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1. Introduction

Let X = (X, 3, u) be a o- finite complete measure space. Any nonsingular measurable transformation 7 induces a composition

operator C, from L°(X) to itself defined by
C-f(x) = f(r(), zeX, feL(X),

where L°(X) denotes the linear space of all equivalence classes of all real valued Y-measurable functions on X, where
we identify any two functions that are equal p-almost everywhere on X. A nondecreasing continuous convex function
¢ : [0, 00) — [0, oo) for which ¢(0) = 0 and lim,_c ¢(z) = 00 is said to be an Orlicz function. For any f € L°(X), we

define the modular
() = [ #(17(e))duta)
and the Orlicz space

L?(p) = {f € LX) | I,(\f) < oo for some A= A(f) > 0}.

This space is a Banach space with two norms: the Luxemburg — Nakano norm

[flle = inf{A > 0] Io(f/) < 1}

and the Orlicz norm in the Amemiya form
0o _ .
118 = dof (1 -+ Lo(k£)) /b

Composition operators on Orlicz spaces have been studied in [3-5, 14, 15] and references therein. In this paper, we study
comopositions operators between any two Orlicz spaces. The techniques used in this paper essentially depend on the

conditions of embedding of one Orlicz space into another. See, [12, Page 45] and [18] for details.
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2. Boundedness of Composition Operators

In this section, we characterize the boundedness of composition operators between any two Orlicz spaces. Boundedness of

composition operators on Orlicz spaces have been discussed in [3-5, 14].

Theorem 2.1. Let (X, X, u) be a o-finite nonatomic measure space and 7 : X — X be a nonsingular measurable transfor-

mation such that 7(X) = X. Let gr = d”‘;LA be the Raydon-Nikodym derivative of o 7= with respect to p . Then the

composition operator Cy : L?(X) — L*2(X) is bounded if and only if there exist a,b > 0 and 0 < h € L'(X) such that

¢p2(au)g-(z) < bp1(u) + h(z) for almost all x € X and for all u > 0.

Proof. Suppose that the given condition holds. Let 0 # f € L?1(X), then Iy, (”flqu ) < 1. Let M > 1 be a real number
1

satisfying M (b + ||hl|1) > 1, where ||h|l1 = [ h(z)du(x). Then

o (Tl = /X‘l’QI(M(bi/Cszf(S)f;??;’;‘(;)
o T S i) @

= 5 L () o700
= swain Lo () dor™w)

= s [ () o- i

< s Jy (0o (i) +10) auo

< 1

IA

Thus ||Cr fllg, < 2 (b + ||R|[1)]|f|lé,. This shows that C. is bounded. This proves the converse part.

— a

(oo}
We now prove the direct part. Write X = |J X;, where {X;}{2, is a pairwise disjoint sequence of measurable subsets of X
i=1

with 1(X;) < oo for every s = 1,2,.... For every r € Q*, define
r ifz e X;
fri(z) =
0 otherwise.

Consider the function

hn(z) = sup (¢2(27"u)g- () — 2"d1(w)) .

u>0

We first show that

ha(x) = sup (¢2(27" fri(2))gr(2) — 2" ¢1(fri(2))) .
reQt
€N

Choose any = € X such that g-(z) # 0 and let x € X;. Take a sequence {uy} of nonnegative numbers such that
622" ur)gr (1) — 261 (up) > () — 27"

Since ¢1 and ¢o are continuous, there exists 1, € QV satisfying ¢2(27"71)gr (x) > ¢2(27"ur)g-(z) — 27 and ¢y (rr) <

o1 (uk) + 27"~k Then

$2(27" fryp (1)) gr (2) — 2" P1 (fry,i(2))

$2(27"rr)gr (x) — 2" P1(rx)

$2(2 "ur)gr (x) — 27 — 2" (ug) — 27"

Y

Y]

hn(z) —3-27F.
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Therefore,

>
3
~
8
N
A

< 02277 fryi(2))gr (x) — 21 (fryi()) +3- 27"
sup (62(27" fri(2))gr(2) = 2"¢1(fri(2))) +3-27"

reQt
1€EN

IN

Taking k — oo, we obtain the desired equality. We can rewrite it in the form

ha () = sup (¢2(27" fr(2))g- (x) — 2" 1 (fr())) (1)

keN

where (f%) is any rearrangement of (f,;) with fi = fo;. From (1), it is clear that h, are measurable and h,(z) > 0 for each

x € X. To complete the proof, we need only to show that fx hn(z)dp(z) < oo for some n. Suppose this is not true. Denote

b (2) = max (¢2(27" fr(2))gr () = 2"¢1(fr(2))) -

1<k<m

Then b, are measurable, by, »(z) > 0 and by,,»(z) is a nondecreasing sequence tending to h,(z) as m — oo for every
x € X. Thus for any n, there exists my such that [y bm, n(2z)du(z) > 2" Writing bp = b, n, we have [, bn(z)dp(z) > 2"

forn=1,2,.... Let

By ={z € X | ¢2(27" fu(2))g-(x) — 2"¢1(fr(2)) = bn(x)}

and

Bn=X\(Bn1UBp2U ...UBpm,).

Then u(B,) = 0.

Let

. 0 if x € Bn,1 U B,

fulw) =

fe(x) ifx€Bpr\ U Bn,j, k=2,3, ... ,mn.
=1
Then
bu(x) = ¢2(27" fu(2))g- (x) — 2" ¢1(fu(2))
>0

Therefore,

/X 227" Fu(2))gr (2)dpa(z) = 2" /X 61 (Fo () dis() + /X bn(2)du(z)
| be@)inte)

2",

(Y

Y

Thus by Lemma 8.3 [12], with an(z) = ¢2(27" fn(2))g-(z) and a, = 1, we obtain an increasing sequence {ny} and a

sequence { Ay} of pairwise disjoint measurable sets such that

A G2(27" fo, (2))gr (2)dp(z) =1, k=1,2, ...
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Put
frp(z) ifxe Ay

otherwise.

Then for any A > 0, we obtain

/X 62 (A £(2) dps(z) /X bs (M (r(2)) dpu(z)

b2 (Af(y))d(po ") (y)

7(X)

/X 20 (1))g- (v)dpa(y)

S (M fun (W) (W)du(y)

k=1" A%k

oo

Do 227 fu(9)gr (y)dp(y)

Ay

Y

k=p
= 00,

where p is so large that 277 < A, and

[ ar(s@nants) b <x>du<w))

Ag

Sz ([ onle ™ agcute) -

IN

2277% (152(277“C fnk (m))gf(:c)d,u(x)
k=1

Ag

[e'e]

= Z 9 "k

IN
—

Thus, f € L?*(X) but C,(f) ¢ L?2(X), which is a contradiction. Hence, Jx hn(z)dpu(z) < oo for some n. This completes

the proof. O
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