J2z,Tz), %[Dl(ngn,Tz) + D1(Jz, szn)])
Passing to the limit n — 400 in the above inequality, we have

$1(01(2,T2)) < 1 (d(2,T%2),0,0,d(z,Tz)) — 2 (d(2,T%),0,0,d(z,Tz))
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which gives that

z=Tz (29)

Therefore, Sz =Tz =1z = Jz = z, so z is a common fixed point of I, J, S and T. The proof is similar when S is continuous.
Similarly, the result follows when (b) holds. Now, suppose that set of common fixed points of I, J, S and T is totally ordered.
We claim that there is a unique common fixed point of I, J, S and T. Assume on contrary that, Su =Tu = Iu = Ju=u

and Sv =Tv = Iv = Jv = v but u # v. By supposition, we can replace x = u and y = v in (1) to obtain

¢1(d(u, v))

IA

¢1(01(Su, Ty))

IN

1 (d(]u7 Jv), D1(Iu, Su), D1(Jv, Tv), %[Dl (ITu, Tv) + D1(Jv, Su)])
—1)2 (d(Iu7 Jv), D1(Iu, Su), D1(Jv, Tv), %[Dl ({u, Tv) + D1(Jv, Su)])
Y1 (d(u,v),0,0,d(u,v)) — 2 (d(u,v),0,0,d(u,v))

$1(d(u, v))

IN

IA

a contraction, so u = v.
Conversely, if I, J, S and T have only one common fixed point, then the set of common fixed point of I, J, S and T being

singleton is totally ordered. O

Corollary 3.2. Let (X,d, <) be an ordered complete metric linear space. Let T,S,I,J: X — W(X) be four fuzzy mappings
satisfying for every pair (z,y) € X x X such that © and y are comparable and there exists a positive Lebesgue integrable

function u on RT such that foe u(t)dt > 0 for each € > 0 and that,
¢1(61(Sz,Ty)) 1 (M(z,y)) P2 (M(z,y))
/ u(t)dt < / u(t)dt — / u(t)dt (30)
0 0 0

where 1 and 2 are generalized altering distance functions (in V4) and ¢1(z) = Y1 (z, z, x, ) also
1
M(xvy) = {d(1x7 Jy)7 D1(1$7 SQZ), Dl(‘]y7Ty)7 §[D1([$7 Ty) + Dl(Jy7 S.I)]}

Suppose that
(i) (I,T) and (J,S) be partially weakly increasing,
(i) T(X) € I(X) and S(X) C J(X),
(4i) S and T are dominating maps,
(i) T is weak annihilator of I and S is weak annihilator of J,
(v) if for a nondecreasing sequence {xn} with xn = yn for all n and y, — u implies that z, < u.
Assume either
(a) {S,I} are comparable, S or I is continuous and {T,J} are weakly comparable or

(b) {T, J} are comparable, T or J is continuous and {S, I} are weakly comparable.
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Then S, T,1 and J have a common fixed point. Moreover, the set of common fized points of S, T, I and J is totally ordered

if and only if S, T, I and J have one and only one common fized point.

Remark 3.3. If we take 1/}1(t1,t2,t3,t4) = max{tl,tz,t3,t4} and ¢2(t1,t2,t3,t4) = (1 — k:) max{t1,t2,t3,t4}, fOT’ ]C c (0, 1)

then ¢1(t) =t for all t1,ta,t3,ta > 0 then the we get following result.
Corollary 3.4. Let (X,d, <) be an ordered complete metric linear space. Let T, S,I,J : X — W(X) be four fuzzy mappings
satisfying for every pair (z,y) € X X X such that x and y are comparable,

51(82,Ty) < kmax{d(Tz, Jy), Di(Iz,5z), Di(Jy, To), 3[Di(I2, Ty) + D1 (Jy, So)]} (31)

where k € (0,1) Suppose that
(i) (I,T) and (J,S) be partially weakly increasing,
(i) T(X) CI(X) and S(X) C J(X),
(#i) S and T are dominating maps,
(i) T is weak annihilator of I and S is weak annihilator of J,
(v) if for a nondecreasing sequence {x,} with T, Xy, for all n and y, — u implies that T, < u.
Assume either
(a) {S,I} are comparable, S or I is continuous and {T,J} are weakly comparable or
(b) {T, J} are comparable, T or J is continuous and {S, I} are weakly comparable.

Then S, T,1 and J have a common fixed point. Moreover, the set of common fixed points of S, T, I and J is totally ordered

if and only if S, T,I and J have one and only one common fized point.
Remark 3.5. Other results could be derived for other choices of V1 and ).
Corollary 3.6. Let (X,d,=) be an ordered complete metric linear space. Let T, S, I : X — W (X) be three fuzzy mappings
satisfying for every pair (z,y) € X x X such that x and y are comparable,
1
¢1(61(SI,T:{/)) < wl <d([$71y), Dl(vasx)le(va Ty)7 i[Dl(I‘rva) + Dl(va SI)])

e (d([m, Jy), Di(Iz, Sx), Di(1y, Ty), 2 (D1 (I, Ty) + Da(Ty, Sm)]) (32)

where ¢y and Y2 are generalized altering distance functions (in U4) and ¢1(x) = Y1(x, x,z,z). Suppose that
(i) (I,T) and (I,S) be partially weakly increasing,

(ii) T(X) C I(X) and S(X) C I(X),

(#i) S and T are dominating maps,

(w) T is weak annihilator of I and S is weak annihilator of I,

(v) if for a nondecreasing sequence {xn} with xn =X yn for all n and y, — u implies that xn, < u.
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Assume either
(a) {S, I} are comparable, S or I is continuous and {T,1} are weakly comparable or
(b) {T, I} are comparable, T or I is continuous and {S,I} are weakly comparable.

Then S, T, I have a common fized point. Moreover, the set of common fized points of S, T, I is totally ordered if and only if

S, T, I have one and only one common fixed point.
Proof. Tt follows by taking J = I in Theorem 3.1. O
Corollary 3.7. Let (X,d,=) be an ordered complete metric linear space. Let T,I,J : X — W(X) be three fuzzy mappings
satisfying for every pair (z,y) € X x X such that x and y are comparable,
1
¢1 (51 (Txv Ty)) < ¢1 (d(IQZ: Jy): D, (I:L‘, T$)7 Dl(‘]y7 Ty)7 5 [Dl ([3:7 Ty) + Dl(Jy7 T[L‘)])

_1:[)2 (d([ﬂ?, Jy)aDl(Ix7Tm)7D1(Jy7 Ty)7 %[Dl(II,Ty) + Dl(‘]y7 T'T)]) (33)

where Y1 and Y2 are generalized altering distance functions (in V4) and ¢1(x) = Y1(z,z,z,z). Suppose that
(i) (I,T) and (J,T) be partially weakly increasing,

(i) T(X) C I(X) and T(X) C J(X),

(#i) T is dominating maps,

(w) T is weak annihilator of I and J,
(v) if for a nondecreasing sequence {x,} with T, <y, for all n and y, — u implies that T, < u.

Assume either

(a) {T,I} are comparable, T or I is continuous and {T,J} are weakly comparable or

(b) {T, J} are comparable, T or J is continuous and {T,1} are weakly comparable.

Then T, I and J have a common fized point. Moreover, the set of common fixed points of T, I and J is totally ordered if and

only if T, I and J have one and only one common fized point.
Proof. 1t follows by taking S = T in Theorem 3.1. O
Corollary 3.8. Let (X,d,=X) be an ordered complete metric linear space. Let T, I : X — W(X) be three fuzzy mappings
satisfying for every pair (z,y) € X X X such that x and y are comparable,
1
¢1(01(Tz, Ty)) < 9n (d([;r:,[y),Dl (Iz,Tz), D1(Iy, Ty), §[D1(I$,Ty) + Dy (Iy,Tx)})

—)g (d([x, Iy), D:(Iz,Tx), D1(1y, Ty), %[Dl(lx,Ty) + D (1y, T;L’)}) (34)

where Y1 and Y2 are generalized altering distance functions (in V4) and ¢1(x) = Y1(x,z,z,z). Suppose that
(i) (I,T) be partially weakly increasing,

(i) T(X) € I(X),
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(#i) T is dominating maps,

(w) T is weak annihilator of I,

(v) if for a nondecreasing sequence {x,} with T, =< yn for all n and y, — u implies that T, < u,
(vi) {T,1} are comparable, T or I is continuous.

Then T, I have a common fixed point. Moreover, the set of common fixed points of T, I is totally ordered if and only if T, I

have one and only one common fized point.

Proof. Tt follows by taking S =T and J = I in Theorem 3.1. O
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