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1. Introduction

,B,H,M)(

Recently the generalized function B,E,O‘ x,y) is introduced by Srivastava, with is the most gereralized extension of the

classical beta function and is defined as (see [4, 5]):

1
Béa”e’n’“)(m,y) = / tz_l(l - t)y_11F1 <a,ﬂ, *ﬁ) dt (1)

0

where

k> 0,pu>0,min{Rc(c), Re(B)} > 0, Re(z) > Re(k), Re(y) > Re(pt)

and 1Fi(,) is the confluent hypergeometric function, which a is special case of the well know generalized hypergeometric

series , Fy(,). The generalized hypergeometric series ,Fy(, ), p,q € N is defined as:

ar o2 ... Qp > (a)n - (ap)n 2™
/31 62 ...,Bq, n=0 RVACER p/m :
where (\), is the Pochhammer symbol defined by:
1 ifn=20
Nn =
AA+1...(A+n—-1)) ifneN
If Kk = u (1) reduced to the generalized extended beta function defined by (see [3, 4, 6])
1
(a,B,1) _ z—1 _ p\y—1 _ p
B ) = [ =07 (0 s ) @ 3)
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where

Re(p) Z Ovmin {Re(x)>R€(y)>Re(a)7R€(ﬁ)7R€(M)} > 0

If =1 (3) reduced to generalized beta type function as follows (see [2])

1
BB (g :/ 1 — )L (a, ,—L) dt
P ( y) o ( ) 141 B t(l 715)

where

Re(p) = 0,min{Re(z), Re(y), Re(a), Re(B)} > 0

If = B (4) reduces to the generalized beta type function due to Chaudhry et al (see [6]) and defined as:

1
T
0

where

Re(p) = 0,min{Re(x), Re(y)} > 0

Note that if p = 0 all the above extensions reduced to the classical beta function B(z,y) which is defined by:

1
B(z,y) :/ A=) e
0

where

Re(x) > 0,Re(y) >0

In particular, Euler’s beta function B(z,y) has a close relationship to the gamma function.

[(z) - T(y)

BN = Tty

2. Main Result

In this section, we introduce a new modified extension of the classical the gamma and beta functions. Consider some of its

properties such as functional relation,summations relations and integral representations and we will evaluate the action of

the Mellin transform of the new modified extended beta function.

Definition 2.1 ([1]). Let o € RT, x € C be such that Re(x) > 0. Then, the new classical gamma function is defined as:

r*(z) = /:o t" By (—t)dt

where
E.(-t) = i =DM Mittag-Leffler function
“ — I'(an+1)

Note that if « =1 we have to I'*(z) = I'(x)
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Lemma 2.2. Let x € C, Re(x) >0 and a € RT Then:

a;y_ T(@+1)-T1-(x+1))
@) = =T amr ) ©)
Proof. Letv=x+1
o N _ _ B _I(w) - T(1—-v)
I'*(z+1) =T%0) 7/0 t' Eo(—t)dt = M {Ea(-1t)} (v) = TT—a)
where M {f(t)} (s) is Mellin transform. Reeplacing v = = + 1 this completes the proof. O

Definition 2.3. Let b >0, a € R, z, y € C be such that Re(z) > 0, Re(y) > 0. Then, the new and modified extension of

classical beta function is defined as:
1
B (2,y) = / (1 — 1)V B (—bt(1 — ))dt (10)
0

Note that if « =1 and b = 0 By'(z,y) = B(z,y) the classical beta function.

Lemma 2.4 (Functional Relations). Let b >0, a € R, z, y € C be such that Rc(x + 1) > 0 and Re(y + 1) > 0. Then:
By (z,y+1) + By (z + 1,y) = By (x,y) (11)

Proof.

1

By (z,y+ 1)+ By (x + 1,y) = t"7 N1 = t)Y B (—bt(1 — t))dt + /1 (1 — 1) B (—bt(1 — t))dt
0

T 0 ) Bl - )

1

71— )Y B (—bt(1 — t))dt

Il
S— — >—

By (z,y)
O

Lemma 2.5 (Relations Summations). Let b >0, « € R*, z, y € C be such that Re(z) > 0, Re(1 —y) > 0. Then, the new

modified extension classical Beta function have the following summation relation:

w1 -y =Y Drpr ) (12

Proof.
By (z,1—y) = /1 t"H (1 = t) TV Ea(—bt(1 — t))dt

Using the binomial series expansion:

n

(EHREDY L)”,'t ,ifltl <1
n=0 :

n

we obtain
1 R n
By (z,1-y) = / Y L);, L Ba(—bt(1 — t))dt
0 n=0 :

By the uniform convergence of the series, we can interchange the orden of integration and summation, we obtain

I
NE

(i)!" /01 £ B (—bt(1 — t))dt

n=0

<

(n)!n B(z +n,1)

0 O

I
gk

n
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Lemma 2.6. Letb >0, a € RT, z, y € C be such that Rc(z) > 0, Re(y) > 0. Then the new modified extension classical

Beta function have the following relation:

By (z,y)=>_ Bi(z+n,y+1) (13)

n=0

Proof.

B (n,y) = /Oltx—l 1 ) B (—bt(1 — 1))dt
)

(
_ /1 7 — ) (1 — £) " B (—bt(1 — ))dt

e}
Using the binomial serieS expansion (1 —¢)~" = > ", if |t| <1

n=0

oo

B (z,y) = /01 A= 1) > " Ea(—bt(1 — t))dt

n=0

By the uniform convergence of the series, we can interchange the orden of integration and summation, we obtain

By = 3 / L B (b1 — 1)

= Y Bi(w+ny+1)
n=0

O

Lemma 2.7 (Mellin Transform). Let b >0, a € RT s € C such that Re(s) >0, Re(x —5) >0 and Re(y—s) > 0. Then

Mellin transform representation the new modified extension classical beta function is given by
M {By (z,y)} (s) = B(z — s,y — s)I'*(s) (14)

Proof.

M {BE (@)} (5) = /OOO b (/1 (1 = ) B (—bi(1 — t))dt) db (15)

0

From the uniform convergence of the integral, the orden of integration can be interchanged. Thus, we have

M {Bg (x,v)} (s) :/0 A TS Ly S /Ooo b Eo (=bt(1 — t))dtdb (16)

Making the following change of variable v = bt(1 — t) and A = ¢ and replacing in (16) it result

MABy (z,y)} (s)

1 [e’e}
/ /\z_s_l(lfA)y_S_ld)\x/ v By (—v)dv
0 0

1
/ AT = NN - T (s)
0

= Bz —s,y—s) -I'%(s) (17)
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Remark 2.8. Putting s =1, in (17) we get
M{BE e} s) = [ By = Bla— Ly - Do)
Thus, if a =1
/00 By (z,y)db=B(z — 1,y — 1) (18)
0

where Re(z —1) > 1, Re(y—1) > 1

Lemma 2.9 (Integral Representations). Let b > 0, o € RT, x, y € C be such that Re(z) > 0, Re(y) > 0. Then, the new
modified extension classical Beta function have the following integral representations:

™

By (z,y) = 2/5 cos® 1 0sin*Y " O E,(—bcos>0sin’0)db (19)
0

BE (x,y) = /Ooo m : Ea(—bﬁ)du (20)

B () = =) [(w-ay e x B (—b%) du (21)

1

By (z,y) = 217$7y/ (14+u)" "1 —u)? "E, (fb%) du (22)

—1

Proof. In (10) letting t = cos0, then dt = —2cos - sinfdf whent =0:0 =% and t = 1 : § = 0. Therefore

By (z,y) = /01 71 = )Y Ea(=bt(1 — t))dt

[SE)

= 2/ cos** " 0sin*¥ 20 B, (—bcos*0sin’0)cosOsinfdd
0
=2 / ’ cos®* 1 0sin® " O B, (—bcos’0sin’6)do
0
In (10) letting ¢t = =, then dt = mdu whent=0:4=0and t =1:u— oco. Therefore

By (z,y) = /0 "1 — )Y B (—bt(1 — t))dt

- /00o (1 fgu)lx—l ' (1+1u)y—1Ea (‘b(l fu)2> 1 +1u)2du

In (10) letting ¢t = “=2) then dt = ——du when t =0:u =a and t = 1 : u = c. Therefore

(c—a) (c—a)

B (z,y) /01 771 — £)Y Ba(—bt(1 — t))dt

—w (_b(u - a)(c); u)) . Lo

—a)y—1 (c—a —a)

(c—a)'™"¥ /:(u —a)" Ne—u)? "E, (—b%) du

Il
p\n
—_—
o

I
S
NI
ER S
A
—_

If (10) taking a = —1 and ¢ = 1, we obtain

By (z,y) = /O 71— t)Y T By (—bt(1 — t))dt

= ol~*v /j (u+1)"""(1—u) "E, <—b@) du

1
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Theorem 2.10. For the product of two new modified extension gamma function, we have the following integral representa-

tion:
r*(x)I'*(y) = 4/2 / P2t 052" 05in?Y 710 X Eo (fb00320) E, (fbsz‘nze) drdf
o Jo
Proof. Substituting t = n? and t = £ in (10), we obtain

r*(z) = 2/0 1?7 ' Ea(—n*)dn and (23)

() =2 [ Bl (- (24)
0
From (23) and (24), we obtain
P =4 [ [ B ) Ea (-6 )dnde
o Jo
Letting 7 = rcosf and & = rsinf in the above equality, we get

r*(@)I'*(y) = 4/2 / P2t 052" 7 05in?Y 710 x B, (—b00529) E. (—bsinQG) drdb
o Jo

Remark 2.11. Note that if « =1 (23) is reduced
[(x)T(y) = 4/2 / P2EHY 0521 0gin g L o7 drdd
o Jo
Letting t = 12, we get

L(2)T(y) = 4/2/ P2Et 0000527 05in® 10 . ¢ drdf
0 0

% oo
2/ / @YD 0521052V "10 . e "t drds
o Jo

% oo
= 2/ cos%_lesingy_lﬁdﬁ-/ tEtv—De—tgy
0 0

B(z,y) T'(z +y)
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