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1. Introduction

Let f(2) = Y. anz™ be an entire function. The maximum term of f (z) on |z| = r is denoted by p (r, f) and is defined as
n=0

w(r, f) = max|an|r™. Also M (r, f) = lm‘zix |f (2)] is called the maximum modulus of f (z) on |z| = r. Juneja, Kapoor and

Bajpai [4] introduced the concept of (p, g)-order and lower (p, q)-order denoted by p(, ) (f) and A, q) (f) respectively and

defined as
b logl”! M (r, f)
Po.a) (f) = Jlim sup T loglr
and
. ogP! M (r) f
Ap,g) (f) = lim inf +)’ b < A (f) < pip,g) (f) < o0
— 00 log q r

where b = 1 if p = ¢ and zero otherwise. Also we have log[O] T = ac,exp[O] x = x and for positive integer m, log[m] T =
log (log[m_” m) Jexp™ z = exp (exp[m_” x)

Again for 0 <r < R, we get pu(r, f) < M (r, f) < 5% p (R, f). Therefore

A real valued function ¢ (r) is said to have the property P [2] if
(i). @ (r) is non-negative and continuous for r > r¢, say;

(ii). ¢ (r) is strictly increasing and ¢ (r) — oo as r — oo; and
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(iil). log ¢ (1) < d¢ (r/2), for all 6 > 0 and for all sufficiently large values of r.
Therefore a function satisfying the property P also satisfies the following relation:
log” ¢ (r) < 81og!? ¢ (r/2) for all § > 0, p > q and for all sufficiently large values of .

In [1], Banerjee and Mondal introduced the generalised iteration of two entire functions and made close investigation on
growth properties of maximum modulus and maximum term of generalised iterated entire functions.
In the present note we consider k non-constant entire functions fi, fo,..., fr and a constant o with 0 < o < 1 and form the

iteration as below:

Fi(z) = (1—a)z+afi(2)
F(z) = (1-a)F(2) +afi (F{ (2)

F3(2) = (1—a)F3(2) +afi (F5 (2))

Fo(z) = 1—a)Fi i (2) +afi (Fi1(2)).

Similarly
Fi(2) = (1-a)z+afz(2)
F2 (2) = -« F3 (2) + afs (Fl3 (z))
Fi(z) = (1-a)F5 (2) + af2 (F5 (2))
F2(z) = 1—a)F}_|(2)+afs (F3_1 (2))
and
Flk (2) = Q—a)z+afk(2)
By (2) = (1—a)F (2) +afi (Fi (2))
F5(2) = (1—a)Fy (2) + afe (F2 (2))
Fi(z) = 1=a)Fuy(2) +afi (Faa (2) -
Clearly all F} (2), F2(z),..., F¥ (z) are entire functions. With this definition of generalised k-iterated entire functions we

extend the results of Banerjee and Mondal [2] in this direction. Throughout this paper we assume that maximum modulus

functions of f1, fo,..., fr and all their generalised iterated functions satisfy the property P.

2. Lemmas

In this section we present two lemmas which will be needed in the sequel.
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Lemma 2.1 ([3]). Let f(z) and g (z) be two entire functions with g (0) = 0. Let 8 satisfies 0 < 8 <1 and C (B) = (11?2.

Then forr >0

M(r,fog)>M(C(B)M(Br,g),f)-

Further if g (z) is any entire function, then with 8 = %, for sufficiently large values of r

M so0)2 M (331 (5.) = la O1.1)
Clearly
M(T,fog)ZM(%M(%,g),f)- (1)

On the other hand the opposite inequality

M (r,fog) < M(M(r,g),f) (2)

is an immediate consequence of the definition.

Lemma 2.2 ([6]). Let f (z) and g (z) be entire functions with g (0) = 0. Let 8 satisfies 0 < § < 1 and C (8) = (115)2. Also

let 0 <6< 1. Then

p(r, fog) = (1 =208)u(C(B)u(Bor.g),f).

Again if g (2) is any entire function, then with 8 =§ = %, for sufficiently large values of r

p(r,fog)> %u (éu (279) - |9(0)|7f)-

Clearly
u(r,fog)zéu (%M(Z,g),f) 3)

3. Main Results

Theorem 3.1. Let f1, fo,..., fr be k entire functions with positive lower (p,q)-order and of finite (p,q)-order. Then for

every positive constant v, p > q and every real number x

log!?! M Fl
lim o8 (T7 n)

e {log“’] M (r, fl)}

T = 0o (4)

Proof. Suppose 1 + z > 0. Otherwise the result is obvious. Let 0 < a < 1 Choose 0 < & <

min {A,q) (1), A@,a) (f2) 5 A,q) (fx) }- For sufficiently large values of r, using (1), we get

M (r,Fy) = M(r,(1-a)F2_y +afi (Fi)))

Y

M (7“7 afi (Fs,l)) - M (r, (1-a) Fz,l)

aM <1i6M (g,Fﬁ_l) ,f1> —(l—a)M (r, F2_,).

v

Therefore for all sufficiently large values of r, we get

log M (r, F}) > log M (%61\4 (g,Fi,l) ,fl) —log M (r, F2_,) + O (1).
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Therefore

1

log!” M (r, F}}) 1ogMM< 16M( P ,fl) —log” M (r, F2_1) + 0 (1)

v

()‘(p q) (fr) - 5) 10g (116M (7‘ ) F371)> - log[p] M (7“, F,?,l) +0(1)

Vv

1
> (Awa) (f1) =€) log'!l M (;qu) 3 ((A(pyq) (f1) —¢) log!” M (27}73—1)) +0O(1), by property P
1
= 5 Qo (1) =€) log M (L, F2 1) +0(1)
1
> 5 (i (1) =) 10g" M (3, FZ 1) +0(1). %)

Therefore using (5) we get

1
log[p] M (,,.7 Fé) > 2 ()\<p7q) (fl) — 5) ()\(p’q) (fz) - E) log[p] M (227F3 2) + O( )

Proceeding in this way we get for n = km, m € N

[e] 1 1 e = e e !
log” M (1, ) > 5 () (1) = 9) T py (f2) =€) 7 e Qi (i) = 2) T x Mg M (2 FE) +0.(1)
1 n n_ n_
Z Gn(h-1) Awa) (1) =€) * (A (f2) =€) e M) (fx) =€) 1

r
X log[q] M (m, F]?,l) + O (1)

1 n n n _
> 2717_1 ()\(p’q) (fl) — E) ko (A(pyq) (fk_l) ) k ()\(p,q) (fk) ) k X lOg[q] M (Qnr—l s Flk) + O (1)
1 n n n_
= on—t ()‘(qu) (f1) = 5) b (/\(P»q) (fr—1) — ) " ()‘(P o (fr) = ) L
xlog M [, (1= )z +afi ()] + O (1)
1 n
2 on—1 ()‘(p,q) f1) _5) k (A(:D o (fe-1) = 5) ()‘(p,q) (fr) — 5) -
x [log? M (5 i (2)) = log? M (57—, (1= @) 2) ] + 0 (1)
1 n n_
T on-1 ()‘(p,rJ) fi) — 5) (/\(p,q) (fe—1) — E) ’ ()‘(p,q) (fx) — 5) Bt
X [exp[pqul] (log[pfl] ( — Je (2 )) —logl? M (Qnr_l , z)] +0(1)
1 n n_
z on—1 ()‘(Pq)(fl)*g)k ( ) (fre—1 75) ()‘(WZ) (fk)fg)k '
e - (A o) (FE)—<)
X [exp[p a1 {log[q 1 2:_1} (i — logl? 2nr_1:| +0(1). (6)
Now we choose r sufficiently large so that for every v > 0
14z . 14z
{log[p] M (r7, fl)} < (pp,a) (f1) + €)1+ {log[‘ﬂ rw} . (7
From (6) and (7) for sufficiently large r we get
log[p] M (r, Fﬁ) n n_q

> 2n1_1 Ay (F1) =€) % oo Aoy (Frmr) =€) * (M) (fir) —€)

{log[P] M(TV,fl)}1+

A (fi)—
[exp[p—q—l] {log[q—l] . }( (p.a) (Fr)—¢) 7log[ L 1] +0(1)

14z 1+
(p(pyq) (fr) + 5) {IOg[q] 7'7}
— 00 as 1T — oo.

X
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Now let n = km — 1, m € N. Then

(0] 1 1 nt1 nt+1 n—(k—1)
log M(T’Fn) > on—1 ()‘(pq) (fl)*g) E ()‘(PQ) (fr— 2)*5) S (/\(pyq) (fk—l)*g) k
n—(k—1) o r
* (o () =) e (106" M (5 e ) ) = log™ M (552)1+0. (1)
1 nt1 n+1 n—(k—1)
> 5ot Qo () =) F o Qg (Fe-2) =) © (Ao (Fe-1) =) F
n=(h=1) g g ) G (frm1)—e)
()\(p’q) (fk) ,E) ® [exp[p q—1] {log[q 1] W} P.q log 2 +O( )
Therefore the statement (4) follows.
When n = km — (k — 1), m € N. Then
1 — n— n—1
log"' M (r,Fa) > on—1 Ay (f1) = 5) o Ao (f2) =€) E (A (fe) =€) &
[p—q—1] lq-1] T Py (1) —¢) qq T
X [expp a {log 4 Fn } —log'? ot | T 0(1). (8)
Consequently the statement (4) follows.
This completes the proof. O

Corollary 3.2. Let fi, fa,..., fr be k entire functions with positive lower (p,q)-order and of finite (p,q)-order. Then for

every positive constant v,p > q and every real number x,

[p] 1
lim log'"' M (r, Fn) .

r—oo 14+x
7 {rog 0 (1, 1)}

14z

i [p] 2 It @ V'
Proof. Using {log M (r ,fk)} < (P, (fx) +€) {log r } in place of (7) we get the result. O

Note 3.3. Theorem 3.1 does not hold when A, gy (f1) =0 or A gy (f2) =0 or... or X o) (fx) = 0, which follows from the

following example.
Example 3.4. Let fi = fo=...= fu =z;2 =0 and v = 1. Then Ap,q) (fx) =0 and Fy, (z) = f1 (2) for every n and

log[p] M (r, Fﬁ)

lim =1

— 00 14z
7 10" M (7, f1) |

Theorem 3.5. Let f1, fa,..., fr be k entire functions of finite (p,q) order and A q) (fi) > 0. Then for h >0, p > q and

for every real number x

{10g[p+(n—2)(pﬂ)] M (7’7 Fé)}Hz

h
log!?! M (exp“"ll (log[q_l] 7‘) ,fl)

where, h > (1 4+ ) pp,gy (fr) if p=2,9=1 and h > p(, ) (fr) otherwise for n = km,m € N.

lim =0
00

Proof.  Here A¢p,q) (f1) > 0. So f1 is not a polynomial. Therefore M (r, f1) > r for all large values of r. Again M (r, fix) > pr

for some p > 0 and for all large values of 7. Thus for all large values of r
M (r, f1) > cr and M (r, fr) >cr (9)
where, ¢ = min {1, z}. So £ > 1. Now for all large values of r, using (2) and (9), we get

M(r,Fi) < (1—a)M(r, no1) +aM (r, fl( 1))
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IN

(1= a) M (M (1 F2L0) 1) + oM (M (r, F31), )

- %M(M (rF21) f1).

Therefore
log M (r, ) < (ppay (1) +€) logl?) M (r, F2_,) + O (1). (10)
Now from (10), we get
1og”t P~ M (r, FY) < (pgp.g) (f2) +€) logl? M (r, F3_5) + 0 (1).
Therefore
1ogPH2@=DN M (1, FY) < (p(p.g) (f3) + &) log!? M (r, Fi_3) + O (1).

Proceeding similarly we get for n = km, m € N

logP T (==l pp(r ) < <p<p,q)<fkf1>+6>10g“ﬂM(T»Fl'“ )*0 (1)
Py (1) +€)log! M (r, (1 — @) 2 + aufi (2)) + O (1)

(

= Pty (Fim1) + ) [10g” M (0 fi (2) +10g” M(r, (1= @) 2)| + 0 (1)
(
2

< (P (fe1) +e) [logqlM fi (2)) + 108" M(r, fu(2)] + 0 (1)
= 2 (p) (fi-1) + ) log" M (r, i ()) + 0 (1)
< Q(P(p,q) fk 1 8){ [p—g—1] (log T)(P(P=q)(fk)+e)}+o(1)‘ (11)

Again for sufficiently large vales of r, we get

log[p] M (r, f1) > (/\(pm (f1) — s) log[q] r
Hence for all sufficiently large values of r we get from (11)

1+x

1+
g—1] 7«) (p<p,q><fk>+s)} Lo

{log[p+(n—2)(p—q)] M (r, Fﬁ)} {2 (p(p,q) (fr—1)+ E) exp[P*qfll (log[

<
h R
log!”! M (exp p—1] (log a—1] r) 7f1> (A,q) (f1) — €) explp—a—1] <log[q’” r)

Now we choose 0 < € < min{)wp,q) (f1), HLI — P(p.a) (fk)} ifp=2,¢g=1and 0 <e < min{Apq (f1),h—pepq (fr)}

otherwise. Therefore the statement follows. O

Corollary 3.6. Let f1, fa,..., fr be k entire functions of finite (p,q)-order and A q) (f1) > 0. Then for h > 0, p > q and

for every real number x

{log[p+(n—2)(p—tn] M (r, Fﬁ)}H—x

lim =0

T o0 h
— log[p] M (exp[pfl] (log[q’ﬂ r) 7f1>

where, h > (14 ) pp,g) (f1) f p=2, =1 and h > py.q) (f1) otherwise for n = km — (k—1), m € N.

Proof. When n =km — (k—1), m € N proceeding similarly we get

14z
(f1)+e
(p<p,q) 1 )} +0 (1)

{log pr(=2-0l 7f (r, F}) } { Pipa) (fre) +¢€) explP=a1] (log[q—” 7’)

h
log!"! M (expf' U (log[q 1 ) f1> (AMp.g) (f1) =€) explp=a=1] (log[q’” r)

Now we choose 0 < € < min {)\(p,q) (fl)vu% — Pp,a) (fl)} ifp=2,g=1land 0<e< min{)\mq) (f1),h = pw,q) (fl)}

otherwise. Therefore the statement follows. O
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Note 3.7. Theorem 3.5 does not hold if h = (1 + ) p(p,q) (fx) where p =2, g =1, a =1 and n = km, m € N, which

follows from the following example.

Example 3.8. Let fr. (2) =2,p=2,9q=1,a=1 andn=km, m € N. Then p(, ) (fx) =0 and therefore h = 0. Here

{1ogp+<" 2=l M (r, FY) }

lim

7—00 h
7% logl 1M(eXp[p 1] (log[q 1 ) ,f1>

= OQ.

Theorem 3.9. Let fi, fo, ..., fr be k entire functions of finite (p, q) order and Ap,q) (f&) > pp,q) (f1) = Ap,q) (f1) > 0. Then

forp>qandn=~km, meN

log!”! M (r, F}
lim 8 (T, n)

T g M (exp“’*ll (1og[q71] r)mp,q)(m 7fk)

= OQ.

Proof.  'We choose ¢ such that 0 < & < A(p,q) (fx) — pip,q) (f1). We get from (6) for all r > ro

>3

log[p] M (r, Fi) > 2n1 1 ()‘(p,q) (f1) — 5) - (/\(p,q) (fr-1) — 5) 3 ()‘(p,q) (fx) — 5)%

A (fr)—e
« [exp[p—q—l] {log[q—ll L}( .0 (F) =) ~ logl r ] +0(1).

271,71
Again we also have for all > rg
1o M (r, fi) < (p(p.q) (f1) +€) log¥ 7.
We choose r so large that

(f1)
exp? ! (10g[q71] r)p(P’q) V>

T0O.

Then

P(p.q) (f1) o _ P(p,q) (f1)
log"”) M (exp[p_ll (108;[q_1] 7”) o ,fk> < (P (fi) +2) {exp[p - (log[q Y r) (wt }

Thus for sufficiently large r

[p] 1 " n n
log " M (r. ) > L G () =) o iy Fet) = ) F (o () =) B

n—1
logl?) M (exp[p_l] (log[q—l] r)ﬁ’(p,q)(h) ,fk) 2
p-a-11 f1ogle-1] _r VGwa@0=e) g
€Xp {log W} — log -t | T o(1)

P(p,q) (1)
(p(p,q) (fk) + 5) {exp[?*qfl] (log[CI*l] 7,,) (p,q)\J1 }

— OO0 as r — o0.

X

Therefore
log!”! M (r, F}!
lim 8 (T )

o log!”! M (exp“’*ll (IOg[q—ﬂ r)p(pm(fl) 7.fk)

This completes the proof. O

= OQ.

Corollary 3.10. Let fi, f2,..., fr be k entire functions of finite (p,q) order and A q) (f1) > pP(p,q) (&) = Ap,q) (fx) >0

Then forp >q andn=km — (k—1),meN

[p] 1
lim log'”' M (7‘, Fn)

r—o00 ) (fk)
- 1Og[p1M(exPp 1 (1og r)P""q’ o f1)

= Q.
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Proof.  'We choose € such that 0 < e < Ag.q) (f1) — P(p,q) (f&). Here we choose r so large that

(fi)
exp? ! (log[qfl] r)mp’q) ">

T0.

From (8) we have for sufficiently large r,

log”! M (r, ), 1 no1 I w1
( ) P(p.a) (Fr) > gn—1 ()‘(P!Q) (f1) — 5) * (/\(P»q) (f2) — 5) P ()‘(qu) (fr) — 5) *
log!?) M (exp“’*” <log[q’l] 7‘) ' ,fl)

A (f1)—
{exp[p—q—l] {log[q—ll —_ }( () (F1)=¢) _ log[q] 27LT71} +0(1)

P(p,q) (fK)
(P(p,q) (f1)+ s) {exp[P*qfl] (10g[q71] r) (p.) Uk }

— OO0 as 1 — OQ.

Hence the result follows. O

Theorem 3.11. Let fi, fo, ..., fx be k entire functions with positive lower (p, q)-order and of finite (p, q)-order and suppose
log” 11 (r, F;) < §logl (Z,Fé) , for i1=1,2,..k

holds for every § > 0 and for every positive integer n. Then for every positive constant v, p > q and every real number x

log!?! Fl
i 108 w(r, Fy)

reo {10g[p1 u(w,fl)}m B -

Proof. Suppose 1 + x > 0. Otherwise the result is obvious. Let 0 < a < 1. Choose 0 < e <

min {)\(p,q) (f1) s A,a) (f2) 5o Ao (fk)} For sufficiently large values of r, using (3), we get

I (r, Fﬁ) = pu (r, (1-w) F?  +af: (Fg_l))
H (T7af1 (szl)) 2 (Tv (1 - a) Fnzfl)

1 1 r
> gaﬂ (EM (Zanfl) 7f1) —l-a)p (7"7 Fn271) .

Y

Therefore for all sufficiently large values of r, we get

1
log i (r, Fyy) > log (17;“ (£7F3—1) 7f1) —logp (r, Fr_q) +O(1).

Therefore

log[p] 1 (r, Fﬁ)

v

1
log” 11 (175“ (g, Fﬁ_l) »f1> —log” (r, Fg—l) +0(1)

1 T
> (o) (1) — ) log!” (175# (% Fifl)) ~log" 1 (r, F2_1) + 0 (1)
1 .

> (A (1) =€) log! (%,Fffl) —5 (()\(p,q) (f1) —¢)log!” (E,Ff,l)) +0(1), by hypothesis

1
= 5 Qo (1) =) 10g (L. F21) + 0 (1)

1
> 5 (i (1) =) log (T, F21) +0(1). (13)
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Therefore using (13), we get

1Og[mu(r,F,1)>2i2(A<p,q)(f1)—a) ) (F2) =€) Tog™ pu (15, Fiz) +0.(1).

Proceeding in this way we get for n = km, m € N

1 — n—k
tog® 1 ( F2) > 2 O () =) % (A (F2) )

1

> g Qo (1) =) F (O () =)

1

n
k

> 2n1 1 (’\(p q) (f1) — 5) ()‘(M) (fi=1) — 5)

1 n
= 271,71( (p,q) (f1) g)k (A(Pﬂ) fr— 1)_5)k

x log!¥ 1 [% (1-a)z+afi (z)] +0(1)

n—k
- ()‘(pyq) (fk) - 5) box log[p] H (M%’Fkl> +0 (1)

- ()‘(p,q) (fx) = 5)%71 X log[q] ,u (ﬁ’ F3_1) +o (1)

Ay (f1) =€) ¥ x 108 (5, F ) + 0 (1)

(A(pyq) (fr) = 5) (s

1 n n_
> 5ot Qo (1) =€) o Oy (fem1) =) F gy () =) 577
x [1og i (g afi (2)) = Tog'¥ 1 (5> (1 = ) z) +0(1)
1 n n_
= F(/\(p,q) (fl)*s)k - ()‘P‘Z) (fr— 1)75) (/\(pLﬂ E)k
X [exp“"q‘” (log[”_” 1 (4,:%1,)‘1@ (Z))) —log!? (4n 12)} +0(1
1 n n_q
2 on—1 ()‘(p,q) (f1) - 5) b ()‘(pyq) (fe-1) — 5) ()‘(pyq) fr) — 5) *
I &
{eXp —q—1] {bgq 1] 4n7‘ 1}( (rra) () =) Og[q] 4:_1} +00). (14)
Now we choose r sufficiently large so that for every v > 0
1+x 14z
{log” @7, )} < (P (F) +) 7 {rogl? 7 (15)
From (14) and (15) for sufficiently large r we get
log[p] w(r, F}! 1 n n _
( ) > - ()‘(p,q) (fr) - 5) b ()‘(p,q) (fe-1) — 5) i ()‘(p o (fr) — 5) '

14 n—1
{log[p]u(“,fl)} 2

A
|:eXp[p—q—1] {log[q—ll 471.7;1 }( (
X

(fr)—e
poa) (FR)—¢) - log[q] 4"%1:| +0(1)

(p(p,q) (f1) + 5)

Now let n = km — 1, m € N. Then

L n+1
log!® 11 (r,Fp) > o1 Oy (F1) =€) F o (Apg) (frz) —&) *
n—(k=1)
x ()‘(p»q) (fk) - 6) E [exp[p_q—l] (log
1 1
z on— on—1 (A(p,q) (fl) —6) 3
n—(k—1)
k

x (/\(p»q) (fe) — 5)

o M) (fr—2) =€) - Ay (fr—1) =€)

{exp[pqul] {log

— 00 as 1 — OoQ.

14z
{10 7"7}

n+1 n—(k—1)

(Mg (Fe-1) =
(g e ) s ()1 00)

n—(k—1)
k

1] 7 Qe (fr-1)-2)
)

n—1

~log? %0( ).

Therefore the statement (12) follows. When n = km — (k — 1), m € N. Then

1 i
log[p] 1 (7‘, Fi) > BT ()\(p o (f1) — E) Tk (/\

« [exp[p—q—ll {log[q—l] r

gn—1

n—1

(n.a) (f2) — ) " o (Apg) () —2) F
}(A(pﬂ)(fl)*s)

— log! 74:,1] +0(1).

Consequently the statement (12) follows. This completes the proof. O
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Corollary 3.12. Let fi, f2,..., fr be k entire functions with positive lower (p,q)-order and of finite (p,q)-order. Then for

every positive constant v,p > q and every real number x,

. log!®! 1 (r, Fy)
lim -
™00 [ ]

log'” i (7, fi)

= Q.

Theorem 3.13. Let fi, fa,..., fu be k entire functions of finite (p,q) order and Ay q) (f1) > 0.Then for h > 0, p > q and

for every real number x

1+x
{log[p+(n—2)(p—q)l  (r, Fﬁ)}
lim

r—00 h
7 Jogltl (exp[pﬂ] (log[qfll r) 7f1>

where h > (14 ) pp,q) (fr) if p=2,9=1 and h > p(, ¢ (fr) otherwise for n = km, m € N.

=0

Corollary 3.14. Let fi, fa,..., fr be k entire functions of finite (p,q) order and A(,,q) (f1) > 0. Then for h > 0,p > q and

for every real number x
14+x
{bgw(n—z)(pfqn p(r, Fg)}
lim

r— 00 h
- log[”] w (exp[p—l] (log[q—ll 7-) ,f1)

where h > (14 ) pp,g) (f1) if p=2,9=1 and h > p.q) (f1) otherwise for n = km — (k — 1), m € N,

=0

Theorem 3.15. Let fi, fa, ..., fx be k entire functions of finite (p,q) order and X q) (fr) > pip.q) (f1) = Ap,q) (f1) > 0.

Then for p > q and n = km,m € N

[p] 1
lim log'” 1 (7", Fn)

T gl (eXplpfll (1og[q—u 7a) Ploay (1) 7fk)

= OQ.

Corollary 3.16. Let f1, fo, ..., fx be k entire functions of finite (p,q) order and Ay q) (f1) > pw.q) (fe) = Ap,q) (f&) > 0.

Then forp >q andn=km — (k—1),meN

log!?] !
lim og® (1, Fy)

o log”) 11 (eXp[Pfl] (IOg[LIﬂ] T)”(p,q)(fk-) 7f1)

= OQ.

The proofs of Theorem 3.13 and Theorem 3.15 are omitted.
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