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Abstract: A closed-form solution is presented for the transient heat conduction problem in the elliptic annulus with multiple layers
in the radial direction, but time-independent volumetric heat sources in each layer. The solution is obtained applying
an integral transform technique analogous to Vodicka’s approach considering series expansion function in terms of an
eigenfunction to solve the heat conduction partial differential equation in elliptical coordinates. The results are obtained
as a series solution in terms of Mathieu functions and hold convergence test. The temperature and thermal stresses for
the three-layer elliptic region have been computed numerically and exhibited in a graphical form, by using dimensionless
values and therefore discussed.
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1. Introduction

Composite materials consisting of several layers in contact with different properties and having distinct boundaries between
them emerged as new prospects for the modern technology. It offers many challenging problems for theoretical and exper-
imental studies. Thermal analysis of multilayer composite media is widely used in real physical and modern engineering
applications. For example, semicircular fibre insulated heaters, multilayer insulation materials and nuclear fuel rods due to
the added advantage of combining physical, mechanical, and thermal properties of different materials, composite regions such
as multilayer slabs, cylinders and spheres. Even multilayer transient heat conduction finds applications in thermodynamics,
fuel cells and electrochemical reactors. Multilayer components find a wide range of applications in various automotive,
spaces, chemical, civil and nuclear industries. Many of these applications require a detailed knowledge of transient tem-
perature and heat-flux distribution within the composite layers. Temperature distribution in such components, with the
presence of boundary conditions, may be obtained by using both analytical and numerical techniques. The analytical meth-
ods are such as separation of variables, the Laplace-transform method, the method of finite integral transforms, the Eigen
function-expansion and Green’s function methods. Nonetheless, numerical solutions are preferred and prevalent in practice,
due to either unavailability or higher mathematical complexity of the corresponding exact solutions. Many researchers have

been solved the transient heat conduction problem in composite layers. For instance, Olger [1] presented an analytical study
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for the distribution of three-dimensional unsteady temperatures in a hollow right circular cylinder of finite length. Torabi
[2] investigates the analytical solution for transient temperature and thermal stresses within three circular composite disks.
The combination of the separation of variables method and Duhamel’s theorem are adopted to solve the energy partial
differential equations. Wankhede and Bhonsale [3] determined the solution of heat conduction on multilayered composite
plates, cylinders or spheres consisting of k-layers using a new integral transform which is more analogues compared to the
classical method of Sturm-Liouville system. Salt [4, 5] investigated the response of a two-dimensional multi-layer composite
slab, to a sudden temperature change. The solution was analytically examined in two and three-layer composite slabs. Singh
[6] discusses the methodology as well as possible application in nuclear reactors of analytical solutions of two-dimensional
multilayer heat conduction in spherical and cylindrical coordinates. Singh et al. [7, 8] and Jain et al. [9, 10] have studied
two-dimensional multilayer transient conduction problems in spherical and cylindrical coordinates. They have used the com-
bination of separation of variables and eigenfunction expansion methods to solve the two-dimensional multilayer transient
heat conduction in spherical coordinates, in polar coordinates with multilayers in the radial direction, and in a multilayer
annulus. They have used the method of partial solutions to obtain the temperature distributions. In the method of partial
solutions, the nonhomogeneous transient problem is split into a homogeneous transient problem and a nonhomogeneous
steady-state problem. Then, the method of separation of variables is used to solve the homogeneous transient problem
whereas the eigenfunction expansion method is used to solve the nonhomogeneous steady-state problem. Kayhani et al.
[11] presented a steady analytical solution for heat conduction in a cylindrical multilayer composite laminate in which the
fibre direction may vary between layers. The analytical solution is obtained for general linear boundary conditions that are
suitable for various conditions including combinations of conduction, convection, and radiation both inside and outside the
cylinder. The Sturm-Liouville theorem is used to derive an appropriate Fourier transformation for this problem. An exact
analytical solution for unsteady conductive heat transfer in a cylindrical multilayer composite laminate has been studied by
Norouzi et al. [12] using Separation of variables method. In an another investigation, Norouzi et al. [13] obtained an exact
analytical solution for steady conductive heat transfer in multilayer spherical fibre reinforced composite laminates under
the general linear boundary conditions. Recently, Gaikwad and Wange [14] obtained an analytical solution using separation
of variables method for the three-dimensional heat conduction equations in a multilayered sphere with time-independent
volumetric heat sources in each layer. Monte [15] solved transient heat conduction problems in one-dimensional multi-layer
solids applying conventional techniques based on Vodicka’s approach. A ‘natural’ analytic technique has been employed for
solving M-layer unsteady heat conduction of composite media. Chiba [16] analytically obtained the second-order statistics
of the temperature and thermal stresses in an annular disc with spatially random heat transfer coefficients on the upper and
lower surfaces. Vasilenko and Urusova [17] considered the problem of a stressed state in elliptic plates for a rigid contour
fixation. Vasilenko [18] propose an approach for solving the problem of determining the temperature fields and stresses in
orthotropic elliptic plates whose principal axes of elasticity and thermal conduction do not coincide with the axes of the
ellipse. However, a literature survey showed that the authors above have not yet been developed an analytical solution for
the unsteady temperature distribution in a multilayer composite elliptical annular geometry with time-independent heat
sources are switched on in each layer under specified initial temperature.

The main objective of this study is a new analytical method to derive the solutions by establishing Sturm-Liouville integral
transform. Vodicka’s method [19], which is a type of integral transform method, and a perturbation method are employed
to obtain the analytical solutions for the statistics. Additionally, the method we propose in this paper can also be applied
to solid discs, strips and plates. The success of this novel research mainly lies with the new mathematical procedures which
present a much simpler approach for optimization of the design in terms of material usage in the aerospace, automobile,

chemical, power, and civil engineering, biomedical industry, thermodynamic and solidification processes, and high-density
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microelectronics as well as for production of fiber-insulated heaters, multilayer insulators, nuclear fuel rods, fuel cells,
electrochemical reactors, building structures and particularly for the determination of the thermoelastic behavior in elliptical

plate engaged as the foundation of pressure vessels, furnaces, etc.

2. Formulation of the Problem

Consider a k- layer composite elliptic annulus is occupying space D : {(£,1,2) € R® : & < € < &1, 0<n < 2w, 1 <i <k}
indicates that in elliptical coordinates system is the most appropriate choice for reference frame, which is related to the

rectilinear coordinate (z,y, z) by the relation
x = ccosh ¢ cosn,y = csinh Esinn, ¢ = (a* — b%)"/? (1)

where, c¢ is the semi-focal length of the ellipse, a and b are semi-major and semi-minor axis, respectively. Let k; and \;
be the thermal diffusivity and thermal conductivity of the i*" layer. At t = 0, each i*" layer is at zero temperature, and
time-independent heat sources g;(&,n) are switched on for ¢ > 0. We assume that each rigid layer in each annulus composite

body may be subjected to any combination of temperature and heat flux boundary conditions.

Figure 1. Schematic representation of a k -layer elliptic annulus

2.1. Heat Conduction

The differential equation governing transient temperature distribution 7;(&, 7, t) with internal heat source for a multilayer

elliptic annulus along with the conditions can be defined as

h? [Tz(éa ;s t)75§ +TZ(£> m, t)ﬂm ] + (1/)‘1)91(57 77) = (1/’%) ,Tl(s: m, t)at (2)

with the initial condition as

Moreover, the other boundary conditions as

1. Inner surface of the first layer (i =1 for ¢ > 0 )

a1T1(€7777 t)7§ _hOTl(é-?n:t)'E:gl = fl(t)a hO Z 07 (4)
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2. Outer surface of the &' layer (i= k for t > 0)

arTi(§,m,t),e +heTr(€,m,t) = fa(t), hx >0, (5)

|£=Ek+1
3. Interface of the i*" layer (i=2,...,k -1 for t > 0)

a;T; (&7 ;s t)7£ +h; [,T’l (57 7, t) - Ti+1 (57 7, t)] |§:Ei+1 =0
ai+1Ti+1 (é-a ;s t)7§ +hi [E (67 7, t) - Ti+1 (67 7, t)] |§:§i+1 =0

(6)

in which the function T;(§,n,t) represents the temperature at every instance and at all points of the elliptic annulus under
the influence of boundary conditions, prime ( , ) in equations denotes differentiation with respect to the variable specified
in the subscript, f1(¢) and f2(t) represents sectional heat supply at £ = & and € = £kq1, respectively. Here A, denotes
the thermal conductivity, the heat capacity per unit volume is given as (pC); with p; for density and C; as specific heat
respectively for the " layer, respectively. The physical significance of the interface boundary conditions [i.e. equation (6)]
follows as that the finite value of the layer coefficient h; > 0, i = 1,2,..(k — 1) represents a discontinuity of temperature at

the corresponding interface.
2.2. Associated Thermal Stresses
The differential equation governing the Airy stress function x(&,n,t) is given as
h*V2 RV xi + h*VPT; =0 (7
The stress distribution for each layer in the structure can be written in terms of Airy stress function as

old = h2xh + S sinh 26 X — S2% sin2n ()

o) = 1~ 24 w26+ 2 s 202 @
Uéi,) = —hQX% + # sin 27 X,(é) + # sinh 2¢ ij})

The following equation expresses the boundary conditions on the traction free surfaces for the thermal stress problem without

external force

1. Inner surface of the first layer (¢ =1 for ¢t > 0)

0w =0 = ©)
2. Outer surface of the &' layer (i= k for t > 0 )

ol =t =0 o)
3. Interface of the i*" layer (i=2,...,k for t > 0)

o =0 an

In the end, analysing the thermal stress problem for the multilayer elliptic annulus, which is a multiply-connected region,
by the stress function method give a general solution for the differential equation of equation (7). In this paper, therefore,
we derived the integral conditions necessary for the assurance of the single-valuedness of the rotation and displacements in
the multiply-connected region in terms of Airy’s stress function as follows
2m
/ [W*V2x +T],e dn=0 (12)
0]&=€1,8i41,Ek+1

The equations (1) to (12) constitute the mathematical formulation of the problem under consideration.
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3. Solution to the Problem

To solve fundamental differential equation (2) using the theory on integral transformation, firstly we introduce a new integral

transform of order n and m over the variable £ and 7 as

_ 2 Eit1
Flaan) = e [ [ i) (cosh 26 — cos2m) X i (€ qonm)cean(n, a2 )l (13

in which ;25 (€, g2n,m) is the kernel of the transform and ﬁ-(qgn,,m) is Sturm-Liouville transform for the composite region

(refer Appendix A). The inversion theorem is given by

oo oo k
_ fl '57 zpi,?ﬂ (53 q) 062”1(177 q)
Jiem = g Z: Z .l+1 32n(§7Q)(COSh2€ — O2n,m) d€ (9

In this article, we have introduced a new integral transform which has given in equation (13). Moreover, its inversion
theorem is given in equation (14). The detailed mathematical calculation is given in the appendix section. On applying the

new Sturm-Linville transform defined in equation (13) on equation (2), we obtain

1 aTz _ gz(an,m) 4q2n,m T’L
KTL' ot = )\Z ﬁl - ( C2 o +F(q2n,m7t)> (15)
in which
Ar A (2n)
F(gznm,t) = —5 — {¥knm(Ert1) f2(t) — Y1nm(€1) f1 (1)}
and

2 i+1
Gi(ganm) = Bi /0 / " 0106, 1) (cosh 26 — 0520) X 20 (€, dan.m)eean (1, Gan,m )

After some mathematical simplification, we get the expression

oT;

It = [igi (q2n,m) - (agn,mTi + kiF(qQ’ﬂ,mv t)) (16)
in which p; = ;15 and a3, , = o 4(126# Now, applying the Laplace transform to the Eq. (16), one obtains
Ti(q2n,m» s) = [pi(€;m) + 1:Gi(qon,m) — ki F (q2n,m, $)1/ (s + O3 m) (17)

in which i(qzn,m, s) and F'(gan,m, ) are the transformed function of T;(q2n,m,t) and F(gan,m,t) respectively, s is transformed

Laplace parameter. Then accomplishing Laplace inversion theorems on equation (17), we obtain

¢
Ti(q2n,m, ) = exp[—=Q2nmt] [Pi (€, 1) + 1iGi (q2n,m)] — k‘z/ exp[adn m7] F (g2n,m,t — T)d7 (18)
0
Finally, applying the inversion theorem defined in equation (14), on Eq. (18), one obtains

k

1¢i,2n (&, q2n,m)cean(n, Ganm) > 8 exp[—a3pmt] X exp[—a3, mt] [pi(&, 1) + wigi(qan,m)]
=1

Ti(fanvt) = i

n=0

M8

(19)

—k; fot exp[a%n,mT] F (qan,m,t — 7)dr /Can.m
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where

Eit1
CZn,m = 7T/ 77[}7.'2,211(57 q2n7m)(COSh 25 - 62”1’”) d£

i

and

27
O2n,m = / €08 21 ce5,, (1, Gan,m) dn
0

3=

r=0
Now assume Airy’s stress function which satisfies condition (7) as,
oo oo k
Xi(&mt) = B2 0> ion(€, qznm)cezn(n, Gznm) X > {expl—abn mt] tii(gan,m) [Azn,m sin 26 — cos 26]} /Con,m  (20)
n=0m=1

i=1

in which Asp mis the arbitrary constant that can be determined finally by using condition (11).

ceZn a(g) — cot 2&- /3(77)
cean ) — B(n)

Agpom = (21)

in which
a(€) = cot 2¢ sinh 26 ¥(€) /1(€) ¢ — 2sinh 2¢
B(n) = sinh 2n ce(1, g2n,m) . — 2¢€(1, q2n.m ) .n/ ¢ h*
7(§) = 2cot 2§ sinh 2§ — sinh 264(£) /1(€) ¢

Substituting Aan,m in equations (20), we get

k
om0 =Y 3 il oan i3 foxplood ] 1) [ sin20(6) + cos263(6)]} (22

n=0m=1

The resulting equations of stresses can be obtained by substituting the Eq. (22) in Eq. (8) and Eq. (12) has been
satisfied by substituting the value of Airy’s stress function from Eq. (22). The equations of stresses are rather lengthy.
Consequently the same have been omitted here for the sake of brevity, but have been considered during graphical discussion

using MATHEMATICA software.

4. Numerical Results, Discussion and Remarks

We introduce the following dimensionless values

& =¢&/b, a=a/b, b="b/b, e =c/b, T = Kkt/b> 29)

T=T/To, Gmn =0mn/Eia;To, (1=1,2,3; m,n=2¢&,n)
For the sake of simplicity of numerical calculations, we consider a three-layered composite elliptic annulus plate. The
numerical computations have been carried out for Aluminium, Tin and copper metal with initial temperature and for (¢
> 0) the temperature raised to finite value. The physical parameters are considered as & = a= 0.1 m, & = b = 1 m,
& = 0.4 m, £&3=0.7m, reference temperature Ty as 150 °C. The mechanical material properties are considered as specific
heat capacity at constant pressure C,1=0.900 J/g°C, C,2=0.21 J/g°C, C,3=0.385 J/g°C, Modulus of Elasticity, E1= 69
GPa, F2 = 47 GPa and FE3 = 117 GPa; Thermal expansion coefficient, a1 = 23.0><1076/OC, Qs = 24.8x107° /OC, a3 =
16.5x107% /°C; Thermal conductivity A\; = 204.2 Wm ™' K™, As =66 Wm ™ * K~ ! and\3= 386 Wm™* K™ '; f1(t)=20°C,
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f2(t)=30°C. Substituting the dimensionless value of equation (23) in the equation of temperature distribution (19) and in
its stress components, we obtain the expressions for the temperature and stresses for our numerical discussion. In order
to examine the influence of heating on the plate, we performed the numerical calculation for all variables, and numerical
calculations are depicted in the following figures with the help of MATHEMATICA software.

Figs. 2-10 illustrates the numerical results of temperature distribution, stresses of the elliptical plate due to internal heat
generation within the solid. A similar trend was observed for Fig. 2 as well as Fig. 4. Fig. 2 and Fig. 4 shows the temperature
distribution along &- direction for different time and 7, respectively. In both the figures, temperature increases gradually
towards the outer end of each layer due to the combined effect of sectional heat supply and internal heat energy. As shown
in Fig. 3, initially the temperature approaches to a maximum whereas attains minimum as time increases. Fig. 5, shows
that the temperature approaches to a minimum at both extreme ends i.e. at n = 0 and n = m due to more compressive
force, whereas due to a tensile force, the temperature is high at centre i.e. at n = 7/2, which gives an overall bell-shaped

curve for all three layers of different materials.
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Figure 2. Temperature distribution along £ -direction for different 7
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Fig. 6 illustrates the axial stress decreases with time. Initially, the axial stress attains maximum expansion due to the
accumulation of thermal energy dissipated by sectional heat supply and internal heat energy, which further decreases of
time. Fig. 7 indicated that the axial stress along the &- direction is initially on the negative side due to more compressive
stress occurring at the inner edge which goes on increasing along &- direction and attains a maximum at the outer edge.
Fig. 8 depicts tangential stress along radial direction attaining minimum at inner and maximum at the outer edge. In
Fig. 9, shear stress is of negative magnitude, initially, it attains minimum which goes on decreasing at the middle core and
suddenly increases towards the outer region. Fig. 10 observed the minimum tangential stress with a negative magnitude

which increases gradually with time.

5. Conclusion

The proposed analytical closed-form solution of transient thermal stress problem in an elliptic annulus region was discussed
with multiple layers in the radial direction in presence of the time-independent internal heat source in each layer. The
solution is investigated using integral transform method establishing Sturm-Liouville integral transform which is analogous
to Vodicka’s approach considering series expansion function in terms of an eigenfunction to solve the heat conduction partial
differential equation in elliptical coordinates. The temperature and thermal stresses for the three-layer elliptic region have

been computed numerically and exhibited graphically. The following results were obtained during our research

(1). The advantage of this method is its generality and its mathematical power to handle different types of mechanical and

thermal boundary conditions.

(2). The maximum tensile stress shifting from central core to outer region may be due to heat, stress, concentration or

available internal heat sources under considered temperature field.

(3). Finally, the maximum tensile stress occurring in the circular core on the major axis compared to elliptical central part
indicates the distribution of weak heating. It might be due to insufficient penetration of heat through the elliptical

inner surface.
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Appendix A: THE REQUIRED TRANSFORMATION
1. The transformation and its essential property

Consider a system of equations for composite region consisting of k-layers as

aiL[¢i,27b(§)ce2n(n)] = —2f;g2n,m(cosh 2§ — cos 2n) [1/)2',2”(5)062” (77)]7

(A1)
q2n,m 2 0, & S f S €i+1, i = 1,2,3...[{3, O S n S 27T
subjected to the interfacial and other boundary conditions under consideration
a1 Y 20 (€1) — hovi2n(&1) =0,
i i o (1) + Rilti 2n (€i41) — Yit1,2n(€41)] = 0, (A2)

Qi1 Vip1,20(Eir1) + Ri[Yion(Eiv1) — Yir1,20(&iv1)] = 0,
Ak Vg on (Ekg1) + Pe Vron(Ee1) =0, 1 =1,2,3...(k — 1)

in which the prime (/) denotes differentiation with respect to the & variable, 1); 2, (£) is the eigenfunction of the " layer,
@2n,m is the eigenvalue of [AonCean (€, q2n,m) + Bizn Fey (€, gan,m)]cean(n) = 0, (au , B:) is the characteristics of the i** layer,
ho is the surface coefficients at £ = &1, h; is the surface coefficients at £ = &1, hi is the surface coefficients at £ = £,41 and
L = 0%/0¢? + 8% /0n*. Furthermore, cean (7, ¢) is the ordinary Mathieu function of the first kind of order n [20], Cean (£, q)
is a modified Mathieu function of the first kind of order n [20], and the recurrence relations for the Bessel functions Y, (are

identical in form with those for Ja,) can be defined as

o0 sinh&| > 1
Feyan(€,q) = <2200 S~ AC™ Y, (2K’ sinh ) sinh] [20],
r=0

o R(E) > 0

0

with y in Fey signifies the Y-Bessel function and ¢ = k> = \c?/4.

The general solution of equation (A1) is of the form

q)i,2n,m ('57 17) = ’(pi,Zn (§)062n(17)
= [Ai2nCe2n (&, g2n,m) + Bizn Feyan (&, gan,m)] ce2n(n)

(A3)

satisfying the following boundary conditions, we get a system of 2k simultaneous equations so that arbitrary constants A;sp
and B;2, can be obtained. Also from this 2k system of equations, we get the frequency equation by eliminating, A;2, and
Bian. After substituting the values of A;2, and Bjan, we get the required solution of the Sturm-Liouville problem (A1)

subjected to the boundary and interfacial conditions (A2)).

2. Orthogonal property of the eigenfunction v; s, ,

If ®; 95,m and ®; 2, be the solutions of equation (Al) we have
@i L @i onm(&,n) = —2Biqan,m(cosh 26 — cos 20) @i 2n,m (&, 1) (Ad)

i L ®i25.p(&,m) = —2Biqas p(cosh 2§ — cos 2n) Pi 25 p(€,7) (A5)

Multiply equation (A4) by ®;,2s,-(£,n) and equation (A5) by ®; 2n,m (€, ), and then subtracting equation (A5) from equation
(A4), leads to

i{[®i26.p (6,71) Pl 2 (6:1) = Pionm (6,11) Pl (€)'

[P 20.p(6, 1) PE 20 (€,7) — P2 (€,1) B2 (E,7)]°} (A6)

= —20i(q2n,m — q2s,p)(cosh 26 — cos 20)P; 2n,m (&, 1) Pi 25, (€, 1)
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in which the prime (°) represents the differentiation with respect to the n variable. Further simplifying the equation (A6),

we get
i {[X:(&,n)) + [Yi(€,m)]°} = —2B:i(g2n,m — Gos,p)(cosh 26 — cos 21) )
XP®; 2n,m (& 1) Pi,2s,p(€,M)
in which
Xi(em) = Di2n,m (€,1) P 2n,m (&) Vi) = Pi2n,m(€,1) BT 2n,m (€,1)
Di25,p(§,m) Pi2s,p(€5 M) Di25,p(6,m) P2s,(5m)

Integrating equation (A7) with respect to the variable  within 0 to 2 7 and with respect to the variable £ within & to & 41
(i=1,2,3...k), one yield

28 (qas,p — q2n,M) 027r J‘&Hl cosh 2§ — cos 277)'1)1' 2n m(§ 77) 23287?(57 "7)

) 5 (A8)
=~ {[77 (IXuEmIET) dn+ [ (Vi mlET) de}
Due to periodicity of the function, the second term on the Right Hand Side (R.H.S) of equation (A7) vanishes
28:(qzs.p — Ganim) fo " ST (cosh 26 — cos 20)®i 20, (€, 1) Pi.26.p(€, ) (A9)
= o {J§IXu(€m) — Xl m)] dn}
According to the second and third boundary condition of equation (A2), one obtains
1
$i(&i) — pi-1(&) = E¢§-1(§i)7 ¢i(&) = ¢i_1(&) for alln,m, s, p (A10)
Then equation (A9) reduces to
28:(@znm — G2s.0) Jo - J&t (cosh 26 — cos 20) i zn,m (€ 1) Pi.2s,p(€,m) dE d (A11)
= 77 i (| Xic1,20m (& n) | = | Xiznm(Eir1,m) |)dn
2Bi(q2s,p — G2n,m) 027( f&iHl (cosh 2 — cos 21) @;,2n,m (&, 1) Pi,2s,p(€,m) d€ dn (A12)
- 02‘" ai(D'L,2n,m,2s,p - D'L+1,2n,m,25,p) d'f]
in which
¢i—1,2n,m (Eia 77) ®;71,2n,m (527 77)
Di,2n,m,25,p =
(bifl,Qs,p(é-i, 77) (b;fl,Qs,p(Eia 77)
and
®i2nm (Eit1,1m) BF2n,m(Eit1,n)
Diy1,2n,m,2s,p =
q)i72371)(€i+17 7]) Q?,Zs,p (gi"rh 7])
Let us consider that D1, 2n,m,2s,p = 0, Dit1,2n,m,2s,p = 0 according to the last equation of (A2), then we have
27 €t
So [ Butcoshog - cos2n) @i (€0 i€ dEdn =0, 12 5. £ p (A13)

If any function f;(&,n) is continuous and single-valued in the region & < & < &i41, 1 = 1,2,3, ...k, 0 < n < 27 and satisfying
the boundary and interfacial conditions of the eigenvalue problem, then we define the integral transform in the region as

given in equation (13). Now at any point within the range [20]

=D D e vion (€ @)eean(n,9) (Al4)

n=0m=1
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where the constant vz, is to be determined, and for that multiply equation (A14) by s 2n (€, q) cean(n, q) (cosh 2§ — cos 2n)

and integrate with respect to the variable £ from &; to &,+1 and with respect to the variable i from 0 to 27, one obtains

> Z & J3T Yan ¥E 20 (€, @) B, (1, q) (cosh 26 — cos 2n)dn dE

n=0m=

_ fg i1 fz &,m) Vi 2n (€, q)cezn(n, q)(cosh 2 — cos 2n)dn d€

On mathematical simplification, one obtains

S 2T L€M) Yin (s q)cean (n, q)(cosh 26 — cos 2n)dn d&

k
Yon == Z &

(A15)
i=1 f£7+1 i, on (&5 @) (cosh 26 — Oy 1) dE
Hence the inversion formula of equation (13) is given by equation (14).
3. Property of the Transform
To solve the problem stated above, we consider the effect of the Sturm-Liouville transform on the expression
ai(fi' (&) + £7°(&m) + 2Bi(cosh 26 — cos 217) fi(€,m) (Al6)

Integrating by parts twice, one obtains

z JE LT ai(f7 (& m) + £7° (&) i 2n (E)cean ()] d€ dn
= f2Aé2"> i i 20 (€) F1(E, 1) — i fi(6,m) ¥l 2n ()]

+ [ ST ful€om) Wian (€)cean(n)]” dnde

+ LS ST i fa€m) [z (§)cean ()] °0dn d&

After some simplification, we get the expression

35 I (2 )+ (6 ) ©ecan ()] e d
= 248" { [ .2 (§) Fi (6, m) — e fi(€:m) Wh 20 (6)]
+ai i 2n (§) £i(§,m) — ai fi(& M)Yi2n (€)]e=¢,1n
—lair1Yir1,20(€) fi(€n) — i1 fir1(€§m) Yisa 2n(§)le=¢;

— [ ¥1,20(6) F1(&,m) — ar f1(&,m) Y120 (E)]e=e, } — 2q2n,m fi(q2n,m)

§=Ck+1

Using the boundary and interfacial conditions, one obtains

S E 3l €om) + S (€ m) W (€eean ()] de
—2A8™ { b 2n (Ex1) [0k Fh(Ens1,m) + P Fi(Erir,m)]
i 2n (§ir1)o £i (&1, m) — hi (firr(§iva,m) — fil&ira,m))] (A7)
=itz (Givr) @it fiyi(Givr,m) — hi (firr (Givrm) — filGivr,m))]
1,20 (&1) [ fi(€1,m) — ho fL(&1,m)]} — 242n,m fi(g2nm)

Hence equation (A17) is the fundamental property of the Sturm-Liouville transform for the composite region defined in

equation (13), which removes a group of terms quoted in equation (A16).
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