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1. Introduction

The idea of examining generalized open sets in generalized topological spaces was given by A. Csaszar [4-7]. Generalized
/\,-sets and generalized \/ -sets were introduced by Miguel Caldas and Julian Dontchev in general topology [1, 2]. Maheswari
and Prasad in [8, 9] introduced two new classes called semi-T; spaces and semi-Ro-spaces. Cameron [3] introduced regular
semi-open set which is weaker then regular open set and regular closed set. The complement of regular semi-open is a regular
semi-open. In this paper we give the definitions of y-regular semi-open set, 7,s-set, v °-set by using y-regular open sets.
Also we aimed to show that the concepts of g. A, -set, g.\/, -set, regular semi-T1 space and regular semi-Ro space can be
generalized by replacing regular semi-open sets with y-regular semi-open sets for an arbitrary v € T'(X). Concepts of this

paper should be considered in generalized topological spaces instead of general topology.

1.1. Preliminaries

Let X be an underlying set and 7y : expX — expX be a monotonic mapping from the power set exp X of the set X into itself
(i.e. such that A C B implies v(A) C (B)). We denote the collection of all mappings having the property of monotony
by I'(X). Let us say that A C X is y-open iff A C y(A). We say that A C X is v-closed iff X — A is y-open. We can
construct a set which is equal to the intersection of all y-closed sets including the set O for O C X. This constructed set is
called the ~y-closure of O, denoted by ¢,O. Similarly, we can construct a set which is equal to the union of all y-open subsets
of O. This set is called the v-interior of O, denoted by i,O. The concept of regular semi-open set in a topological space
was introduced by Cameron [3]. A subset A of a topological space (X, 7) is said to be regular semi-open if O C A C ¢l(O)

for some regular open set O, where cl(O) denotes the closure of O in (X, 7). A topological space (X, ) is called a regular
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semi-T1-space if to each pair of distinct points z,y of (X, 7) there corresponds a regular semi-open set A containing = but
not y and a regular semi-open set B containing y but not . Again a topological space (X, 7) is called a regular semi-Rg

space if every regular semi-open set contains the regular semi-closure of each of its singletons.

2. ~vy-regular Semi-open Sets

Definition 2.1. Let A C X and v € I'(X). Then A is y-regular semi-open iff there exists a y-regular open set O such that
OCACCcO.

Proposition 2.2. Let X be a set and v € I'(X). Then X is y-regular semi-open.

Proof. If A is the union of all y-regular open subsets of X and A C F' C X, where F' is y-regular closed, then clearly F' = X

so that c;A =X and A C X C ¢y(A).

Proposition 2.3. Every v-regular open set is y-regular semi-open.

Proof. Let A C X be a y-regular open set. We have A C ¢,(A). Then it is easily seen that A is y-regular semi-open. [
The converse of Proposition 2.3 is not true; this may be seen from the following example.

Example 2.4. Let X = {a,b,c,d} and v : exp X — exp X be defined as

A—{a}, a€A,

A, a¢ A
Then the set B = {a,c} is y-regular semi-open, but it is not a y-reqular open set.
Proposition 2.5. Any union of v-reqular semi-open set is y-regular semi-open.

Proof. Let X be a set, v € I'(X) and {A;}icsr a family of y-regular semi-open subsets of X. Then, there is a y-regular

open set O; such that O; C A; C ¢,0;. Then,

Uier Oi € Uier Ai € Uier ¢40i-

Here |J,¢; O; is a y-regular open set. On the other hand O; C |J;; O:. Then by using the monotonicity of c,
c0i C cy(U,er Oi) = Uier 640i C ey (Ui Oi)-
If we take |J;c; O: = O then, O C |J,; Ai C ¢, 0. O

However, the intersection of two «-regular semi-open sets is not vy-regular semi-open as the following example shows:

Example 2.6. Let X = R with the usual (Euclidean) topology, i be the interior and c be the closure with respect to the
Euclidean topology. Suppose that v = ci. The sets A =[—1,0] and B = [0, 1] are both y-regular open and hence both of them
are y-regular semi-open. AN B = {0}. On the other hand the only y-regular open subset of {0} is ¢. As R is a y-regular

open set, ¢ is also y-regular closed and cy¢ = ¢.

The subset A of X is y-regular semi-closed iff X — A is y-regular semi-open. By using Proposition 2.2 and the Definition of
~y-regular semi-closed set we can easily see that ¢ is a y-regular semi-closed set. Other points that could be mentioned are
~-regular semi closure and v-regular semi interior. Let A C X and v € I'(X). The intersection of all v-regular semi-closed
sets containing A is the -regular semi closure of A, denoted by rscl,A. Similarly, the union of all y-regular semi-open sets

contained in A is called the y-regular semi interior of A, denoted by rsi(A).
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3. s and 7"® Sets

Definition 3.1. Let X be a non-empty set, v € I'(X) and B € X. Then the set vrsB is the intersection of all v-regular

semi-open sets containing B, that is;

Yrs(B) = ﬂ{O : 0 D B and O is y-regular semi-open}.
The set v"° B is the union of all v-regular semi-closed subsets of B, that is;

~v"¥(B) = U{F : F'C B and F is y-regular semi-closed}.

Definition 3.2. Let X be a nonempty set, v € I'(X) and B € X. Then
(a). B is called a yrs-set iff B = v, B,
(b). B is called a 4" -set iff B=~"°B.

Definition 3.3. Let X, v and B be the same as in Definition 3.2 B is called a generalized vyrs-set [g.vrs-set] if and only if
Yrs B C F whenever B C F and F is y-reqular semi-closed. B is called a generalized " -set [g.y"*-set | iff B = X\B is a

g.Yrs-set.

Proposition 3.4. If A, B and {Cx : X € Q} are subsets of X and v € T'(X), then the following properties are valid:
(a). A C yrsA.

(b). If AC B then vrsA C vrsB; yrs € T

(c). YrsvrsA = yrs A

(@). vrs(Urea On) = Ureq 1rsCh-

(e). If A is y-regular semi-open then vrsA = A.
(f)- vrs(B)" = (v"*B)*.

(9). v"°B C B.

(h). If B is y-regular semi-closed then v"*B = B.
(3)- ¥rs[Mrea CA] € Myeq 1rsCa-

(1) 7" Uxea €3] 2 Urea 7 Cnr-

Proof.

(a). Clear by definition of ~,sA.

(b). Suppose that x ¢ v,sB. Then there exists a y-regular semi-open set O’ such that O' O B with z ¢ O’. Since B O A,

then = ¢ vrsA and thus vrsA C vrsB.

(c). We can write vrs A C YrsyrsA. Suppose that vrs¥rs A ¢ vrsA; so there exists © € X such that x ¢ v,sA and z € 57,5 A.
As x ¢ vrsA, then there exists a y-regular semi-open set O such that z ¢ O and O D A. © € YrsYrsA, then z € o
for every ~v-regular semi-open set ) vrsA. For every such O,, 0 > YrsA D A and O’ O A. This is a contradiction.

Thus YrsyrsA C YrsA.
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(d). Suppose that there exists a point z such that x ¢ ~,s (L_JAGQ Cy). Then there exists a vy-regular semi-open set O such
that U, Cx C O and x ¢ O. Thus for each A € Q we have x ¢ v,sCx. This implies that = ¢ |, c, 7rsCx. Conversely,
suppose that there exists a point € X such that = ¢ U/\eﬂ YrsCx. By Definition 3.1, there exist y-regular semi-open
sets Ox such that z ¢ Ox, Cx C Oy for all A € Q. Let O = U, Ox. Then z & U,c Ox, Uyeq Cr € O and O is

y-regular semi-open. This implies that & ¢ v,s[U,cq CAl-
(e). It is clear by Definition 3.1
(f). (w"°B)° =N {F°|F° D> B¢, F° is y-regular semi-open } = ~,sB°.
(g). Clear by Definition 3.1
(h). If B is y-regular semi-closed, then B¢ is y-regular semi-open. We have B¢ = ~,5(B¢) = (v"°B)°. Hence B = v"°B.
(i). Naen Cxr C Ch for every A € Q. By using (a), Vrs[Nycq Cr] € MNyeq YrsCh-
@) 7" Useq Cxl = [1rs (Usea ON°1° = [rrs(Miaea COI° 2 [Niea 17O = [NMiea (YO = Usea 7O O
Proposition 3.5. Let D' and D" be the family of all g.vyrs-sets and g.y"®-sets, respectively. Then
(a). Every ~rs-set is a g.7yrs-set.
(b). Every v"°-set is a g.y"°-set.
(c). If Bx € D¢, then Jycq Br € D7
(d). If Bx € D7, then (\yeq Br € D7
Proof.

(a). Assume that A is a v,s-set and A C F, whenever F' is y-regular semi-closed. Since A is a 7y,s-set, then v,.sA = A. Thus
A=~sACF.

(b). Assume that A is a v"*-set. By Proposition 3.4(f), 7,sA° = (7"°A)° = A°. Hence A° is a yrs-set. By (a) A is g.vrs.

(c). Let Uycq Ba C F and F' be y-regular semi-closed. For every A € Q, By C F and F is y-regular semi closed. By

hypothesis, v-s Bx C F'. Then UAEQ ~vrs Bx C F. By Proposition 3.4(d) U)‘EQ Yrs Bx = Yrs UAGQ By CF.
(d). (Nyea Br)®=U,cq Bx. For every A € Q, By is a g.yrs-set. Then by (c) U,cq B = (Nyeq Br)° is a g.yrs-set. O
Proposition 3.6.
(a). ¢ is a yrs-set, and X is a y"°-set.
(b). The union of yrs(y"%)-sets is a yrs(y"°)-set.
(c). The intersection of vrs(y"®)-sets is a vyrs(7"%)-set.
(d). B is a yrs-set if and only if B¢ is a v"°-set.
Proof.

(a). It is obvious.
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(b). Suppose that {A;}icr is a family of v,s-sets. By Proposition 3.4 (d), vrs (Uiel Ai) = Uiel YrsAi = Uiel A;. Let {B;}ier
be a family of y"*-sets. By Proposition 3.4 (j), U;c; Bi D 7" (U;er Bi) D User vV Bi = U,¢; Bi-

(c). Let {A;}icr be a family of v,s-sets. By Proposition 3.4 (i), vrs ﬂie[ A; C ﬂie] YrsAi = ﬂie[ A;. Let {B;}icr be a

family of y"*-sets. Then ~"* (ﬂie[ Bi) = ['YTS (UiEI Bic)}c = [Uie] 'YTsBﬂc = ﬂig B = ﬂig B;.

(d). Let A be a yrs-set. A =~,,A. Then A° = [y, A]° = v"°A°. Thus A° is a v °-set. Conversely let A° be a v"°-set. Then
A° =~""A° and A = [y A°]° = 4,5 A. Thus A is a vrs-set. O

Theorem 3.7. Let X be a set. Then

(a). For every x € X, x is a y-regular semi-open set or € is a g.¥rs-set.
(b). For every x € X, x is a y-reqular semi-open set or x is a g.y"°-set.
Proof.

(a). Suppose that {z} is not y-regular semi-open. Then the only 7-regular semi-closed set F' containing {z}° is X. Thus

Yrs({2}¢) C F = X and {z}° is a g.7rs-set.
(b). It is easy from (a) and Definition 3.3. O
Proposition 3.8. If A is a g.yrs-set of X and A C B C ~y,sA, then B is a g.7yrs-set of X.

Proof. Since A C B C ~,sA, we have v.sA = v,sB. Let F be any y-regular semi-closed subset of X such that B C F.

Since A C B and A is g.7rs-set, we have v,sB = vy,sA C F. O
Proposition 3.9. A subset B of X is a g.¥"*-set if and only if U C v"*B whenever U C B and U is vy-reqular semi-open.

Proof. (=) Let U be a y-regular semi-open set such that U C B. Since U is y-regular semi-closed and U¢ D B¢, we have
U® D vrs(B€). Thus, U C 4"°B by Definition 3.3.
(<) Let F be a y-regular semi-closed set such that B® C F. Since F° is y-regular semi-open and F° C B, by assumption

we have F'° C 4"°B. Then, F D (y"°B)° = v,s(B°) by Proposition 3.4(f), and B is a g.y,s-set, i.e. B is a g.7"°-set. O
Corollary 3.10. Let B be a g.y"°-set. Then, for every vy-reqular semi-closed set F' such that v"*BUB® C F, F' = X holds.

Proof. The assumption v"*B U B¢ C F implies (y"°*B)°N B D F°. Since B is a g.y"*-set, then we have v"*B D F° by

Proposition 3.9 and hence ¢ = (7"*B)°N~"°B D F°. Therefore, we have X = F. O
Corollary 3.11. Let B be a g.¥"*-set. Then v"*B U B¢ is y-reqular semi-closed if and only if B is a v"*-set.
Proof. (=) By Corollary 3.10, v"*B U B¢ = X. Thus (y"*B)° N B = ¢. By Proposition 3.4(g) B = v"*B.

(<) It is obvious. O

4. Regular Semi-T]' and Regular Semi-R] Spaces

Definition 4.1. Let X be a set and v € T'(X). Then X is called a regular semi-T7 space if for every xz,y € X, x # y, there

is a y-regular semi-open set A such that x € A, y ¢ A and there is a y-regular semi-open set B such that y € B, x ¢ B.

Proposition 4.2. Let X be a non-empty set and v € I'(X). Then X is a reqular semi-T7 space if and only if every singleton

is y-regular semi-closed.
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Proof. (=) For every z € X and y € {z}°, * # y and by assumption there is a y-regular semi-open set B, such that

y € By and © ¢ By, B, C {z}°. Then for every y € {z}°, y € By C {z}° = {z}*=U By. By Proposition 2.3 {z}° is

ye{z}e
~-regular semi-open. Thus {z} is y-regular semi-closed for every z € X.
(<) We have y € {z}° and = € {y}¢ for every z,y € X, x # y. By assumption {z}° and {y}° are y-regular semi-open

sets. O
Corollary 4.3. X is a reqular semi-T7 space if and only if every subset of X is a yrs-set.

Proof. (=) Let B C X and for an z € X, x ¢ B. By Proposition 4.2, {x}° is a v-regular semi-open set and contains B.
Then v,sB C {z}° and x ¢ ~,sB. Thus we have v.sB C B.

(<) By assumption {z} is a vyrs-set. So vrs{x} = {x} and there is, for y # z, a y-regular semi-open set U such that z € U,
y¢U. O

Definition 4.4. Let X be a set and v € I'(X). Then X is called a reqular semi-R] space if every y-reqular semi-open subset

of X contains the y-regular semi closure of its singletons.

Proposition 4.5. X is a reqular semi-R space if and only if every vy-regular semi-open subset of X is the union of y-regular

semi-closed sets.

Proof. (=) Suppose that X is a regular semi-R] space. For any ~-regular semi-open subset A of X, A =J,. 4 rsc,{z}.
(<) Suppose that A C X is y-regular semi-open and A = (J,c, Ba, B is 7-regular semi-closed for every A € Q. If x € By

then rscy{z} C Bx. Thus rsc,{z} C Bx C A. O
Proposition 4.6. Every regular semi-T7 space is a reqular semi-R] space.
Proof.  Suppose that X is a regular semi-T] space. By Proposition 4.2, X is a regular semi-R] space. O

Example 4.7. In Example 2.4, X is a reqular semi-T} space because every singleton is y-reqular semi-closed. By Proposition

4.6, this set is also a regular semi-R{-space.
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