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1. Introduction

H is a superable complex Hilbert space and B(H) is the Banach algebra of all bounded linear operators throughout this

paper. T ∈ B(H) is normal if T ∗T = TT ∗, n-normal if T ∗Tn = TnT ∗, (n,m)-normal if T ∗mTn = TnT ∗m projection if

T 2 = T , Hyponormal if T ∗T ≥ TT ∗, quasinormal if T (T ∗T ) = (T ∗T )T , n-hyponormal if T ∗Tn ≥ TnT ∗, (n,m)-hyponormal

if T ∗mTn ≥ TnT ∗m. S, T ∈ B(H) are said to be Metrically equivalent if S∗S = T ∗T [3], n-metrically equivalent if

S∗Sn = T ∗Tn [6] and (n,m)-metrically equivalent if S∗mSn = T ∗mTn for more see [7], Unitarily Quasi-Equivalent if there

exists a unitary operator U ∈ B(H) such that S∗S = UT ∗TU∗ and SS∗ = UTT ∗U∗ [1], n-unitarily quasi-equivalent if

S∗Sn = UT ∗TnU∗ and SnS∗ = UTnT ∗U∗. Two operators S ∈ B(H) and T ∈ B(H) are said to be (n,m)-Unitarily Quasi-

Equivalent if there is existence of a unitary operator U ∈ B(H) such that S∗mSn = UT ∗mTnU∗ and SnS∗m = UTnT ∗mU∗

for positive integers n and m. We note that (n,m)-Unitarily Quasi-Equivalent operators are n-Unitarily Quasi-Wquivalent

operators when m = 1 and Unitarily quasi equivalent when n = m = 1.

2. Main Results

Theorem 2.1. (n,m)-Unitary Quasi-Equivalence is an equivalence relation.

Proof. Suppose S, T, P ∈ B(H), then S is (n,m)-Unitarily Quasi-Equivalent to S since S∗mSn = IS∗mSnI∗ and SnS∗m =

ISnS∗mI∗ for I = U . If S is (n,m)-Unitarily Quasi-Equivlent to T, then S∗mSn = UT ∗mTnU∗ and SnS∗m = UTnT ∗mU∗.

Pre-multiplying and post-multiplying the two equations by U∗ and U on both sides we end up with T ∗mTn = US∗mSnU∗

and TnT ∗ = USnS∗mU∗. Hence T is n-Unitarily Quasi-Equivalent to S. We now have to show that if S is n-Unitarily

Quasi-Equivalent to T and T is n-Unitarily Quasi-Equivalent to P, then S is n-Unitarily Quasi-Equivalent to P. Now
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S∗mSn = UT ∗mTnU∗ and SnS∗m = UTnT ∗mU∗ and T ∗mTn = V P ∗mPnV ∗ and TnT ∗m = V PnP ∗mV ∗ where U and V

are unitary operators. Then S∗mSn = UT ∗TnU∗ = UV P ∗mPnV ∗U∗ = QP ∗mPnQ∗, for Q = UV which is unitary. Equally

SnS∗m = UTnT ∗mU∗ = UV PnP ∗mV ∗U∗ = QPnP ∗mQ∗, for Q = UV which is unitary. This shows that S is n-Unitarily

Quasi-Equivalent to P and hence n-Unitary Quasi-Equivalence is an equivalence relation.

Theorem 2.2. Let S, T ∈ B(H) be (n ,m)-unitarily Quasi-equivalent. Then S is (n,m)-normal if and only if T is (n,m)-

normal.

Proof. Suppose that S and T are (n,m)-unitarily quasi-equivalent and also suppose that S is (n,m)-normal, then T ∗mTn =

US∗mSnU∗ and TnT ∗m = USnS∗mU∗. Hence T ∗mTn = US∗mSnU∗ = USnS∗mU∗ = TnT ∗m. The converse is proved in

the similar way.

Lemma 2.3. Two operators S, T ∈ B(H) are (n,m)-unitarily Quasi-equivalent if and only if S∗mSn−SnS∗m = U(T ∗mTn−

TnT ∗m)U∗.

Theorem 2.4. Let S, T ∈ B(H) be (n,m)-unitarily Quasi-equivalent. Then S is (n,m)-hyponormal if and only if T is

(n,m)-hyponormal.

Proof. The proof follows from Lemma , S∗mSn−SnS∗m is unitarily equivalent to T ∗mTn−TnT ∗m. If S∗mSn−SnS∗m ≥

0 then T ∗mTn − TnT ∗m = U(S∗mSn − SnS∗m)U∗ ≥ 0. This shows that (n,m)-Unitary quasi-equivalence preserves (n,m)-

hyponormality.

We note that (n,m)-unitary quasi-equivalence preserves (n,m)-quasinormality and (n,m)-binormality of operators, this follows

from Theorem 2.4 and the fact that these classes are contained in the class of (n,m)-hyponormal operators.

Lemma 2.5. T ∈ B(H) is (n,m)-unitarily equivalent to a unitary operator if and only if it is a unitary operator.

Proof. Suppose that Tn = PUnP ∗, where U,P ∈ B(H) are unitary operators. Then we have;

T ∗mTn = PU∗mP ∗PUnP ∗ = I

and

TnT ∗m = PUnP ∗PU∗mP ∗ = I

Lemma 2.5 can be extended to the class of (n,m)-unitarily Quasi-equivalent of operators.

Theorem 2.6. T ∈ B(H) is n-unitarily Quasi-equivalent to a unitary operator if and only if it is a unitary operator.

Proof. Let T ∈ B(H) is (n,m)-unitarily Quasi-equivalent to a unitary operator P ∈ B(H), then there exists a unitary

operator U ∈ B(H) such that T ∗mTn = U(P ∗mPn)U∗ = I and TnT ∗m = U(PnP ∗m)U∗ = I. This implies that T ∗mTn =

TnT ∗m. The converse follows from Lemma 2.5.

Theorem 2.7. If S, T ∈ B(H) are both 2-Self adjoint and (2,2)-Unitarily quasi-equivalent, then S4 and T 4 are unitarily

equivalent.

Proof. The proof follows directly from the definitions; S∗2S2 = UT 2∗T 2U∗ and S2S∗2 = UT 2T ∗2U∗, then using the self

adjoint property of S and T we have; S4 = UT 4U∗. Hence the proof.
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Theorem 2.8. Let S, T ∈ B(H) be (n,m)-unitarily Quasi-equivalent. Then ‖Sn‖ = ‖Tn‖.

Proof. ‖Sn‖2 = ‖S∗mSn‖ = ‖UT ∗mTnU∗‖ = ‖T ∗mTn‖ = ‖Tn‖2. Taking square root on both sides of the equation we

get the intended result.

Proposition 2.9. Let T ∈ B(H), then we have

(1). Ker(T ∗mTn) = Ker(Tn).

(2). Ran(TnT ∗m) = Ran(Tn).

Proof.

(1). Ker(T ∗mTn) = {ξ ∈ H : T ∗mTnξ = 0}

= {ξ ∈ H : Tnξ = 0}

= Ker(Tn)

(2). Ran(TnT ∗m) = {ξ ∈ H : ξ = TnT ∗mx, x ∈ H}

= {ξ ∈ H : ξ = Tn(T ∗mx)}

= Ran(Tn).

Theorem 2.10. If S, T ∈ B(H) are (n,m)-unitarily Quasi-equivalent, then Ker(Sn) = Ker(Tn) and Ran(‖Sn‖) =

Ran(‖Tn‖).

Proof. The proof follows from Proposition 2 and the definition of n-unitary quasi-equivalence of operators.

Corollary 2.11. If S, T ∈ B(H) are (n,m)-unitarily Quasi-equivalent and Sn is injective, then Tn is injective.

We note that n-unitarily quasi-equivalence unlike n-metric equivalence preserves injectivity of operators.
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