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1. Introduction

The survey of stability problems for functional equations is connected to the eminent Ulam problem [32] (in 1940), with
reference to the stability of group homomorphisms, which was first solved by D. H. Hyers [13], in 1941. This stability
problem was also generalized by a number of authors [2, 12, 25, 28, 30]. We cite also other pertinent research works

[1, 11, 14, 16, 19, 29]. The solution and stability of the following cubic functional equations

C(z +2y) +3C(z) =3C(z +y) + C(z — y) + 6C(y), (1)
fRz+y)+ f2z —y) =2f(x+y) +2f(z —y) + 12f(2), 2)
fety+22)+fla+y—22)+ f(20) + f(2y) =2[f(x+y) +2f(+2) +2f(y+2) + 2f(x —2) +2f(y —2), (3)
3f(z+3y) — fBr+y) = 12[f(z +y) + f(z — y)] + 80f (y) — 48f (=), (4)
92z —y) + g(z — 2y) = 6g(z — y) + 3g(x) — 39(y), ()

fRx Lyt 2)+ f(hy+2)+2f(Fy) + 2f(+=2)

= 2f(@ky+2)+ f@Ey)+ f@E )+ (~wky)+ (-2 +2)+ 6/ (), (©)
kGt k) — flke ) = P () 4 - )]+ - D7) - 2kO2 1)),k > 2 ™)
%‘/Ebf (am +Vk by) + G_T\/Ebf (aac vk by) + k(a® — kb f(y)

= k(ab)’f(z +y) + (a® — kb*)a’f(z),a # +1,0;b # +1,0;k > 0 (8)
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a—Cubic and f—Cubic Functional Equations

were investigated by J.M. Rassias [26], K.W. Jun, HM. Kim [15], Y.S. Jung, I.S. Chang [18], K. Ravi et. al., [31],
M.Arunkumar [3, 4], M.J.Rassias et. al., [17], J.M.Rassias., et.al., [27]. Now, we will recall the fundamental results in fixed

point theory.

Theorem 1.1 (Banach’s contraction principle). Let (X,d) be a complete metric space and consider a mapping T : X — X

which s strictly contractive mapping, that is
(A1). d(Tz,Ty) < Ld(x,y), for some (Lipschitz constant) L < 1. Then,

(1). The mapping T has one and only fized point * = T (z*);

(2). The fized point for each given element x* is globally attractive, that is
(A2). lim T"z = z*, for any starting point x € X;

n— o0

(3). One has the following estimation inequalities:
(A3). d(T™z,z*) < = d(T"x, T"z),V n >0V zc€X;

(Ag). d(z,2*) < 2+ d(z,2%),¥Y z€ X.

Theorem 1.2 (The alternative of fixed point [20]). Suppose that for a complete generalized metric space (X, d) and a strictly

contractive mapping T : X — X with Lipschitz constant L. Then, for each given element x € X, either
(B1). d(T"z, T""'zx) =00 ¥V n >0, or
(B2). there exists a natural number ng such that:

(1). d(T™z, T"'x) < oo for alln > no ;
(2). The sequence (T"x) is convergent to a fized point y* of T
(3). y* is the unique fized point of T in the set Y = {y € X : d(T"™°x,y) < co};

(4). d(y*,y) < 25 d(y,Ty) for ally €Y.

In this paper, we established the general solution and generalized Ulam - Hyers stability of a—cubic functional equation
2af(w - az) + flaw + 2)] = a(a® + [f(w + 2) + f(w - 2)] = 2(a* = 1) f(2) (9)
where « # 0, £1 and S—cubic functional equation

Bf(w+ Bz) — f(Bw + 2) — [Bf(w — Bz) — f(Bw — 2)] = 2(8* — 1) f(2) (10)

where 5 # 0,+£1 in Banach Space using direct and fixed point methods.

2. General Solution of (9) and (10)

In this section, we present the general solution of the a—cubic and S—cubic functional equations. To prove the solution, let

us take W and Z be real vector spaces.
Lemma 2.1. If a mapping f : W — Z satisfies the functional equation (9), then the following properties hold
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(1). £(0) =0,

(2). flaw) = a®f(w), for allw € W.

(3). f(—z) = —f(z), for all z € W; that is, f is an odd function.

Proof.

(1). Replacing (w, z) by (0,0) in (9), we get
2[a +1]£(0) = 2a(a” + 1) £(0) - 2(a” — 1) £(0)
(~20° +20")£(0) = 0
(—a® +a*)f(0) =0
f(0)=0

since a # 0, 1.

(2). Setting z by 0 in (9), we obtain

2laf(w) + flow)] = a(a® + 1)[f(w) + f(w)]
[af(w) + flaw)] = a(a® + 1) f(w)
[af (w) + faw)] = [@® + o] f(w)
flaw) = o’ f(w)
for all w € W.

(3). Letting (w, z) by (0,2) in (9), we arrive

2af(—az) + f(2)] = ala® + DIf(2) + f(—2)] - 2(a* — 1)f(2)
f(=2)2a" —a(0® +1)] = f(2)[-2 - 2(a”* = 1) + a(a” + 1)]
f(=2)[20" — o’ —a] = f(2)[-2a" + a® + q
f(=2)=—f(z)
holds for all z € W, since a # 0,£1. Thus f is an odd function.
Lemma 2.2. If a mapping f : W — Z satisfies the functional equation (10), then the following properties hold
(1). f(0) =0,
(2). f(—2) = —f(2), for all z € W; that is, f is an odd function.
(3). f(Bz) = B*f(2), for allw € W.

Proof.

I\
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a—Cubic and f—Cubic Functional Equations

(1). Replacing (w, z) by (0,0) in (10), we get

BF£(0) — £(0) — [B£(0) — £(0)] = 2(B" — 1)£(0)
208" = 1)f(0) =0
£(0) = 0.

since 8 # 0,+1.

(2). Setting (w, z) by (0,2) in (10), we obtain
Bf(Bz) = f(2) = [Bf(—B2) — f(=2)] = 2(8* = 1)f (=)
for all z € W. Replacing z by —z in (11), we have
Bf(=Bz) = f(=2) = [Bf(B2) = f(2)] = 2(8" = 1) f(~2)

for all z € W. Adding (11) and (12), we reach

for all z € W. Thus f is an odd function.

(3). Using (2) in (11), we arrive

Bf(B2) = f(2) + BF(B2) — f(2) = 2(8" = 1) f(2)
2(8f(82) = f(2)) = 2(8" = 1)f(2)

Bf(Bz) = B"f(2)

f(Bz) = B*£(2)

holds for all z € W, since 8 # 0,+£1.

3. Stability of (9)

(11)

(12)

In this section, we present the generalized Ulam - Hyers - Rassias of the a—cubic functional equation. Throughout this

section, we assume W be a normed space and Z be a Banach space.

3.1. Banach Space: Direct Method
Theorem 3.1. Let a = +1 and A, : W? —» [0,00) be a function such that

> A (w0’ z) ) . Ag (0" w, ez
E ————— = converges in R and lim ———M=
P ale b-s00 alae

for allw,z e W. Let f: W — Z be a function fulfilling the inequality

[[2lf (w — az) + flaw + 2)] = a(a® + D)[f(w +2) + f(w = 2)] +2(a" = 1)f(2)[| < Aa (w,2)
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for all w,z € W. Then there exists a unique cubic function Co : W — Z which satisfies (9) and

< A, (ab“w, 0)

1
If(w) = Ca(w)| < 55 D — g

where Co(w) is defined by

for allw e W.

Proof. Case (i): Assume a = 1.

Replacing (w, z) by (w,0) in (14), we get
H2f(ozw)f2o¢f )| < Aa (w,0)

for all w € W. Rewriting (17), we have

for all w € W. Now replacing w by aw and dividing by o® in (18), we have

1% 206

Hﬂﬁw_fwwHSAdww)

for all w € W. Combining (18), (19) and using triangle inequality, we obtain

2
a“w a?w) aw
| - g < [Hoe - L2+ |55 - 00
1 Aq(aw,0)
5&5%““®*‘3?*]
for all w € W. Generalizing, for a positive integer ¢, we land
fla‘w) L < An(tw, Aq(a’w,0)
ase 2
b=0
for all w € W. To prove the convergence of the sequence
{f (a*w) }
o3¢ )
replacing w by a®w and dividing by o in (21), for any ¢,d > 0, we get
Je ) Jetw)| _ 1| [t atw) o
Btd | g8d || T o8e a3 — fla"w)
(@, Aq(a”w,0)

< ﬁij Mw@

bl
< a3 Z ad(b+d)

—0 as d— o0

Aa(a”w, 0)

(15)

(16)

(19)

(21)
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for all w € W. Thus it follows that the sequence {f(Z3ZU) } is a Cauchy in Z. Define a mapping Co(w) : W — Z by

Co(w) = lim L (O‘: w) (22)

c—00 it

for all w € W. Letting c tends to oo in (21) and using (22), we see that (15) holds for all w € W. In order to show that C,

satisfies (9), replacing (w, z) by (a“w,az) and dividing by a® in (14), we have

1
5 A (a“w,a%2)

as¢

O;C [2laf (@ (w = az)) + f(a“(aw + 2))] = a(a” + D[f(a(w + 2)) + f(a“(w = 2))] + 2(a” = 1) f(a“2)| <
for all w,z € W. Letting ¢ tends to oo in the above inequality and using (22), we arrive
HZ[aCa(w —az) 4 Calaw + 2)] — a(a® + 1)[Calw + 2) 4 Ca(w — 2)] + 2(a”* — 1)Ca(z)H =0

for all w,z € W. Hence, C satisfies (9), for all w,z € W.
To prove that C, is unique, we assume now that there is C', as another cubic mapping satisfying (9) and the inequality
(15). Then it is easily note that

Ca(a’z) = a*Cu(x), Cola’z) =a®C o (x)

for all w € W and all s € N. Thus

[|Ca(w) — C'a(w)|| = id o(aw) — C'a(adw)H
< oo ()| + [ 0w) - Cata

I /\

As(a”z,0)
s Z a3(b+d)

for all w € W. Therefore, as d — oo in the above inequality, we arrive the uniqueness of C,. Hence the theorem holds for
a=1.
Case (ii): Assume a = —1.
Now replacing w by g in (17), we get
T 1 T
7w =t ()] < 38 (5:0) (23)
for all w € W. The rest of the proof is similar to that of case a = 1. Thus for a = —1 also the theorem holds. hence the

proof is complete. O

The following corollary is an immediate consequence of Theorem 3.1 concerning the stabilities of (9).

Corollary 3.2. Let f: W — Z be a mapping. If there exist real numbers p and q such that

p;
|20of (w — 02) + f(aw + 2)] — afa® + D[f(w + 2) + f(w — 2)] + 20" ~ DFEI| < 4 p{llull +]]2]17},
p{llwll*ll21* + {Ilwl|** +[|2][*"} },
(24)
for all w,z € W, then there exists a unique cubic function Co : W — Z such that
__pr
2|3 — 1|’
pllwl|?
”f(w) - C&(w)H < 2|a3 —aal’ q 7& 37 (25)
pl|w]|*
—_— 2

for all w e W.
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Proof. If we substitute
b,
Aa (w,2) = p{llwl|* + |21},
p {71201 + {llw][** +[]2]]*7} } ,

in (17) of Theorem 3.1, we reach (25) as desired. O

3.2. Banach Space: Fixed Point Method

Theorem 3.3. Let f: W — Z be a mapping for which there exists a function Ay : W? — [0, 00) with the condition

lim o A (Cw, €72) = 0 (26)

n—o00 Zf’"

where
0= a if i=0, (27)
Lofi=1
such that the functional inequality
[2[af (w — az) + flaw + 2)] = a(a® + D[f (w + 2) + f(w = 2)] +2(a" = 1) f(2)]| < Aa (w,2) (28)

holds for all w,z € W. Assume that there exists L = L(i) such that the function

with the property

1
78 (tiw,0) = L Aa(w,0) (29)

k3

for all w € W. Then there ezists a unique cubic mapping Co : W — Z satisfying the functional equation (9) and

1) = Catw)l 1= (7 ) Anlw,0 (30)

for all w e W.

Proof.  Consider the set

S={fa/fa: W — Z, fa(0) =0}

and introduce the generalized metric d : S x § — [0, 00] as follows:
d(f, fa) = inf{w € (0,00) :|| f(w) = fa(w) [[€ w Aa(w,0),w € W}. (31)

It is easy to show that (S, d) is complete with respect to the defined metric. Let us define the linear mapping J : § — S
by

Thal®) = s fallio),

for all w € W. For given f, fo € S let w € [0,1) be an arbitrary constant with d(f, fo) € w that is

| fw) = fa(w) |[< w Aq(w,0),w € W.

[\
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So, we have

| Fw) = fu(w) || = '

for all w € W, that is,

d(Jf,J fa) < Ld(f, fa), V ffa€S.

This implies J is a strictly contractive mapping on S with Lipschitz constant L. It

case 1 = 0, we reach
[|12f (aw) — 2a3f(w)” < Aq(w,0),w € W

and

So, we obtain
|Jf(w) — flw)|| £ L Ax(w,0),w € W.
Hence,
dJf, f) <L fes
Replacing w = £ in (32) and (29) for the case ¢ = 1, we get
o2 ()] =80 (20)

Then,

1
7(2,0),106)/\/
2 \«

If(w) = Jf(w)|| <
and
If (w) = Jf(w)|| < L' A (w,0),w € W
Thus, we obtain
d(f,Jf) <L fes

Hence, from (35) and (39), we arrive

dJf, )<L fes

N
N
[N~}

follows from (31),(17) and (29) for the

(32)

(33)

(36)

(37)

(38)
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where ¢ = 0, 1. Hence property (FP1) holds. It follows from property (FP2) that there exists a fixed point Co of J in S such
that

Calw) = lim o= f(1w) (41)

n—00

for all w € W. In order to show that C, satisfies (9), replacing (w, z) by ((7'w, £72) and dividing by £™ in (28), we have
1 mn mn mn mn mn 1 mn mn
g [12laf (65 (w = a2)) + f(€F (0w + 2))] = a(e” + DIF(E (w+ 2)) + (0 (w = 2)] + 2(e” = DFE2)]| < 57 Aa (G1w, £]72)

for all w,z € W, and so the mapping C, is cubic. i.e., Co satisfies the functional equation (9). By property (FP3), C, is the
unique fixed point of J in the set

A={Cq €S:d(f,Ca) < o0},

such that
[f(w) = Ca(w)|| < wAa(w,0),w € W.
Finally by property (FP4), we obtain
[f(w) = Ca(w)|| < || f(w) = Jf(w)]|.

This implies

which yields

So, the proof is completed. O
Using Theorem 3.3, we prove the following corollary concerning the stabilities of (9).

Corollary 3.4. Let f: W — Z be a mapping. If there exist real numbers p and q such that

P
[2lf (w — az) + faw + 2)] = a(a® + D)[f (w +2) + f(w = 2)] +2(a” = D)f ()| < p{llw]|* +||2]|7},
p{llwll*lz17 + {{lwl** + []][**} },

(42)
for all w,z € W, then there ezists a unique cubic function Co : W — Z such that

_pr
2alad — 1]’
pllwl|*
2alad — ad|’
pllw][*?
2alad — a24|’

[/ (w) = Ca(w)] < 73, (43)

2q # 3,

for all w e W.

[\
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Proof. Let
D,
Aa(w,2) = 9 p{|lwl|*+ |21},
p 4wl 2]+ {l[wl*7 -+ [|2]]7} }
for all w,z € W. Now
P
@nv — 0 as n — oo,
1 n mn n mn
i Ba(Cw, 672) = § g (l1wl| + 1621, —{ ~0as n— oo,
p n U mn n
Dzl ezl + w4 ey} | > 08s n— oo
Thus, (26) holds. But, we have
A (w,0) = 280 (¥,0)
has the property
1
EAQ(&LU,O) =L Aqy(w,0)
for all w € W. Hence,
P
1 w 2a’
Aa 70 :7AOL (770): p K
(w,0) = 580 (% Ll
p 2q
B
for all w € W. It follows from (44),
i 2
1 1 2a7
—Aq éiw,O = eq—Sﬂ q
gt 0= 67 L ju)
IRy I
23 2|y
Hence, the inequality (30) holds for
(). L=¢4%ifi=0and L = ZES ifi=1;
(ii). L=17"%forq<3ifi=0and L = eql,g, for g >3ifi=1;
(iil). L =£29"%for 2¢ >3 ifi=0and L = qu%g for 2¢ > 3 if i = 1.
Now, from (30), we prove the following cases for condition (7).
L=¢73i=0 L:K%,z—l
_3 . 1
L=« ,Z:O L:F7Z:1
L= 73,220 L=d*i=1

(44)
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Also, from (30), we prove the following cases for condition (i).

L=1("qg<3,i=0

Ll—’i
7)Ao s

4. Stability of (10)

:F,q>3,i:1

1 .
?7q<372:1

7,q>3z_1

IN

—(aq_ag)

Finally, the proof of (30) for condition (iii) is similar to that of condition (ii). Hence the proof is complete.

In this section, we present the generalized Ulam - Hyers - Rassias of the S—cubic functional equation. Throughout this

section, we assume WV be a normed space and Z be a Banach space.

4.1. Banach Space: Direct Method

Theorem 4.1. Let a = +1 and Ag : W? — [0,00) be a function such that

e} ba ba
w
E ﬂ—ﬁ) converges in R and lim

b—oo
b=0

forallw,z e W. Let f: W — Z be a function fulfilling the inequality

[8f(w + B2) = f(Bw + 2) = [Bf (w = B2) = f(Bw — 2)] = 2(8" = 1) f(2)

for all w,z € W. Then there exists a unique cubic function Cg : W — Z which satisfies (10) and

[e']

baz
1) -t < - 3 20572

ﬁ3ba

where Cg(w) is defined by

Cs(z) = lim 1(52)

b— o0 ,8317
forall ze W.
Proof. Case (i): Assume a = 1.

Replacing (w, z) by (0, z) in (46) and using oddness of f, we get

128f(B2) — 28* f(2)|| < A5 (0,2)

for all z € W. Rewriting (49), we have

Ap (0, 2)
233

Hf(ﬂZ)

6 f<z>H <

for all w € W. The rest of the proof is similar to that of Theorem 3.1.

A,B (Bbaw,ﬂb“z) B

H < AB (’LU,Z)

(45)

(47)

(48)

(49)

(50)

[\
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The following corollary is an immediate consequence of Theorem 4.1 concerning the stabilities of (10).

Corollary 4.2. Let f: W — Z be a mapping. If there exist real numbers p and q such that

p?
|8f(w + Bz) — f(Bw + 2) — [Bf (w — Bz) — f(Bw — 2)] — 2(8* = Df(2)|| << p{|[wl|* + ||2]|7} , (51)
p{llwl|*lzl|* + {|lw][** + [|2]**} } ,

for all w,z € W, then there exists a unique cubic function Cg : W — Z such that

__pr
el
pllwl|?
[l f(w) = Ca(w) < Wa q#3, (52)
pllwl||™
2|B3762q|’ 2q#37

for all w e W.

4.2. Banach Space: Fixed Point Method

Theorem 4.3. Let f: W — Z be a mapping for which there exists a function Ag : W? — [0, 00) with the condition

lim E%Aﬁ(z?w,zyg) -0 (53)
where
0= B if i=0, (54)
% if i=1
such that the functional inequality
[B8f(w+ Bz) — f(Bw + 2) — [Bf (w = Bz2) = f(Bw = 2)] = 2(8" = 1) f(2)|| < Ap (w, 2) (55)

holds for all w,z € W. Assume that there exists L = L(i) such that the function

1 z
A =_-A =
B (07 Z) 2 B (07 6)
with the property
L As(tw0,0) = L Ap(w,0) (56)

03

7

for all z € W. Then there exists a unique cubic mapping Cg : W — Z satisfying the functional equation (10) and

1—4

1) - s < (157 ) 2600.2) (57)

for all w € W.

Proof.  Consider the set

S={fo/fo : W— Z, f,(0)=0}

and introduce the generalized metric d: S x S — [0, 00| as follows:

d(f, fa) = inffw € (0,00) :|| f(2) = fo(2) IS w Ap(0,2),2 € W}. (58)
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It is easy to show that (S, d) is complete with respect to the defined metric. Let us define the linear mapping J : S — S
by

1
I (@) = 5 folbia),
for all w € W. O
Using Theorem 4.3, we prove the following corollary concerning the stabilities of (10).

Corollary 4.4. Let f: W — Z be a mapping. If there exists real numbers p and q such that

p’
18f(w+ Bz) — f(Bw+ z) — [Bf(w — Bz) — f(Bw — 2)] —2(8* = 1)f(2)|| < p{|lw||? +||2]|} , (59)
p {lwll[2l17 + {llw|[** + I|=][**} },

for all w,z € W, then there exists a unique cubic function Cg : W — Z such that

o
i
_pllell”
1£(2) = Cs(2)|l < QB‘ﬁTﬂfql’ q#3, (60)
pll=]]™
g T

for all w e W.

4.3. Banach Space: Direct Method: Another Way

Theorem 4.5. Leta = £1 and Ap : W? — [0,00) and f : W — Z be functions satisfying (45) and (46) for all w, z € W.

Then there exists a unique cubic function Cg : W — Z which satisfies (10) and

o AG ba
TORIACIES2DS % (61)
I
where A§ (B°*2) and Cs(w) are defined by
G (a1 ba 1 ba ba
8 ) = 2500 (57 gty [ (0972) + 20 (079
/B a a
T (25 (0,8 - 82) + 25 (0,-8" - )] ) (62)
and
ba
Cate) = Jim T10 )
forall ze W.
Proof. Case (i): Assume a = 1. Setting (w, 2) by (0, 2) in (46), we get
18F(82) = f(2) = [Bf(=B2) = f(=2)] = 2(8" = 1) f(2)|| < A5 (0, 2) (64)

for all z € W. Replacing z by —z in (64), we have

18f(=B2) = f(=2) = [Bf(B2) = f(2)] = 2(8" = 1) f(=2)||As (0, ) (65)
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for all z € W. From (64) and (65), we arrive

12(8* = 1) f(2) +2(8* — 1) f(—2)|| < [I1Bf(Bz) — f(2) — [Bf(—B2) — f(—2)] — 2(8" — 1) f ()|
+1Bf(=Bz) — f(=2) — [Bf (Bz) — f(2)] = 2(8* — 1) f(~2)]|

< Ag (07 z) + Qg (Oa _Z) (66)
for all z € W. Rewriting (66), we arrive

1£) + F-2)l < 5oy [ (0,2) + A5 (0,—2)] (67)

(Bt =1

for all z € W. Replacing z by 8z and multiplying both sides by 3 on (67), we land

B
BlIlf(Bz) + f(=B2)[| < 2B =1) [Ap (0, 82) + &g (0, —52)] (68)

for all z € W. With the help of (64), (67) and (68) we obtain

126£(82) = 26 F(2)]l| = 1BF(82) + Bf(Bz) + Bf(—B2) = BF(=B2) — f(2) = f(=2) = f(2) + f(=2) — 28" f(2) + 2f (2)]|
<|IBF(B2) = f(2) = [Bf(=B2) = f(=2)] = 2(8" = 1) f(2)]]
+ 11 = f(=2) = FI + 1181 (B2) + BF(=B2)]|

<89 (0.2)+ g5 86 (0.2) + 80 0 =)+ 55— (85 (0.8 + 85 (0.-B2)]  (69)
for all z € W. It follows from (69), we get
[ 202 1)) = g (80 0.2+ gy 186 0.2 4 85 0,90 4 o5 80 (0.52) + 25 0. -2]) (10
for all z € W. Define
AF () = 55(89 (0.2) + 55 86 0.2) + 89 0=+ 555 (85 (0.2 + 85 0.=B2)] ) (7)

for all z € W. Using (74) in (73), we arrive

f(Bz Af (2)
| 262 — s = =55 (72
for all z € W. The rest of the proof is similar to that of Theorem 3.1. O
The following corollary is an immediate consequence of Theorem 4.5 concerning the stabilities of (10).
Corollary 4.6. Let f: W — Z be a mapping. If there exist real numbers p and q such that
b,
18 (w + B2) = f(Bw + 2) = [Bf (w = B2) = f(Bw — 2)] = 2(8" = DS (2)[| < § p{[[wl| + |2}, (73)
p {llwll Mzl + {llwl** + []2]]*} }
for all w,z € W, then there exists a unique cubic function Cg : W — Z such that
p(8® +1)
2(6453— 1)ﬂ|/§3 —|1q|7
+ z
1 (w) ~ Csw) < § TEONAL =g g. (74)

2(8* - 1)|p® — p2|’
p(B° + B)]|=[|*
2(8* - 1)|8% — p2a|

2q9 # 3,
for all w e W.
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4.4. Banach Space: Fixed Point Method: Another Way

Theorem 4.7. Let f : W — Z be a mapping for which there exists a function Ag : W? — [0, 00) with the condition (53)
where £; is defined in (54) such that the functional inequality (55) holds for all w,z € W. Assume that there exists L = L(1)

such that the function
el 1 el z
Ag (2) = 545 (5)

with the property
1
3

7

A§ (tiz) = L A§(2) (75)

for all z € W. Then there exists a unique cubic mapping Cg : W — Z satisfying the functional equation (10) and

150 -l < (£57) A5 (76)

forall zeW.

Proof.  Consider the set S = {f./fc : W — Z, fc(0) = 0} and introduce the generalized metric d : § x S — [0, 0] as
follows:

d(f, fo) = inf{w € (0,00) || f(2) = fe(2) < w AF(2), 2 € W} (77)

It is easy to show that (S, d) is complete with respect to the defined metric. Let us define the linear mapping J : § — S
by Jfe(z) = e%fc(&-z), for all z € W. O

Using Theorem 4.7, we prove the following corollary concerning the stabilities of (10).

Corollary 4.8. Let f: W — Z be a mapping. If there exist real numbers p and q such that

p?
18F(w+ B2) = f(Bw+2) = [Bf(w = B2) = f(Bw = 2)] = 2(8" = DS )| < { p{llel|? +[I2]|7} , (78)
p{llwl1llzll + {[Jow]** + (][>},

for all w,z € W, then there exists a unique cubic function Cg : W — Z such that

P
2683 — 1|’
1) - ol <4 =l g (79)
= 2/8‘B||3ﬂ2/3q|7 )
pll=]™
B g 9D
for all w e W.
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