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1. Introduction

As it is known in 1997 M. Chaurhry introduced the extended classical Beta function as a generalization of the Euler Beta

function and it is defined as (see [5]).
1 P
By(z,y) = / (L — )Y e T dt (1)
0
where

Re(p) >0, min{Re(z),Re(y)} >0

For more details see ([2-4]). Note that if p = 0 (1) it is reduced to classical Beta function. The Mittag-Leffler one parameters

function is defined by the following series

Ea (Z) = ; F(#—i—l) (2)

Where I'(,) denotes the classical Gamma function. The two parameters Mittag-Leffler function is defined as

n

Eos@) = tan s B (3)

n=0

and tree parameters Mittag-Leffler function is defined as

_ > O)n 2"
Ejp(2) = > T(an + ) n! (4)
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For more details see ([1]). Afterwards, M. Ozarslan in 2014 (see [7]) use extended Beta function to defined an extended

Mittag-Leffler function as

Ge), \ = Bp(0+n,e—08)  (c)n 2"
Bes () = T;) B(6,c—0) T(n+pB)nl )

Where

p>0, Re(c)> Re(6) >0

for more details (see [7]). Note that if p = 0 and ¢ = 1, (5) it is reduced to the tree parameters Mittag-LefHler function.

Recently P. Pucheta introduce a generalization of the classical gamma function, given by the following expression (see [8]).

r*(z) = /00o t" By (—t)dt (6)

where

Re(z) >0 and E.(—t) = Z F((;l) ! Mittag-LefHler function
n=0

n+1)

and the new modified extended classical Beta function is defined as

Bg‘(x,y):/o "1 — )Y B (—bt(1 — t))dt (7)

where
Re(z) > 0,Re(y) >0 and Re(p) >0

Note that if p =0 and a =1, (7) is reduces to classical Beta function.

Definition 1.1 (Mellin Transform [1]). The Mellin transform of a function ® is defined by the following integral

MA{®(2)}(s) = /000 21D (2)dz (8)

Definition 1.2 (Wright Fuction [1]). The more general function ¢V,(2) is defined for z € C, complezx a;,b; € C and real

a;, B ER (i =1,p;5 =1,,q) by the series

(ai,0n)1,p
T2, T(in + ai) 2™
U,(2) = U _ i=1 2" 0
a¥p q¥p 4 ;nglr(ﬁjnﬂ-bj) il 9)
(b55Bi)1.q

2. Main Result
2.1. A New Extended Mittag-Leffler Function

In this section we introduce a new extended Mittag-Leffler function. Consider some of their properties and the transform

Mellin is evaluate.

Definition 2.1. Let p > 0, §,8,¢,0 € C such as Re(c) > Re(6) > 0 and Re(§) > 0, Re(B8) > 0. The new extended

Mittag-Leffler function is defined as follows series:

(8,¢,0,p) _ — ?(5 +n,c—9) (©)n 2"
Bes ™ = L T B e— 9 T+ Al (10)

n=0
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where (¢)n is Pochhammer symbol is defined as:

1 if n=0
(O)n =
clc+1l...(c+n—-1)) if neN

and By (,) is the new extended modified Beta function.

It may be observed that if p =0, a = ¢ = 1, we obtain Egg’l’m(z) = Egﬁ(z)

Theorem 2.2 (Integral Representation). Let p > 0, £, 8,¢,6 € C such as Re(c) > Re(d) > 0 and Re(§) > 0, R.(8) > 0.
Then

1
(8:e,0p) (L) _ 1 S=1pq _ pye—b—Tpm (. 1 c
B = gegy | £ 0 =0 Balpt (1 = ) B (1)

Proof. From the definition (10), using (7) and for the uniform convergence of the series, we obtain:

~ By(6+nc—0)  (n 2"
B(6,c—0) T'(n+p8)n!

d,c,a,
By P(z) =

n=0

= ; (/O (1 = ) B (—pt(1 — t))dt) B o —(;))I:L(gn 5 %*:

— 1 b e _ - ()n ()"
_ B(éjc_é)/ot (1= Eapt(1 )t Y e s

n=0
- m/ol 2711 = ) T B (—pt(1 — ) BEC) (t2)dt -
Remark 2.3. Making a change of variable t = T4u in the previous expression (11), we obtain:
B = g ) (fi_;)cE“ (_p ﬁ) * B (ﬁ) “ (12)
Remark 2.4. Taking t = sin0 in the previous expression (11), we obtain:
Eg[’;’a’p)(z) = mZ/O% 5in*° " 0cos® T By (sin*0cos*0) x E (zsin0) do (13)

Theorem 2.5 (Recurrence formula). Let p >0, §,8,¢,6 € C such as Re(c) > Re(d) > 0 and Re(§) > 0, Re(B8) > 0. Then

§,c,a, §,c,a, d §,¢,a,
ECy P (2) = BECSSY (2) + &2 - BOSS P (2) (14)

Proof.  Starting for the right member of (14), we have

(8,¢,a,p) i (8,¢,a,p) G 3(5 +n,c— 6) (C)n i
PE E (2) 24 B(6,c—0) T(En+p+1)nl

a1 (2) F &z Eepty
d = B3(§+n,c—96) ()n z"
dz e~  B(6,c—0) TI'(¢n+p+1)n!

_ N~ BBy +n,c—9) (©)n z"
- ;J B(6,c—06) T(én+pB+1)n!

+ &z

. &nBy (5 +mn,c—0) ()n 2"

+ > BG,c—8) TEn+p+)n!
(én+ B)By (6 +n,c—0) ()n 2"
B(d,¢c—9) (¢n+ B)I'(gn + B) n!

n=0

I
L

n=0

= By(0+n,c—68) () 2"
N —  B@,c—0) I(n+p)n!
= By )

Here we use property of the Gamma function I'(z + 1) = zT'(x). O
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Theorem 2.6 (Derivative Formula). Let p >0, &, 3,¢,6 € C such as Re(c) > Re(d) > 0 and Re(§) >0, Re(8) >0, k € N.
Then

dk d,c,0 6 c «
B @) = OB @) (19

Proof. From definition (10) and taking into account the property of the Pochhammer symbol (¢)n+; = (¢);(c + j)n, we

obtain

d* (8,¢,a,p) _ a 6 +n,c— 5) (C)n 2"
PR (z)} - < B 5,c—0) F(§n+,3)n!>
—0) (&) dk 2"

(6 c—0) T(én+ B) dzF n!

p(5+n,c—5) (&)n Tk
B(6,c—06) T(én+pB) (n—k)

By ((0 +k)+mn,c—9) () n+k 2"

I
Mg 1M8 ﬁMg

Pt B(0,¢—0) C(E(n+ k) + B) n!
_ By (0+k)+nc=08)  (c+hk)n 2"
- o i e
_ (C)kEgi;k,c+k,a,p)(z)
O
Theorem 2.7. Letp >0, £, 8,¢,0 € C such as Re(c) > Re(d) > 0 and Re(§) > 0, Re(8) >0, n €N . Then
dn B—1 ~(8,c,a,p) /€ _ _B—n—1p(d,c,a,p) s _E
AT = T BT () (16)
Proof. Let n € N such that n = 1. Thus, using integral representation (11) and (4), we obtain:
d [ s pean 1 /1 5-1 51
- Bl = 1- Eo(—pt(1—
dz {Z &8 (2 )} B(5,c—36) /, " t) (—pt( t))
& n _&n+B—1
x & Z ("2 dt
dz \ = L'(én+pB) n!
= ;/1#*1(1—15)”*115 (—pt(1 —t))
B(,c—9) J, a™P
TN (©)n (tz)"
*E nz::or(gnJrﬂ—l) ot
(B-1)-1 o1
z 6—1 c—6—1
= —c——= t 1-1 Eo(—pt(1—t
v ) AU SN CE)
X Ef g q(tz°)dt
— B=D-1p(cap) ¢
= z ES 7P ()
§8-1 0

Continuing with this some procedure n times, we obtain

B—1 (5(,(117) B n—1 (8,c,a,p)
L gl () = BOo ()

Theorem 2.8 (Mellin Transform). Let p > 0, §,8,¢,6 € C such as Re(c) > Re(0) > 0 and Re(§) > 0, Re(B8) > 0. Then,

the Mellin transform of the new extended Mittag-Leffler function is given by
(C7 1)7 (5 -5+ 27 1)
2 Vs )2 (17)

(575)7 (C - 2(8 - 2)7 1)

r“(s)f'(c—§6 —s+2)
L')'(c—9)

M{ES5 P (2)} (s) =

Where oWy is the Wright generalized hypergeometric function.
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Proof. From definition of Mellin transform, we obtain:

J,c,a, i s— d,c,a,
M{ESG P @} 0 = [ o B (18)

Using integral representaion (11), we obtain:

MBS D@6 = g [0 [ = 07 Bt - 0B ap (19)

Now if we take u = pt(1 — t), exchange the orden of integration in (19) and using I'*(s), we obtain

M {Eéis,ﬁc,a,p)(z)} (s) = B(E:(S_) . /01 t(5—5+2)—1(1 )(c 5—s42)— 1E (tz)dt (20)

From definition (4) and from uniform convergence of the series, we can exchange the orden of summation and integration

n (20), we obtain

(8,c,a,p) _ Fa " (5—s+2+n)—1 _ (c—=6—s+2)—1
M {BE ()} () = s ,;)F §n+ﬂ)n'/ (1-1) dt (21)
Thus
(6.c10,p) e SNB(6—s4+n+2,c—8—5+2)(c)n2"
M {EEﬁ ’ (Z)} (s) = B(8,c— Z L'(¢n + B)n! (22)
Considering that (C)n = F(Fc(t;n) and B(m, y) = FF(EE'Z-F&-SJ))’ and inserting in (22), we get the result
(5,c,0,p) T (e—6—s+2) — 2" Tle+n)'(6—s+2+n)
M{EGE @) = e =) ; nl T(én + B)L(c — 2(s — 2) + n)
(Cv 1)7 (5 -8+ 27 1)
_ T(s)l(c—d—s+2)
- rrc—o) 22 12
(£>ﬁ)7 (C - 2(5 - 2)7 1)
O

Remark 2.9. Putting s =1 in (18) we have the follows integral representation.:

(c,1),(6+1,1)
> Cc,x F _6 1
/ Eéég , ’p)(z)dp _ %2\1;2 2 (23)
0

()T (c —d)
(&, 8), (c+2,1)
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