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1. Introduction

In this paper, we assume that G is a connected graph without loops. With the vertex set V (G) and edge set E(G). We

denote n = |V (G)| as the order and m = |E(G)| as the size of a graph G. The complement of a graph G, denoted as G,

is a simple graph on the same set of vertices V (G) and two vertices f and g are joined by an edge in G, if and only if

they are not adjacent in G. There are two classified topological indices generally into two kinds: degree-based indices, and

distance-based indices. The first and second M1(G) and M2(G) Zagreb indices are the old topological indices that were

extensively investigated. These have been introduced by [18, 19], and are defined as:

M1(G) =
∑

v∈V (G)

d2(v) and M2(G) =
∑

uv∈E(G)

d(u)d(v).

For more discussion, see [2–5, 7, 16, 22, 23, 26, 27]. A graph G is called connected if there is a path between any two vertices

of G. Otherwise, G is called disconnected. A set S ⊆ V (G) is called a dominating set of G, if for any vertex f ∈ V (G)− S

there exists a vertex g ∈ S such that f and g are adjacent. A dominating set S = {f1, f2, ..., fr} is minimal domination set

if S− fi is not a dominating set. In [21], the authors used the notation Tm(G) to denote the number of minimal domination

sets. In [8, 21] (2021) Hanan Ahmed et al, have defined a new degree based topological indices based on minimal dominating

sets called domination topological indices and they are defined as follows:

DM1(G) =
∑

v∈V (G)

d2d(v),

DM2(G) =
∑

uv∈E(G)

dd(u)dd(v),
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DM∗
1 =

∑
uv∈E(G)

[dd(u) + dd(v)].

DF (G) =
∑

v∈V (G)

d3d(v),

DH(G) =
∑

uv∈E(G)

[dd(u) + dd(v)]
2,

DF ∗(G) =
∑

uv∈E(G)

(d2d(u) + d2d(v)).

Where dd(v) is the domination degree of the vertex v ∈ V (G) which is defined as:

Definition 1.1 ([21]). For any vertex f ∈ V (G), the domination degree denoted by dd(f) and defined as the number of

minimal dominating sets of G which contains f .

For more details of domination topological indices and their applications see ([9–12]).

Observation 1.2 ([21]). 1 ≤ dd(v) ≤ Tm(G), where Tm(G) is the total number of minimal domination sets.

Observation 1.3 ([21]). Let G(V,E) be a graph with S1, S2, ..., St as minimal domination sets and γ(G) is the domination

number, Γ(G) is the upper domination number of a graph G. Then tγ(G) ≤
∑

v∈V (G) dd(v) ≤ tΓ(G).

Definition 1.4 ([21]). The graph G is called k−domination regular graph if and only if dd(v) = k for all v ∈ V (G).

2. The Main Results

Definition 2.1. For a connected graph G without loops, the harmonic domination index is defined as:

Dh(G) =
∑

uv∈E(G)

2

dd(u) + dd(v)
.

Lemma 2.2 ([21]). Tm(Sr+1) = 2 and Tm(Kn) = n. And for all v ∈ V (Sr+1) or v ∈ V (Kn) we get dd(v) = 1.

Proposition 2.3.

1. In the star graph Sr+1 with r + 1 vertices Dh(Sr+1) = r.

2. For Kn, we have Dh(Kn) =
n(n−1)

2
.

3. For Sr+1,s+1, with s+ r + 2 vertices, we have Dh(Sr+1,s+1) =
r+s+1

2
.

Lemma 2.4 ([21]). Tm(Kr,s) = rs+ 2, with r ≥ 2, s ≥ 2 and dd(v) =

 r + 1

s+ 1
for all v ∈ V (Kr,s)

Theorem 2.5. If G ∼= Kr,s, with r ≥ 2, s ≥ 2, then Dh(G) = 2rs
r+s+2

.

Proof. Using Lemma 2.4, we get

Dh(G) =
∑

uv∈E(G)

2

dd(u) + dd(v)
=

∑
uv∈E(G)

2

r + s+ 2
=

2rs

r + s+ 2

The Windmill graph is the graph Wdsr is obtained by taking s copies of the complete graph Kr with a vertex in common.
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Lemma 2.6 ([21]). Suppose G isWdsr. Then Tm(Wdsr) = (r−1)s+1. And dd(v) =

 1, if v is the center vertex;

(r − 1)s−1, otherwise.

Theorem 2.7. Let G be the Windmill graph Wdsr, then

Dh(G) =
s(r − 1)

1 + (r − 1)s−1
+
s
(
(r − 1)2 − (r − 1)

)
2

.

Proof. Suppose E1 is the set of all edges which are connected to the center vertex. E2 is the set of all edges of the complete

graph.

Dh(G) =
∑

uv∈E(G)

2

dd(u) + dd(v)
=

∑
uv∈E1(G)

2

dd(u) + dd(v)
+

∑
uv∈E2(G)

2

dd(u) + dd(v)

=
∑

uv∈E1(G)

2

1 + (r − 1)s−1
+

∑
uv∈E2(G)

2

(r − 1)s−1 + (r − 1)s−1

=
2

1 + (r − 1)s−1
|E1|+

2

2(r − 1)s−1
|E2|

=
2

1 + (r − 1)s−1

(
s(r − 1)

)
+

2

2(r − 1)s−1

(
s(r − 1)(r − 1)− 1

2

)
=

s(r − 1)

1 + (r − 1)s−1
+
s
(
(r − 1)2 − (r − 1)

)
2

.

Proposition 2.8. Suppose G is r−domination-regular graph, then Dh(G) = |E(G)|
k

.

Definition 2.9. For any graphs G and H their cartesian product G × H is defined as [15] the graph on the vertex set

V (G) × V (H) with vertices f = (f1, f2) and g = (g1, g2) are adjacent by an edge if and only if either ([f1 = g1 and

{f2, g2} ∈ E(H)]) or ([f2 = g2 and {f1, g1} ∈ E(G)]).

Definition 2.10. The book graph Br is a cartesian product of a star Sr+1 and single edge P2 [20].

Figure 1. Book graph
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Lemma 2.11 ([21]). Suppose G ∼= Br, with r ≥ 3. Then Tm(G) = 2r + 3. And for v ∈ V (Br), we have:

dd(v) =

 3, if v is the center vertex;

2r−1 + 1, otherwise.

Theorem 2.12.

Dh(Br) =
r

2r−1 + 1
+

1

3
+

4r

4 + 2r−1
.

Proof. Based on the domination degree of the vertices of G, we get three types of edges in G. The first type, E1 denotes

the set of r edges (figi) with initial and terminal vertices of the same domination degree 2r−1 + 1. The second type E2

denotes the set containing only one edge (fg) with the same domination degree of initial and terminal vertices which equals

3, and the third type E3 denotes the set of 2r edges of initial vertices of the domination degree 3 and terminal vertices of

domination degree 2r−1 + 1. Hence,

Dh(Br) =
∑

uv∈E(Br)

2

dd(u) + dd(v)

=
∑

uv∈E1

2

dd(u) + dd(v)
+
∑

uv∈E2

2

dd(u) + dd(v)
+
∑

uv∈E3

2

dd(u) + dd(v)

=
∑

uv∈E1

2

(2r−1 + 1) + (2r−1 + 1)
+
∑

uv∈E2

2

3 + 3
+
∑

uv∈E3

2

3 + (2r−1 + 1)

=
r

2r−1 + 1
+

1

3
+

4r

4 + 2r−1
.

Lemma 2.13 ([21]). Let G ∼= Kn1,n2,...,nk , with n1 ≥ 2, n2 ≥ 2, ..., nk ≥ 2. Then Tm(G) =
k∑

i=2

n1ni +
k∑

i=3

n2ni + ... +

nk−1nk + k.

Theorem 2.14. Suppose G ∼= Kn1,n2,...,nk with n1 ≥ 2, n2 ≥ 2, ..., nk ≥ 2, then

Dh(G) =
∑

uv∈E(G)

2

d(u) + d(v) + 2
.

Proof. Suppose G ∼= Kn1,n2,...,nk , with n1 ≥ 2, n2 ≥ 2, ..., nk ≥ 2. Note that if G ∼= Kn1,n2,...,nk so, for any vertex

v ∈ G we have dd(v) = d(v) + 1, and |E(G)| = Tm(G) − k. So by the definition of harmonic index we get: Dh(G) =∑
uv∈E(G)

2
d(u)+d(v)+2

.

Lemma 2.15 ([21]). Let G be any connected graph with n1 vertices and m1 edges. Let H ∼= G ◦Kn2 , where Kn2 . There

are (n2 + 1)n1 minimal domination sets in H, and dd(v) = (n2 + 1)n1−1.

Theorem 2.16. Let G be a graph with n1 vertices and m1 edges. Let Kn2 be a complete graph of order n2. Then

Dh(G ◦Kn2) =
2m1 + n1n2(n2 − 1) + 2n1n2

(n2 + 1)n1−1
.

Proof. Note that |V (G ◦ Kn2)| = n1 + n1n2. And G ◦ Kn2 is (n2 + 1)n1−1domination regular graph. Also, based on

domination degree of the vertices of G◦Kn2 , there are three types of edges in G◦Kn2 . first type the edges of G, second type

the edges of Kn2 and let E1 denote the set of the edges that connect one vertex from G and one vertex from Kn2 . Hence

Dh(G ◦Kn2) =
∑

uv∈E(G◦Kn2
)

2

dd(u) + dd(v)
=

∑
uv∈E(G)

2

dd(u) + dd(v)
+

∑
uv∈E(Kn2

)

2

dd(u) + dd(v)
+
∑

uv∈E1

2

dd(u) + dd(v)
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=
∑

uv∈E(G)

2

(n2 + 1)n1−1 + (n2 + 1)n1−1
+

∑
uv∈E(Kn2

)

2

(n2 + 1)n1−1 + (n2 + 1)n1−1

+
∑

uv∈E1

2

(n2 + 1)n1−1 + (n2 + 1)n1−1

=
|E(G)|

(n2 + 1)n1−1
+

|E(Kn2)|n1

(n2 + 1)n1−1
+

|E1|
(n2 + 1)n1−1

=
m1

(n2 + 1)n1−1
+

n1n2(n2 − 1)

2(n2 + 1)n1−1
+

n1n2

(n2 + 1)n1−1

=
2m1 + n1n2(n2 − 1) + 2n1n2

(n2 + 1)n1−1
.

Lemma 2.17 ([21]). Suppose H ∼= G ◦Kn2 where G be a graph of order n1. Then,

Tm(H) =

n1∑
i=0

(
n1

i

)
.

Theorem 2.18. Let G be a graph with n1 vertices and m1 edges. Let H ∼= G ◦Kn2 . Then,

Dh(H) =
n1n2 +m1

Tm(H)− 2n1−1
.

Proof. It is clear that H ∼= G ◦ Kn2 is domination regular graph. And every v ∈ V (H) is contained in every minimal

dominating sets of H except
(
n1−1

0

)
+
(
n1−1

1

)
+ ... +

(
n1−1
n1−2

)
+
(
n1−1
n1−1

)
= 2n1−1 minimal dominating sets. Hence, ddH(v) =

Tm(H)− 2n1−1 and by using the definition of harmonic domination index we get:

Dh(H) =
∑

uv∈E(G)

2

dd(u) + dd(v)
=

∑
uv∈E(G)

2(
Tm(H)− 2n1−1

)
+
(
Tm(H)− 2n1−1

)
=

n1n2 +m1

Tm(H)− 2n1−1
.

A join G1 + G2 of two graphs G1 and G2 with disjoint vertex sets V1 and V2 is the graph on the vertex set V1 ∪ V2 and

the edge set E1 ∪ E2 ∪ {u1u2 : u1 ∈ V1, u2 ∈ V2} [14].

Lemma 2.19 ([21]). Let G1 and G2 be any non complete graphs of n1, n2 vertices respectively, such that G1 and G2 do

not have any vertex of full degree. Then, Tm(G1 +G2) = Tm(G1) + Tm(G2) + n1n2, and

dd G1+G2(v) =

 ddG1(v) + n2, if v ∈ V (G1);

ddG2(v) + n1, if v ∈ V (G2).

Theorem 2.20. Suppose G1 and G2 are any non complete graphs of n1, n2 vertices and m1, m2 edges respectively, such

that G1 and G2 do not have any vertex of full degree. Then

Dh(G1 +G2) = Dh(G2)(1− n1) +Dh(G1)(1− n2)

+

[
2− (n2 + n1)

ddG1(u1) + ddG2(v1)
+

2− (n2 + n1)

ddG1(u1) + ddG2(v2)
+

2− (n2 + n1)

ddG1(u1) + ddG2(v3)
+ ...+

2− (n2 + n1)

ddG1(u1) + ddG2(vn2)

]
+

[
2− (n2 + n1)

ddG1(u2) + ddG2(v1)
+

2− (n2 + n1)

ddG1(u2) + ddG2(v2)
+

2− (n2 + n1)

ddG1(u2) + ddG2(v3)
+ ...+

2− (n2 + n1)

ddG1(u2) + ddG2(vn2)

]
+ . . .

+

[
2− (n2 + n1)

ddG1(un1) + ddG2(v1)
+

2− (n2 + n1)

ddG1(un1) + ddG2(v2)
+

2− (n2 + n1)

ddG1(un1) + ddG2(v3)
+ ...+

2− (n2 + n1)

ddG1(un1) + ddG2(vn2)

]
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Proof.

Dh(G1 +G2) =
∑

uv∈E(G1+G2)

2

ddG1+G2(u) + ddG1+G2(v)

=

1︷ ︸︸ ︷∑
uv∈E(G1)

2

ddG1+G2(u) + ddG1+G2(v)
+

2︷ ︸︸ ︷∑
uv∈E(G2)

2

ddG1+G2(u) + ddG1+G2(v)

+

3︷ ︸︸ ︷∑
u∈V (G1)
v∈V (G2)

2

ddG1+G2(u) + ddG1+G2(v)

1︷ ︸︸ ︷∑
uv∈E(G1)

2

ddG1+G2(u) + ddG1+G2(v)
=

∑
uv∈E(G1)

2

(ddG1(u) + n2) + (ddG1(v) + n2)

=
∑

uv∈E(G1)

2

ddG1(u) + ddG1(v) + 2n2

=
∑

uv∈E(G1)

2

ddG1(u) + ddG1(v) + 2n2
× −2n2

−2n2

=
∑

uv∈E(G1)

2− 2n2

ddG1(u) + ddG1(v)

=
∑

uv∈E(G1)

2

ddG1(u) + ddG1(v)
− n2

∑
uv∈E(G1)

2

ddG1(u) + ddG1(v)

= Dh(G1)(1− n2)

2︷ ︸︸ ︷∑
uv∈E(G2)

2

ddG1+G2(u) + ddG1+G2(v)
=

∑
uv∈E(G2)

2

(ddG2(u) + n1) + (ddG2(v) + n1)

=
∑

uv∈E(G2)

2

ddG2(u) + ddG2(v) + 2n1

=
∑

uv∈E(G2)

2

ddG2(u) + ddG2(v) + 2n1
× −2n1

−2n1

=
∑

uv∈E(G2)

2− 2n1

ddG2(u) + ddG2(v)

=
∑

uv∈E(G2)

2

ddG2(u) + ddG2(v)
− n1

∑
uv∈E(G2)

2

ddG2(u) + ddG2(v)

= Dh(G2)(1− n1)

3︷ ︸︸ ︷∑
u∈V (G1)
v∈V (G2)

2

ddG1+G2(u) + ddG1+G2(v)
=

[
2

(ddG1(u1) + n2) + (ddG2(v1) + n1)
+

2

(ddG1(u1) + n2) + (ddG2(v2) + n1)

+
2

(ddG1(u1) + n2) + (ddG2(v3) + n1)
+ ...+

2

(ddG1(u1) + n2) + (ddG2(vn2) + n1)

]
+

[
2

(ddG1(u2) + n2) + (ddG2(v1) + n1)
+

2

(ddG1(u2) + n2) + (ddG2(v2) + n1)

+
2

(ddG1(u2) + n2) + (ddG2(v3) + n1)
+ ...+

2

(ddG1(u2) + n2) + (ddG2(vn2) + n1)

]
+ ...+

[
2

(ddG1(un1) + n2) + (ddG2(v1) + n1)
+

2

(ddG1(un1) + n2) + (ddG2(v2) + n1)

+
2

(ddG1(un1) + n2) + (ddG2(v3) + n1)
+ ...+

2

(ddG1(un1) + n2) + (ddG2(vn2) + n1)

]
=

[
2

ddG1(u1) + ddG2(v1) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)
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+
2

ddG1(u1) + ddG2(v2) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

+
2

ddG1(u1) + ddG2(v3) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

+ ...+
2

ddG1(u1) + ddG2(vn2) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

]
+

[
2

ddG1(u2) + ddG2(v1) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

+
2

ddG1(u2) + ddG2(v2) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

]
+

2

ddG1(u2) + ddG2(v3) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

+ ...+
2

ddG1(u2) + ddG2(vn2) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

]
+ ...+

[
2

ddG1(un1) + ddG2(v1) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

+
2

ddG1(un1) + ddG2(v2) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

]
+

2

ddG1(un1) + ddG2(v3) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

+ ...+
2

ddG1(un1) + ddG2(vn2) + (n2 + n1)
× −(n2 + n1)

−(n2 + n1)

]
=

[
2− (n2 + n1)

ddG1(u1) + ddG2(v1)
+

2− (n2 + n1)

ddG1(u1) + ddG2(v2)

+
2− (n2 + n1)

ddG1(u1) + ddG2(v3)
+ ...+

2− (n2 + n1)

ddG1(u1) + ddG2(vn2)

]
+

[
2− (n2 + n1)

ddG1(u2) + ddG2(v1)
+

2− (n2 + n1)

ddG1(u2) + ddG2(v2)

+
2− (n2 + n1)

ddG1(u2) + ddG2(v3)
+ ...+

2− (n2 + n1)

ddG1(u2) + ddG2(vn2)

]
+ · · ·+

[
2− (n2 + n1)

ddG1(un1) + ddG2(v1)
+

2− (n2 + n1)

ddG1(un1) + ddG2(v2)

+
2− (n2 + n1)

ddG1(un1) + ddG2(v3)
+ ...+

2− (n2 + n1)

ddG1(un1) + ddG2(vn2)

]
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