Int. J. Math. And Appl., 9(2)(2021), 189-193
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Wathematics ud cts #pplications

On K* Quasi-n-Class (Q) Operators

Wanjala Victor?* and Peter Kiptoo Rutto!

1 Department of Mathematics, Kibabii University, Bungoma, Kenya.

Abstract: In this paper, we introduce a new type of operator called K* Quasi-n-Class (Q). We study some basic properties of this
class and its relation to other classes.

Keywords: K Quasi-n-normal, K* Quasi-n-normal, K Quasi-n-Class (Q), K* Quasi-n-Class (Q), n power class (Q), Class (Q) oper-
ators.

© JS Publication.

1. Introduction

Throughout this paper, H is a seperable complex Hilbert space, B(H) is the Banach algebra of all bounded linear operators.
A bounded linear operator T' € B(H) is said to be class (Q) if T**T? = (T*T)?. This concept was introduced and studied
by Jibril in 2010 [1]. In 2018, Manikandan and Veluchamy extended this to the class of (N + K)-power class (Q) [4], while
Paramesh and Nirmala introduced and studied the class on n-power class (Q) in 2019 [5]. Revathi and Maheswari studied

M-quasi class (Q) [6].

Definition 1.1. An operator T € B(H) is said to be:

(1). Quasi class (Q) if T(T**T?) = (T*T)*)T.

(2). K Quasi Class (Q) if T*(T**T?) = (T*T)*)T* for some positive integer k.

(3). M quasi-class (Q) if T(T**T?) = M(T*T)*T.

(4). K quasi-n-class (Q) if T*(T**T*™) = (T*T™)2T* for some positive integers n and k.

(5). K* Quasi -n - Class (Q) (T™)*(T**T?") = (T*T™)*)(T*)* for some positive integers n and k.

Remark 1.2. We remark that, if T is self adjoint and n =k =1, then T is quasi class (Q). If T is self adjoint and n =1,
then T is K quasi class (Q).
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2. Main Results

Theorem 2.1. Let T € B(H) be K* Quasi-n-Class (Q), then;

(1). TT is K* Quasi-n-Class (Q) for P > 1.

(2). AT is K* Quasi-n-Class (Q) for each \ coming from the set of real.
(3). T~ is K* Quasi-n-Class (Q) provided it exists.

Proof.

(1). Suppose T is K* Quasi-n-Class (Q), we then need to prove that 77 is equally K* Quasi-n-Class (Q) by mathematical

induction. Now suppose that T is K* Quasi-n-Class (Q), then the result holds for M = 1.
()T = (T°T")*)(T")" (1)
Suppose the result holds for P = M.
(T2 (M= (T )M )
Then we prove that it holds for P = M + 1, hence we have;

(2T (1 = (T
= ()T (M
= (@ T TN T)
= (T (T T

— (T

hence the result holds for P = M + 1 and therefore T is K* Quasi-n-Class (Q) for each P > 1.

(2). (AT))AT)2(AT)*™ = ATHPN2T?) (A7) Implies (AT)*)*(AT)*2(AT)?" = ((AT)*(AT)™)2((AT)*)*. Hence
_ Ak(T*)k(AQT*Q))()\2nT2n)
= ANZNT(T) (T2 (1)
= NP (TR T2 (T
_ )\QT*Q)\2R)\k(T*)k
= (\T)2(AT)*" (AT)")".

= ((\T)"(AT)")*(AT)")".
AT is K* Quasi-n-Class (Q).
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@). (TN YT = () YT TN
= ()T
= (@) @)
= (T T
= (T
= (T T
= (T )@ ()
= (@ @A™

Tmplies ((T~1)")"(T7)*(T )" = (171" (T71)")*((T7)™")". Thus T~" is K” Quasi-n-Class (Q). O

Remark 2.2. Let Ty, T3 € B(H) be two K* Quasi-n-Class (Q), then T + Tp is not necessarily K* Quasi-n-Class (Q).

2t 4 40 2+ 4 4
Example 2.3. Let T, = and Tg = =>Tau+15 = . Suppose n =k =1, then;
0 —2 0 2 0 —2i+ 2
. - ) 442 0 12+ 16i 0 12+ 160 24
(Ta +T5)") (Ta + T5)"(Ta + Tp)") =
4 2—20 24 —8t 0 —81
442 0 3841 288 + 641

4 2-2 288 + 3841 512

1536: — 768 1024 + 8321

= 3)
1344 + 1728i 2176 — 7684
Similarly
2
" . e [2i¥4 0 244 0 2i+4 4
(To +T5)") (To +T5)" (T + Tp)")" =

4 —2t+2 4 —21+2 0 —2t+2

21+ 4 0 80 + 640¢ 2757 + 384
4 —2i+2 3521 + 384 384

27207 — 960 986 + 1868: )

1792 + 24967 332i + 1704

Hence (1) # (2), thus To + Tp is not K* Quasi-n-Class (Q).

Theorem 2.4. Let Ty, Tp € B(H) be two K* Quasi-n-Class (Q) operators with ToTg = ToT; = ToTs = 0, then Ty + T
is K* Quasi-n-Class (Q).

Proof.
(T + T5)") " (T + Tp) ™ (Ta + T5)™") = (Ta + T5)"(Ta2 + T5*)(T2" + T5™))

= ((T2)F + k(T2 5 + -+ (T5)) (T3 + TE) T2 + T3 25 + -+ T3™))

= (T + (THM (T2 + TE) (T2 + T5™))
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= ()" + (T3))TPTE + TPTE" + T3 18" + T5°T5")
= (T)" + (TN (TPT + T5°T5™)
= (T TP + (T TET5" + (T5) TP T2 + (T5) T3 T5™)

= (T TPTE" + (T3) " T5°T5")
T5 and Tj being K™ Quasi-n- Class (Q), we have;
(TaT2)X(T2)*) + (TETE)*(T5)")
Thus T, + T3 is K* Quasi-n-Class (Q). O

Theorem 2.5. Let T,, Tg € B(H) be two K* Quasi-n-Class (Q) operators, then ToTp is K* Quasi-n-Class (Q) operator
for ToT; = TETa and ToTp = TpTa.

Proof.

(TaTp) ") (TaTp)*(TaTp)™") = (TaTs) )" (T Ta) *(TuTs)*")
= (TaT3) (T2 T5°) (T2 TE™))
= (To)" (T3 " T2\ (T5 T2 13"
= (T (Ta>(T5) )T T5°) 15"
= (T T22)(T5) " Ta ) (T3 TE")
= (T T2 (T5) T3 T3
= (TaPTa(Ta) ) (T35 (T5)")
= (TPT3) (Ta) T3 (T3 (T5)")
= (T T5%) (Ta)*T5")(T5)")
= (T22T5*) (T2 T3 ) (Ta) " (T5)")
= (TTa)*(TaT5)*" ((Ta)(T5))"
= (TaT3)"*(TaTp)*" ((TuTs)")"

= (TaT5) " (TaT5)")*(TaTs)")"
Hence
(TaTs) ") (TaTp) ™ (TaT5)™") = (TaTs)" (TaTp)")*(TaTs)")"
Thus T,Ts is K* Quasi-n-Class (Q). O
Theorem 2.6. Let T € B(H) be K* Quasi-n-Class (Q), then T* is K* Quasi-n-Class (Q) provided T**T*" = T?"T*2.
Proof.
(T))T)(T)™) = (T (T*)(T*")")
_ ((TZnT*Z)(T*)k)*
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= ((T)(T")*™) (1))

Implies

Thus T* is K* Quasi-n-Class (Q). O
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