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1. Introduction

In this paper, we assume that G is a connected graph without loops. With the vertex set V(G) and edge set E(G). We
denote n = |V(G)| as the order and m = |E(G)| as the size of a graph G. The complement of a graph G, denoted as G,
is a simple graph on the same set of vertices V(G) and two vertices f and g are joined by an edge in G, if and only if
they are not adjacent in GG. There are two classified topological indices generally into two kinds: degree-based indices, and
distance-based indices. The first and second M1(G) and M2(G) Zagreb indices are the old topological indices that were

extensively investigated. These have been introduced by [18, 19], and are defined as:

Mi(G)= > d*(v) and My(G)= > d(u)d(v).
veV(G) weE(G)
For more discussion, see [2-5, 7, 16, 22, 23, 26, 27]. A graph G is called connected if there is a path between any two vertices
of G. Otherwise, G is called disconnected. A set S C V(G) is called a dominating set of G, if for any vertex f € V(G) — S
there exists a vertex g € S such that f and g are adjacent. A dominating set S = {f1, f2, ..., fr} is minimal domination set
if S — f; is not a dominating set. In [21], the authors used the notation T}, (G) to denote the number of minimal domination
sets. In [8, 21] (2021) Hanan Ahmed et al, have defined a new degree based topological indices based on minimal dominating

sets called domination topological indices and they are defined as follows:

DMy(G)= Y di(v),

veV(G)

DM(G) = > da(u)da(v),

uwveE(G)
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DM = " [da(u) + da(v)].
uweE(G)
DFG) = Y diw),
veV(G)
DH(G) = Y [da(u)+da(v)],
wvEE(G)
DF*(G)= Y (da(u)+d3(v)).
weE(G)

Where dq(v) is the domination degree of the vertex v € V(G) which is defined as:

Definition 1.1 ([21]). For any vertex f € V(G), the domination degree denoted by dq(f) and defined as the number of

minimal dominating sets of G which contains f.
For more details of domination topological indices and their applications see ([9-12]).
Observation 1.2 ([21]). 1 < dq(v) < T (G), where T, (G) is the total number of minimal domination sets.

Observation 1.3 ([21]). Let G(V, E) be a graph with S1, S, ..., S¢ as minimal domination sets and v(G) is the domination
number, I'(G) is the upper domination number of a graph G. Then ty(G) < 3, cy () da(v) < tI(G).

Definition 1.4 ([21]). The graph G is called k—domination regular graph if and only if dqa(v) =k for all v € V(G).

2. The Main Results

Definition 2.1. For a connected graph G without loops, the harmonic domination index is defined as:

2

Dh(G) = Y Do) £ (o)’

wweE(G)
Lemma 2.2 ([21]). T (Sr4+1) =2 and Trn(Kyn) = n. And for allv € V(S,41) orv € V(K,) we get da(v) = 1.
Proposition 2.3.
1. In the star graph Sr+1 with r + 1 vertices Dh(Sy4+1) = 7.

2. For K, we have Dh(K,) = n(n-1)

2

3. For Syi1,641, with s + 1 + 2 vertices, we have Dh(Sy41,s41) = L;H

r+1
Lemma 2.4 ([21]). Tm(Krs) =rs+2, withr > 2, s > 2 and dqa(v) = for allv € V(K. s)

s+1

Theorem 2.5. If G~ K, , withr > 2, s > 2, then Dh(GQ) = ngfm.

Proof. Using Lemma 2.4, we get

2 2 2rs
Dh(G) = R _
@) Z dq(u) + dq(v) uvezmc)r—&—s—i—Q r+s+2

O

The Windmill graph is the graph Wd; is obtained by taking s copies of the complete graph K, with a vertex in common.
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1, if v is the center vertex;
Lemma 2.6 ([21]). Suppose G is Wd;. Then Tr,(Wd;) = (r—1)°+1. And dq(v) =

(r —1)*7', otherwise.

Theorem 2.7. Let G be the Windmill graph Wd;., then

DH(G) = (3 = + -

Proof. Suppose Ej is the set of all edges which are connected to the center vertex. Es is the set of all edges of the complete

graph.

2 2 9
Dh(G)= > = > T N T
uwveE(G) dd(u) + dd(’U) uveEq(G) dd(u) + dd(v) uv€E2(G) dd(u) + dd(’U)
2 2
- T gt X
— s—1 _ s—1 — s—1
weE (G) L+ (r—1) woe By (G) (r—1) +(r—1)
2 2
I (r -1t 1l + 2(r — 1)1 ||
2 i 2 s(r—1)(r—1)-1
T 14—t (s(r=1)) + 20r — 1)s-1 ( 2
- —1)?—(r—1
__sr=1ns(=1 - - ) .
14 (r—1)s1 2
Proposition 2.8. Suppose G is r—domination-regular graph, then Dh(G) = |E(I€G)|,

Definition 2.9. For any graphs G and H their cartesian product G X H is defined as [15] the graph on the vertex set
V(G) x V(H) with vertices f = (f1,f2) and g = (g1,92) are adjacent by an edge if and only if either ([fi = g1 and
{f2,92} € E(H)]) or ([f2 = g2 and {f1,91} € E(G))).

Definition 2.10. The book graph B, is a cartesian product of a star Sy41 and single edge P> [20].

Figure 1. Book graph
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Lemma 2.11 ([21]). Suppose G = B, with r > 3. Then T,,,(G) = 2" 4+ 3. And for v € V(B,), we have:

3, if v is the center vertex;
dd(v) =
2""Y 11, otherwise.
Theorem 2.12.
r 1 4r
Dh(B,) = - .
h(Br) 2T*1+1+3+4+2T*1

Proof. Based on the domination degree of the vertices of G, we get three types of edges in G. The first type, E1 denotes
the set of  edges (fig:) with initial and terminal vertices of the same domination degree 2"~' 4 1. The second type Es
denotes the set containing only one edge (fg) with the same domination degree of initial and terminal vertices which equals
3, and the third type E3 denotes the set of 2r edges of initial vertices of the domination degree 3 and terminal vertices of

domination degree 2"~ + 1. Hence,

2
Dh(B,) = we;(&) Gola) (o)

2
- Z dd(u)+dd(v)+ Z da(u )+dd Z da(u +dd da(u) + da(v)

uwvE By uv€ Eg uvEFE3
2 2
r—1 r—1 r—1
MZEEI 2T+ 1)+ (2 1+1) Z ZEE 3+ (21 +1)
_ r + 1 i 4r . 0

2r=141 3  442r-1

k k
Lemma 2.13 ([21]). Let G & Kpy ng,...ny,, With n1 > 2, ng > 2,...,n, > 2. Then T, (G) = > ning + Y non; + ... +

ng—1ng + k.

Theorem 2.14. Suppose G = Kn, ns,...n;,, With n1 > 2, n2 > 2,...,ng > 2, then

2

PHO = o AT

uwveEE(G)

Proof. Suppose G =2 Kning,...ny, With n1 > 2, ne > 2,...,n, > 2. Note that if G = Ky, n,,....n, so, for any vertex

,,,,,

v € G we have dq(v) = d(v) + 1, and |E(G)| = Tm(G) — k. So by the definition of harmonic index we get: Dh(G) =

2
. O
uveE(G) d(u)td(v)+2

Lemma 2.15 ([21]). Let G be any connected graph with ny vertices and my edges. Let H = G o K,,,, where K,,. There

are (nz2 + 1)™ minimal domination sets in H, and da(v) = (nz +1)™ %,
Theorem 2.16. Let G be a graph with n1 vertices and my edges. Let K,, be a complete graph of order na. Then

2m1 4+ nina(ne — 1) + 2n1n2
(n2 + 1)711 1

Dh(G o Ky,) =

Proof. Note that |V(G o K,,)| = n1 + nina. And G o K, is (na + 1)"* “'domination regular graph. Also, based on
domination degree of the vertices of G o K, there are three types of edges in G o K, . first type the edges of G, second type

the edges of K, and let E; denote the set of the edges that connect one vertex from G and one vertex from K,,. Hence

2 2
Gt = N e, a0, o G, W

uv€E(GoKnp,) uwveEE(G) wEE(Kny) d

veEE] )
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- ¥ : P> :
B (n2 +1)m=1 4 (ng + 1)1t (ng +1)"1—1 4 (ng + 1)m1—1

uwveE(Q) wEE(Kny)
2
_|_
;s (2 + )"+ (na + 1)
_ _ |E@G)] |E(Kny) | |E|
(2 +1)m=t " (a4 1)m-t " (nz41)m-!
my ninz(ne — 1) n1n2

T (e 1)mt T 2(ng 1)l (ng + 1)mt

_2my + nana(ne — 1) 4 2nine 0
B (ng 4+ 1)m—1t '

Lemma 2.17 ([21]). Suppose H 2 G o K,,, where G be a graph of order ny. Then,

Theorem 2.18. Let G be a graph with n, vertices and m1 edges. Let H = G o K,,. Then,

ning + my

Dh(H) = T () 2T

Proof. Tt is clear that H & G o K,, is domination regular graph. And every v € V(H) is contained in every minimal

dominating sets of H except ("10_1) + (" 4+ (21:;) + (Zij) = 2™~! minimal dominating sets. Hence, dg g (v) =

T (H) — 27! and by using the definition of harmonic domination index we get:

2 2
Dh(H) = - =
MEZE:(Q da(u) 4 da(v) M;ﬁ;@) (T (H) — 21=1) + (T (H) — 271-1)
— _natmi
T To(H) —2m— 1 =

A join G1 + G2 of two graphs G1 and G2 with disjoint vertex sets V4 and V4 is the graph on the vertex set V4 U V4 and

the edge set Fh1 U FEy U {U11,L2 tup € Vi,ug € VQ} [14].

Lemma 2.19 ([21]). Let G1 and Gz be any non complete graphs of ni, na vertices respectively, such that G1 and Gz do

not have any vertex of full degree. Then, Trm(G1 + G2) = T (G1) + T (G2) + ning, and

dac, (v) +n2, ifveV(G);
dac,(v) +n1, ifv € V(Ga).

dd G+ (U) =

Theorem 2.20. Suppose G1 and G2 are any non complete graphs of ni, na vertices and m1, ma edges respectively, such

that G1 and G2 do not have any vertex of full degree. Then

Dh(G1 —+ GQ) = Dh(Gg)(l — TL1) —+ Dh(G1)(1 — nz)

[ 2—(n2+mn1) 2 — (n2 4+ n1) 2 — (n2+n1) 2 — (n2 +n1)
+ ot

| dac, (u1) + dag, (v1)  dag, (u1) + dag, (v2)  dac, (u1) + dag, (v3) dac, (u1) + dacy (Un,)
+- 2—(n2+n1) 2—(n2+n1) 2—(?12-{-711) T 2—(712+TL1) :|

| dac, (u2) + dacy (V1) dac, (u2) + dac, (v2)  dac, (u2) + dag, (v3) " dacy (u2) + dagy (Vny)
+..

2*(”24’711) 27(n2+n1) 2*(7124’?11) 27(n2+n1) :|

+ B

.ddGl (unl ) + ddGz (Ul) ddGl (unl ) + ddG2 (UQ) ddGl (unl) + ddG2 (U3) ddGl (unl) + ddGz (vnz)
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Proof.

2
daGy+G, (1) + dacy +65 (V)

Dh(G1+ G2) =
weE(G1+G2)

1

woeniGy) daG1+Ga (u) + daG,+65»

3

2
+Zd

4G1+G, (U) + dacy+65 (V)

ueV(Gy)
veV(G2)
1
> : > :
winiay dc1+6a (W) +dacivce (v) | L (dac, (u) + n2) + (dac, (v) +n2)

2
Z dac, (u) + dac, (v) + 2n2

uwveEE(G1)
s IR

ey dac, (v) + dag, (v) +2n2 ~ —2ns
o 2 — 2712

wenia,) dac: (W) + dac, (v)

2 n

- — T2

uwveE(G1) ddGl (U) + ddGl (U) wveEE(G1)

= Dh(G1)(1 — TLQ)

Z 2

2 2
ot 2

uwveE(G2)

daGy+G,(u) + dacy +65 (V)

2

2
2 (dag, (u) +n1) + (dac, (v) +n1)

wwEE(Ga) dacy+6, (u) + dacy +6, (V) wwEE(Ca)

2
Z dac, (u) + dag, (v) + 2n1

uveE(G2)
= 2 ~ —211,1

uww€E(G2) dac, (v) + dag, (V) + 2m —2n1
— 2 — 277,1

wweE(Ga) dac, (u) + dag, (v)

2 n

- —n

’MUEE(G2) dng (U) + ddGz (U) uv€E(G2>

Dh(Gz)(l — 7L1)

ddGl (u) + ddGl (U)

2
dac, (v) + dac, (v)

3
2 7 2 2
uEVZ(Gl) dac,+G, (W) + dacy+6, (V) |:(ddG1(U1) +n2) + (dag, (v1) + n1) + (dacy (u1) + n2) + (dag, (v2) + n1)
veEV(G2)
2 2
Wy (1) + 12) + (dacy (vs) + 11) 7 (dacry (ur) + 12) + (dacy (0mg) + m>]

2

2

+ |:(dd(;1 (uz2) + n2) + (dag, (v1) + n1) *

2

+ ...+

(dac, (u2) + n2) + (dac, (v2) + n1)

+ (dac, (u2) + n2) + (dag, (v3) + n1)
2

: ]
(dag; (u2) +n2) + (dags (Vny) + 1)
2

bt |

2
 acs (tms) + 12) + (dacy (v3) + 1)

(dac (tmy) T 12) + (dacy (01) T 1)

+ ...+

(daGy (Uny ) + n2) + (dag, (v2) +n1)

2
(dac, (tny ) + n2) + (dac, (vn,) + nl)}

2 —(nz +n1)

- {dmul) + dac, (1) + (n2 +11) |

—(n2 +n1)
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n 2 « —(n2 +n1)
dac, (u1) + dac, (v2) + (N2 +m1) = —(n2 +n1)
I 2 y —(ng -+ nl)
dac, (u1) + dac, (v3) + (n2 + 1) —(n2 +mn1)

2 —(n2 +n1)
ot dac, (u1) + dacy (Vny ) + (N2 + n1) x —(n2 + nl):|

2 « —(n2 +n1)

dac, (u2) + dac, (v1) + (n2 + n1) —(n2 +mn1)

n 2 —(n2 +n1)}
dac, (u2) + dagy (v2) + (n2 +n1) ~ —(n2 +mn1)
n 2 o —(n2 +mn1)
dac, (u2) + dac, (v3) + (n2 +n1) = —(n2 +n1)

4o+ 2 —(na +n1)}
dac, (u2) + dacy (Vny) + (2 +1n1) = —(n2 +mn1)

2 —(n2 +n1)
ot dacy (ung) + dac, (V1) + (n2 + n1) % —(n2 +n1)
n 2 o —(n2 + nl)}

dac; (Un,) + dag, (v2) + (N2 +n1) = —(n2 +na1)
I 2 % —(nz + 711)
dac, (Un,) + dac, (v3) + (2 + n1) —(n2 +mn1)

2 —(n2 +n1)
toet dac, (Un,) + dacy (Vny) + (N2 + n1) x —(n2 + nl):|
_ 2 — (n2+mn1) 2 — (n2 +n1)

N |:ddG1 (u1) +dacy(v1)  dac, (u1) + dag, (v2)
2 — (n2 +n1) L 2= (et m) }
dac, (u1) + dac,(v3) 7 dac, (u1) + dagy (Vny)
2—(n2+n1) 2—(n2—|—n1)
|:ddG1 (u2) +dac, (v1)  dac, (u2) + dac, (v2)
2 — (n2 +n1) n 2 — (n2 +n1) }
dac, (u2) + dag,(v3) 7 dag, (u2) + dac, (Vny)
+.“+{ 2 —(n2 +n1) 2 —(n2 +mn1)
dac, (Un,) + dacy (v1)  dac, (un,) + dac, (v2)
i 2—(n2+n1) ot 2—(n2+n1) :| 0
dac, (un,) + dac, (vs) dac (Un, ) + dac, (vny)
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