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1. Introduction

The idea of examining generalized open sets in generalized topological spaces was given by À. Csàszàr [4–7]. Generalized∧
s-sets and generalized

∨
s-sets were introduced by Miguel Caldas and Julian Dontchev in general topology [1, 2]. Maheswari

and Prasad in [8, 9] introduced two new classes called semi-T1 spaces and semi-R0-spaces. Cameron [3] introduced regular

semi-open set which is weaker then regular open set and regular closed set. The complement of regular semi-open is a regular

semi-open. In this paper we give the definitions of γ-regular semi-open set, γrs-set, γrs-set by using γ-regular open sets.

Also we aimed to show that the concepts of g.
∧
rs-set, g.

∨
rs-set, regular semi-T1 space and regular semi-R0 space can be

generalized by replacing regular semi-open sets with γ-regular semi-open sets for an arbitrary γ ∈ Γ(X). Concepts of this

paper should be considered in generalized topological spaces instead of general topology.

1.1. Preliminaries

Let X be an underlying set and γ : expX → expX be a monotonic mapping from the power set exp X of the set X into itself

(i.e. such that A ⊂ B implies γ(A) ⊂ γ(B)). We denote the collection of all mappings having the property of monotony

by Γ(X). Let us say that A ⊂ X is γ-open iff A ⊂ γ(A). We say that A ⊂ X is γ-closed iff X − A is γ-open. We can

construct a set which is equal to the intersection of all γ-closed sets including the set O for O ⊂ X. This constructed set is

called the γ-closure of O, denoted by cγO. Similarly, we can construct a set which is equal to the union of all γ-open subsets

of O. This set is called the γ-interior of O, denoted by iγO. The concept of regular semi-open set in a topological space

was introduced by Cameron [3]. A subset A of a topological space (X, τ) is said to be regular semi-open if O ⊂ A ⊂ cl(O)

for some regular open set O, where cl(O) denotes the closure of O in (X, τ). A topological space (X, τ) is called a regular
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semi-T1-space if to each pair of distinct points x, y of (X, τ) there corresponds a regular semi-open set A containing x but

not y and a regular semi-open set B containing y but not x. Again a topological space (X, τ) is called a regular semi-R0

space if every regular semi-open set contains the regular semi-closure of each of its singletons.

2. γ-regular Semi-open Sets

Definition 2.1. Let A ⊂ X and γ ∈ Γ(X). Then A is γ-regular semi-open iff there exists a γ-regular open set O such that

O ⊂ A ⊂ cγO.

Proposition 2.2. Let X be a set and γ ∈ Γ(X). Then X is γ-regular semi-open.

Proof. If A is the union of all γ-regular open subsets of X and A ⊂ F ⊂ X, where F is γ-regular closed, then clearly F = X

so that cγA = X and A ⊂ X ⊂ cγ(A).

Proposition 2.3. Every γ-regular open set is γ-regular semi-open.

Proof. Let A ⊂ X be a γ-regular open set. We have A ⊂ cγ(A). Then it is easily seen that A is γ-regular semi-open.

The converse of Proposition 2.3 is not true; this may be seen from the following example.

Example 2.4. Let X = {a, b, c, d} and γ : exp X → exp X be defined as

γA =


A− {a}, a ∈ A,

A, a /∈ A.

Then the set B = {a, c} is γ-regular semi-open, but it is not a γ-regular open set.

Proposition 2.5. Any union of γ-regular semi-open set is γ-regular semi-open.

Proof. Let X be a set, γ ∈ Γ(X) and {Ai}i∈I a family of γ-regular semi-open subsets of X. Then, there is a γ-regular

open set Oi such that Oi ⊂ Ai ⊂ cγOi. Then,

⋃
i∈I Oi ⊂

⋃
i∈I Ai ⊂

⋃
i∈I cγOi.

Here
⋃
i∈I Oi is a γ-regular open set. On the other hand Oi ⊂

⋃
i∈I Oi. Then by using the monotonicity of cγ

cγOi ⊂ cγ(
⋃
i∈I Oi) ⇒

⋃
i∈I cγOi ⊂ cγ(

⋃
i∈I Oi).

If we take
⋃
i∈I Oi = O then, O ⊂

⋃
i∈I Ai ⊂ cγO.

However, the intersection of two γ-regular semi-open sets is not γ-regular semi-open as the following example shows:

Example 2.6. Let X = R with the usual (Euclidean) topology, i be the interior and c be the closure with respect to the

Euclidean topology. Suppose that γ = ci. The sets A = [−1, 0] and B = [0, 1] are both γ-regular open and hence both of them

are γ-regular semi-open. A ∩ B = {0}. On the other hand the only γ-regular open subset of {0} is φ. As R is a γ-regular

open set, φ is also γ-regular closed and cγφ = φ.

The subset A of X is γ-regular semi-closed iff X −A is γ-regular semi-open. By using Proposition 2.2 and the Definition of

γ-regular semi-closed set we can easily see that φ is a γ-regular semi-closed set. Other points that could be mentioned are

γ-regular semi closure and γ-regular semi interior. Let A ⊂ X and γ ∈ Γ(X). The intersection of all γ-regular semi-closed

sets containing A is the γ-regular semi closure of A, denoted by rsclγA. Similarly, the union of all γ-regular semi-open sets

contained in A is called the γ-regular semi interior of A, denoted by rsiγ(A).
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3. γrs and γrs Sets

Definition 3.1. Let X be a non-empty set, γ ∈ Γ(X) and B ∈ X. Then the set γrsB is the intersection of all γ-regular

semi-open sets containing B, that is;

γrs(B) =
⋂
{O : O ⊃ B and O is γ-regular semi-open}.

The set γrsB is the union of all γ-regular semi-closed subsets of B, that is;

γrs(B) =
⋃
{F : F ⊂ B and F is γ-regular semi-closed}.

Definition 3.2. Let X be a nonempty set, γ ∈ Γ(X) and B ∈ X. Then

(a). B is called a γrs-set iff B = γrsB,

(b). B is called a γrs-set iff B = γrsB.

Definition 3.3. Let X, γ and B be the same as in Definition 3.2 B is called a generalized γrs-set [g.γrs-set] if and only if

γrsB ⊂ F whenever B ⊂ F and F is γ-regular semi-closed. B is called a generalized γrs-set [g.γrs-set ] iff Bc = X\B is a

g.γrs-set.

Proposition 3.4. If A,B and {Cλ : λ ∈ Ω} are subsets of X and γ ∈ Γ(X), then the following properties are valid:

(a). A ⊂ γrsA.

(b). If A ⊂ B then γrsA ⊂ γrsB; γrs ∈ Γ.

(c). γrsγrsA = γrsA.

(d). γrs(
⋃
λ∈Ω Cλ) =

⋃
λ∈Ω γrsCλ.

(e). If A is γ-regular semi-open then γrsA = A.

(f). γrs(B)c = (γrsB)c.

(g). γrsB ⊂ B.

(h). If B is γ-regular semi-closed then γrsB = B.

(i). γrs[
⋂
λ∈Ω Cλ] ⊂

⋂
λ∈Ω γrsCλ.

(j). γrs[
⋃
λ∈Ω Cλ] ⊃

⋃
λ∈Ω γ

rsCλ.

Proof.

(a). Clear by definition of γrsA.

(b). Suppose that x /∈ γrsB. Then there exists a γ-regular semi-open set O
′

such that O
′
⊃ B with x /∈ O

′
. Since B ⊃ A,

then x /∈ γrsA and thus γrsA ⊂ γrsB.

(c). We can write γrsA ⊂ γrsγrsA. Suppose that γrsγrsA 6⊂ γrsA; so there exists x ∈ X such that x /∈ γrsA and x ∈ γrsγrsA.

As x /∈ γrsA, then there exists a γ-regular semi-open set O such that x /∈ O and O ⊃ A. x ∈ γrsγrsA, then x ∈ O
′

for every γ-regular semi-open set O
′
⊃ γrsA. For every such O

′
, O

′
⊃ γrsA ⊃ A and O

′
⊃ A. This is a contradiction.

Thus γrsγrsA ⊂ γrsA.
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(d). Suppose that there exists a point x such that x /∈ γrs(
⋃
λ∈Ω Cλ). Then there exists a γ-regular semi-open set O such

that
⋃
λ∈Ω Cλ ⊂ O and x /∈ O. Thus for each λ ∈ Ω we have x /∈ γrsCλ. This implies that x /∈

⋃
λ∈Ω γrsCλ. Conversely,

suppose that there exists a point x ∈ X such that x /∈
⋃
λ∈Ω γrsCλ. By Definition 3.1, there exist γ-regular semi-open

sets Oλ such that x /∈ Oλ, Cλ ⊂ Oλ for all λ ∈ Ω. Let O =
⋃
λ∈Ω Oλ. Then x /∈

⋃
λ∈Ω Oλ,

⋃
λ∈Ω Cλ ⊂ O and O is

γ-regular semi-open. This implies that x /∈ γrs[
⋃
λ∈Ω Cλ].

(e). It is clear by Definition 3.1

(f). (γrsB)c =
⋂
{F c|F c ⊃ Bc, F c is γ-regular semi-open } = γrsB

c.

(g). Clear by Definition 3.1

(h). If B is γ-regular semi-closed, then Bc is γ-regular semi-open. We have Bc = γrs(B
c) = (γrsB)c. Hence B = γrsB.

(i).
⋂
λ∈Ω Cλ ⊂ Cλ for every λ ∈ Ω. By using (a), γrs[

⋂
λ∈Ω Cλ] ⊂

⋂
λ∈Ω γrsCλ.

(j). γrs[
⋃
λ∈Ω Cλ] = [γrs(

⋃
λ∈Ω Cλ)c]c = [γrs(

⋂
λ∈Ω C

c
λ)]c ⊃ [

⋂
λ∈Ω γrsC

c
λ]c = [

⋂
λ∈Ω(γrsCλ)c]c =

⋃
λ∈Ω γ

rsCλ.

Proposition 3.5. Let Dγrs and Dγrs be the family of all g.γrs-sets and g.γrs-sets, respectively. Then

(a). Every γrs-set is a g.γrs-set.

(b). Every γrs-set is a g.γrs-set.

(c). If Bλ ∈ Dγs , then
⋃
λ∈Ω Bλ ∈ D

γrs .

(d). If Bλ ∈ Dγrs , then
⋂
λ∈Ω Bλ ∈ D

γrs .

Proof.

(a). Assume that A is a γrs-set and A ⊂ F , whenever F is γ-regular semi-closed. Since A is a γrs-set, then γrsA = A. Thus

A = γrsA ⊂ F .

(b). Assume that A is a γrs-set. By Proposition 3.4(f), γrsA
c = (γrsA)c = Ac. Hence Ac is a γrs-set. By (a) Ac is g.γrs.

(c). Let
⋃
λ∈Ω Bλ ⊂ F and F be γ-regular semi-closed. For every λ ∈ Ω, Bλ ⊂ F and F is γ-regular semi closed. By

hypothesis, γrsBλ ⊂ F . Then
⋃
λ∈Ω γrsBλ ⊂ F . By Proposition 3.4(d)

⋃
λ∈Ω γrsBλ = γrs

⋃
λ∈Ω Bλ ⊂ F .

(d). (
⋂
λ∈Ω Bλ)c =

⋃
λ∈Ω B

c
λ. For every λ ∈ Ω, Bcλ is a g.γrs-set. Then by (c)

⋃
λ∈Ω B

c
λ = (

⋂
λ∈Ω Bλ)c is a g.γrs-set.

Proposition 3.6.

(a). φ is a γrs-set, and X is a γrs-set.

(b). The union of γrs(γ
rs)-sets is a γrs(γ

rs)-set.

(c). The intersection of γrs(γ
rs)-sets is a γrs(γ

rs)-set.

(d). B is a γrs-set if and only if Bc is a γrs-set.

Proof.

(a). It is obvious.
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(b). Suppose that {Ai}i∈I is a family of γrs-sets. By Proposition 3.4 (d), γrs(
⋃
i∈I Ai) =

⋃
i∈I γrsAi =

⋃
i∈I Ai. Let {Bi}i∈I

be a family of γrs-sets. By Proposition 3.4 (j),
⋃
i∈I Bi ⊃ γ

rs(
⋃
i∈I Bi) ⊃

⋃
i∈I γ

rsBi =
⋃
i∈I Bi.

(c). Let {Ai}i∈I be a family of γrs-sets. By Proposition 3.4 (i), γrs
⋂
i∈I Ai ⊂

⋂
i∈I γrsAi =

⋂
i∈I Ai. Let {Bi}i∈I be a

family of γrs-sets. Then γrs(
⋂
i∈I Bi) = [γrs(

⋃
i∈I B

c
i )]

c = [
⋃
i∈I γrsB

c
i ]
c =

⋂
i∈I γ

rsBi =
⋂
i∈I Bi.

(d). Let A be a γrs-set. A = γrsA. Then Ac = [γrsA]c = γrsAc. Thus Ac is a γrs-set. Conversely let Ac be a γrs-set. Then

Ac = γrsAc and A = [γrsAc]c = γrsA. Thus A is a γrs-set.

Theorem 3.7. Let X be a set. Then

(a). For every x ∈ X, x is a γ-regular semi-open set or xc is a g.γrs-set.

(b). For every x ∈ X, x is a γ-regular semi-open set or x is a g.γrs-set.

Proof.

(a). Suppose that {x} is not γ-regular semi-open. Then the only γ-regular semi-closed set F containing {x}c is X. Thus

γrs({x}c) ⊂ F = X and {x}c is a g.γrs-set.

(b). It is easy from (a) and Definition 3.3.

Proposition 3.8. If A is a g.γrs-set of X and A ⊂ B ⊂ γrsA, then B is a g.γrs-set of X.

Proof. Since A ⊂ B ⊂ γrsA, we have γrsA = γrsB. Let F be any γ-regular semi-closed subset of X such that B ⊂ F .

Since A ⊂ B and A is g.γrs-set, we have γrsB = γrsA ⊂ F .

Proposition 3.9. A subset B of X is a g.γrs-set if and only if U ⊂ γrsB whenever U ⊂ B and U is γ-regular semi-open.

Proof. (⇒) Let U be a γ-regular semi-open set such that U ⊂ B. Since Uc is γ-regular semi-closed and Uc ⊃ Bc, we have

Uc ⊃ γrs(Bc). Thus, U ⊂ γrsB by Definition 3.3.

(⇐) Let F be a γ-regular semi-closed set such that Bc ⊂ F . Since F c is γ-regular semi-open and F c ⊂ B, by assumption

we have F c ⊂ γrsB. Then, F ⊃ (γrsB)c = γrs(B
c) by Proposition 3.4(f), and Bc is a g.γrs-set, i.e. B is a g.γrs-set.

Corollary 3.10. Let B be a g.γrs-set. Then, for every γ-regular semi-closed set F such that γrsB ∪Bc ⊂ F , F = X holds.

Proof. The assumption γrsB ∪ Bc ⊂ F implies (γrsB)c ∩ B ⊃ F c. Since B is a g.γrs-set, then we have γrsB ⊃ F c by

Proposition 3.9 and hence φ = (γrsB)c ∩ γrsB ⊃ F c. Therefore, we have X = F .

Corollary 3.11. Let B be a g.γrs-set. Then γrsB ∪Bc is γ-regular semi-closed if and only if B is a γrs-set.

Proof. (⇒) By Corollary 3.10, γrsB ∪Bc = X. Thus (γrsB)c ∩B = φ. By Proposition 3.4(g) B = γrsB.

(⇐) It is obvious.

4. Regular Semi-T γ1 and Regular Semi-Rγ0 Spaces

Definition 4.1. Let X be a set and γ ∈ Γ(X). Then X is called a regular semi-T γ1 space if for every x, y ∈ X, x 6= y, there

is a γ-regular semi-open set A such that x ∈ A, y /∈ A and there is a γ-regular semi-open set B such that y ∈ B, x /∈ B.

Proposition 4.2. Let X be a non-empty set and γ ∈ Γ(X). Then X is a regular semi-T γ1 space if and only if every singleton

is γ-regular semi-closed.
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Proof. (⇒) For every x ∈ X and y ∈ {x}c, x 6= y and by assumption there is a γ-regular semi-open set By such that

y ∈ By and x /∈ By, By ⊂ {x}c. Then for every y ∈ {x}c, y ∈ By ⊂ {x}c ⇒ {x}c =
⋃
y∈{x}c By. By Proposition 2.3 {x}c is

γ-regular semi-open. Thus {x} is γ-regular semi-closed for every x ∈ X.

(⇐) We have y ∈ {x}c and x ∈ {y}c for every x, y ∈ X, x 6= y. By assumption {x}c and {y}c are γ-regular semi-open

sets.

Corollary 4.3. X is a regular semi-T γ1 space if and only if every subset of X is a γrs-set.

Proof. (⇒) Let B ⊂ X and for an x ∈ X, x /∈ B. By Proposition 4.2, {x}c is a γ-regular semi-open set and contains B.

Then γrsB ⊂ {x}c and x /∈ γrsB. Thus we have γrsB ⊂ B.

(⇐) By assumption {x} is a γrs-set. So γrs{x} = {x} and there is, for y 6= x, a γ-regular semi-open set U such that x ∈ U ,

y /∈ U .

Definition 4.4. Let X be a set and γ ∈ Γ(X). Then X is called a regular semi-Rγ0 space if every γ-regular semi-open subset

of X contains the γ-regular semi closure of its singletons.

Proposition 4.5. X is a regular semi-Rγ0 space if and only if every γ-regular semi-open subset of X is the union of γ-regular

semi-closed sets.

Proof. (⇒) Suppose that X is a regular semi-Rγ0 space. For any γ-regular semi-open subset A of X, A =
⋃
x∈A rscγ{x}.

(⇐) Suppose that A ⊂ X is γ-regular semi-open and A =
⋃
λ∈Ω Bλ, Bλ is γ-regular semi-closed for every λ ∈ Ω. If x ∈ Bλ

then rscγ{x} ⊂ Bλ. Thus rscγ{x} ⊂ Bλ ⊂ A.

Proposition 4.6. Every regular semi-T γ1 space is a regular semi-Rγ0 space.

Proof. Suppose that X is a regular semi-T γ1 space. By Proposition 4.2, X is a regular semi-Rγ0 space.

Example 4.7. In Example 2.4, X is a regular semi-T γ1 space because every singleton is γ-regular semi-closed. By Proposition

4.6, this set is also a regular semi-Rγ0 -space.
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