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1. Introduction

By a graph, we mean a finite, undirected graph without loops and multiple edges, for terms not defined here, we refer to
Harary [3]. For standard terminology and notations related to number theory we refer to Burton [1] and graph labeling,
we refer to Gallian [2]. The notion of prime labeling for graphs originated with Roger Entringer and was introduced in a
paper by Tout et al. [9] in the early 1980’s and since then it is an active field of research for many scholars. Sundaram et al.
introduced the notion of prime cordial labeling in [8]. Lau et al was introduced SD - prime labeling of graph in [4]. In [5],
Lau et al. introduced SD - prime cordial labeling and they discussed SD - prime cordial labeling for some standard graphs.
In [6], Lourdusamy et al. investigated some new construction of SD-prime cordial graph. In this paper, we presented SD -

prime cordial labeling of some disconnected graph GU (P, ® K1),GU K1 ».n, GU PS,, and GU P,.

2. Preliminaries

Definition 2.1. A complete bipartite graph Ki . is called a star and it has n + 1 vertices and n edges. Ki . is the graph

obtained by the subdivision of the edges of the star K1 .

Definition 2.2. The corona G1 ® G2 of two graphs G1(p1,q1) and G2(p2,q2) is defined as the graph obtained by taking one

copy of G1 and p1 copies of Ga and then joining the it" vertex of G1 to all the vertices in the it" copy of Ga.

Definition 2.3. Comb is a graph obtained by joining a single pendant edge to each vertex of a path. In other words P, ® K;

is a comb graph.
Definition 2.4. The triangular snake T, is obtained from the path P, by replacing each edge of the path by a triangle Cs.

Definition 2.5. The n-pan graph is the graph obtained by joining a cycle graph C,, to a singleton graph Ky with a bridge.

* E-mail: delmanmathslj@mail.com

107



http://ijmaa.in/

SD Prime Cordial Labeling of Some Special Graphs

Definition 2.6. Paw graph is the 3-pan graph.
Definition 2.7. The paw snake PS,, is obtained from the path P, by replacing each edge of the path by a paw graph.

Definition 2.8. Let G = (V, E) be a graph with n vertices. A function f : V(G) — {1,2,3,...,n} is said to be a prime
labeling, if it is bijective and for every pair of adjacent vertices u and v, ged(f(u), f(v)) = 1. A graph which admits prime

labeling is called a prime graph.

Definition 2.9. Given a bijection f : V(G) — {1,2,...,|V(G)|}, we associate two integers S = f(u) + f(v) and D =
|f(uw) — f(v)| with every edge uv in E(G). The labeling f induces an edge labeling f* : E(G) — {0,1} such that for any
edge wv in E(G), f*(uwv) =1 if ged(S, D) = 1, and f*(uv) = 0. Otherwise, we say f is SD-prime labeling if f'(uv) = 1 for
all wv € E(G). Moreover, G is SD - prime if it admits SD - prime labeling.Let e (i) be the number of edges labeled with
i €{0,1}. We say f is SD - prime cordial labeling if |es=(0) — ey« (1)] < 1. Moreover G is SD - prime cordial if it admits

SD - prime cordial labeling.

3. SD Prime Cordial Labeling

Theorem 3.1. G is a SD - prime cordial graph with p vertices and q edges, then GU (P, ® K1) is a SD-prime cordial graph,

where n > 2.

Proof. G isaSD - prime cordial graph with v1,va, ..., v, vertices and e1, €2, ..., eq edges and f is SD - prime cordial labeling
of G. Let P, ® K1 be a comb graph. Let ui,us,...,u2, be the vertices and s1, s2, ..., S2n—1 be the edges of P, ® K;. Let
G1=GU (P, ® K1). Then |V(G1)| =p+ 2n and |E(G1)| = g+ 2n — 1. Define g : V(G1) — {1,2,...,p + 2n} as follows:

g(vi) = f(v) if 1 <i<p.

Case 1 : g is even.

pt2i—1 ifl1<i<n,

9(ui) =

p+2i—2n ifn+1<1i< 2n.
Then induced edge labels are
0if1<i<n—1,
1ifn<i<2n-—1.
In view of the above defined labeling pattern, we have ey« (0) + 1 = eg4«(1) = n in P,, ® K;. Here ¢ is even, then ey« (0) =
eg+(1) = % in G. Thus, eg«(0) = ey« (1) = £ in G and ey (0) + 1 = ey« (1) = n in P, ® K1, Therefore ey« (0) = 2 +n —1
and eg+(1) = 2 +n in G1. Now |eg«(0) —eg=(1)| = [(2 +n —1) — (£ + n)| =1 in Gi. Thus in this case G is a SD - prime

cordial graph.

Case 2 : ¢ is odd and ez« (0) + 1 = e« (1) = L1 |

g(ul) :p+47
g(unt+1) = p+2,
g(uﬂ+2):p+17
[ p+2i-1 if2<i<n,
g(us) _{p+2i—2n ifn+3<i<2n.

Then induced labels are

g*(sl) = 17

g*(s:) =0 if2<i<n-—1,
g*(Sn) =0,

g*(5n+1) = 07

g*(s:) =1 ifn+2<i<2n-—1.
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In view of the above defined labeling pattern, we have eg«(0) = eg+ (1) + 1 =n in P, ® Ki1. Here ¢ is odd and ey« (0) + 1 =

eg+ (1) = 2L in G. Thus, eg+ (0)+1 = eg+ (1) = £ in G and €4+ (0) = eg+ (1) +1 = n in P, ® K1, Therefore ey« (0) = 45+ +n

and eg+(1) = ZEL +n — 1 in G1. Now |eg=(0) — eg+ (1) = [(55F +n) — (422 + n — 1)| = 0 in G1. Thus in this case G is a

SD - prime cordial graph.

Case 3 : g is odd and eg+(0) = eg«(1) +1 = ‘771

p+2i—1 ifl1<i<n,
g(ui) =
p+2i—2n ifn+1<4 < 2n.
Then induced edge labels are
. 0ifl1<i<n-—1,
g (s:) =

1 ifn<i<2n-—1.

In view of the above defined labeling pattern, we have eg«(0) + 1 = eg=(1) = n in P, ® K. Here ¢ is odd and eg=(0) =

eg+(1) + 1 = 2 in G. Thus, eg+(0) = eg+(1) +1 = £ in G and e4+(0) + 1 = eg+(1) = n in P, ® K1, Therefore

eg+(0) = T +n—1 and eg+ (1) = 452 + 1 in Gi. Now |eg=(0) — e+ (1)] = [(22 +n — 1) — (42 +n)| = 0in G1. Thus in

this case (G1 is a SD - prime cordial graph.

Hence G(P, ® K1) is a SD - prime cordial graph, where n > 2.

Example 3.2. The SD prime cordial labeling is in Figure 1 for Ps U (P1 ® K1)

Uus Ue U7 us
7 9 11 13
U1 V2 v3 V4 Us 6 8 10 12
([ L L @ L ]
1 2 4 3 5 U1 Uo us Uy

Figure 1.

Theorem 3.3. G is a SD - prime cordial graph with p vertices and q edges, then GU K1 n.n is a SD - prime cordial graph,

where n > 2.

Proof. G is a SD - prime cordial graph with v1,vs,...,v, vertices and e, es,...,e, edges and f is SD - prime cordial

labeling of G. Let w,u1,us2,...,u2, be the vertices and s1, so, ..., s2n be the edges of Ki nn. Let Gi = GU Ki,n,n. Then

[V(G1)|=p+2n+1and |E(G1)| = ¢+ 2n. Define g : V(G1) — {1,2,...,p+ 2n + 1} as follows :

g(vi) = f(vs)
p+1,
(u_)_{p+2i+1 if1<i<m,

W) =\ pr2i—2n ifn+1<i<2n.

if1<i<p,

Q@
~
S
=
Il

Then induced edge labels are

i 0if1<i<n,
g (e;) =
1ifn+1<i<2n.

In view of the above defined labeling pattern, we have eg«(0) = eg+ (1) = n in Ki pnn.

Case 1 : ¢ is even.

Thus, ez« (0) = eg«(1) = % in G and ey (0) = eg« (1) = n in Ki nn. Therefore ey«(0) = 2 +n and ey« (1)

q
2

+n in Gl.
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Now |eg=(0) — eg«(1)| = |(£ +n) — (£ +n)| =0 in G1. Thus in this case G1 is a SD - prime cordial graph for n > 2.

Case 2 : ¢ is odd and eg+(0) + 1 = e+ (1) = L£L.
Thus, eg«(0) +1 =eg-(1) = % in G and ey« (0) = ey« (1) = n in K1,n,n. Therefore ey-(0) = %1 +mn and eg+(1) = % +n

in G1. Now |eg«(0) — eg=(1)|

|(q%1 +n)— (%1 +n)| =1 in G;. Thus in this case G, is a SD - prime cordial graph for
n > 2.
Case 3 : g is odd and ey« (0) = ey« (1) + 1 = ZEL,

2
Thus, eg+(0) = eg+(1)+1 = £ in G and ey- (0)

eg+(1) = n in P, ® K;. Therefore ey« (0) = 22+ +n and eg- (1) = 5+ +n

in G1. Now |eg»(0) — eg=(1)| = [(£E2 + n) — (41 + n)| = 1 in G1. Thus in this case G1 is a SD - prime cordial graph for

n > 2.

Hence G U K, is a SD-prime cordial graph, where n > 2. O

Example 3.4. The SD prime cordial labeling is in Figure 2 for Cs U K1 4,4

Ve
V2

Vg

Figure 2.

Theorem 3.5. G is a SD - prime cordial graph with p vertices and q edges, then G U PS,, is a SD - prime cordial graph,

where n > 2.

Proof. G is a SD - prime cordial graph with v1,vs,...,v, vertices and e, es,...,e, edges and f is SD - prime cordial
labeling of G. Let w1, u2, ..., Un, w1, w2, ..., Wn—1, 1, X2, ..., n—1 be the vertices and si, s2, ..., San—a be the edges of PS5,

where Si = Wik, Sn42i—2 = UiWi, Sn42i—1 = Wili+1 and S83n—3+i — uiui+1,for 1 S 7 S n — 1. Let Gl = G U PSn Then

|[V(G1)| = p+3n—2and |E(G1)| = g+4n—4. Define g : V(G1) — {1,2,...,p+3n—3} as follows: g(v;) = f(vs) if 1 <¢ <p.

Case 1 : p=0 (mod 3).

() pr3i—1 if1<i<n-—1,
i) = U pr3i—2 ifi=n.

g(w;) = p+3i f1<i<n-—1,
g(@i) = p+3i—2 ifl1<i<mn-—1.
Then induced edge labels are
9*(si) =0if1<i<n-—1,
9*(Sna2i2) = 1if1<i<n—1,
G (8n42i—1) = 0 if 1 <i<n—2,
9" (snt2i—1) = 1 ifi=n—1,
g*(s3n—34i) = 1if 1 <i<n-—2,
g*(s3n—3+i) = 0 ifi=n—1.

Case 2 : p=1 (mod 3).
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Then induced edge labels are

Case 3 : p=2 (mod 3).

Then induced edge labels are

zi) =p+3i+1 if

D+ 4,
=p+3i—4 if 2<i<mn,
=p+3i if 1<i<n-—1,
:p+17g(m1)

2<i<n-1

=0,
—1if2<i<n-—1,
=1, if i =n,

Spt2i—2) = 0 if2<i<n—1,
Smy2ic1) =1 if1<i<n-—1,
S3n_34q) = 0 if1<i<n-—1

A~ N N S N~
w0
N
~

g(u;)) = p+3i—2if1<i<n,

g(w)) = p+3i—1ifl1<i<n-—1,
g(zi) = p+3i if1<:<n-—1.
g*(ss) =1if1<i:<n-1,
g (sn42i-2) = 1if1<i<n—1,
g (sp42i—1) = 0if1<i<n-—1,
g*(s3n—34:) = 0ifi<i<n—1

=p+1,

In view of the above defined labeling pattern, we have eg«(0) = eg« (1) = 2n — 2 in PS,.

For q is even. Thus, ey« (0) = eg=(1)

g

2

in G and eg+(0) = ey« (1) = 2n — 2 in PS,. Therefore ey« (0) = £ +2n — 2 and

egx(1) = 242n—-21in G1. Now |eg=(0) — ey« (1)| = |[(2 +2n—2) — (2 +2n —2)| = 0 in G1. Thus G is a SD - prime cordial

graph for n > 2.

For ¢ is odd and eg=(0) + 1 = eg+ (1) = LHE. Thus, g+ (0) + 1 = eg+(1) = 2% in G and ey (0) = eg+ (1) = 2n — 2 in PS,.

Therefore eg+ (0) = 451 +2n—2 and g+ (1) = L +2n—2in G1. Now |eg (0) —eg+ (1) = [(45- +2n—2) — (4 +2n—2)| = 1

in G1. Thus G; is a SD - prime cordial graph for n > 2.

For g is odd and eg- (0) = eg+ (1) + 1 = LHL. Thus, eg+(0) = eg+(1) + 1 = 2X* in G and ey (0) = €4+ (1) = 2n — 2 in PS,.
q+1

Therefore ey« (0) = 2= 4+2n—2 and ey« (1)

2

=1 42n—2in G1. Now [eg=(0) —eg+(1)| = |[(LEE +2n—2) — (L2 +2n—2)| = 1

in Gy1. Thus G, is a SD - prime cordial graph for n > 2.

Hence GU PS,, is a SD - prime cordial graph, where n > 2.

Example 3.6.

Figure 3.

Theorem 3.7.

where n > 2.

1 To

The SD prime cordial labeling is in Figure 3 for Cs ® K1 U PSs

G is a SD - prime cordial graph with p vertices and q edges,

then G U P, is a SD - prime cordial graph,
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Proof. G isaSD - prime cordial graph with v1,va, ..., v, vertices and e1, €2, ..., eq edges and f is SD - prime cordial labeling
of G. Let u1,us, ..., u, be the vertices and s1, sz, ..., Sn—1 be the edges of P,,. Let G = GU P,. Then |V(G1)| =p+n and
|E(G1)| =g+ n — 1. Define g : V(G1) — {1,2,...,p + n} as follows: g(v;) = f(vs) if 1 < i <p.

Case 1 : n=1,3 (mod 4).
p+i ifi=0,1 (mod 4) and 1 <i < mn,
gui) =< p+14i ifi=2 (mod4)and1<i<n,
p+i—1 ifi=3(mod4)and1<i<n.
Then induced edge labels are
0 if 4 is odd,

g (si) =
1 if 7 is even.

n—1

In view of the above defined labeling pattern, we have, eg(0) = ey« (1) = %5 and |eg= (0) — eg+(1)] < 1.

Sub Case 1.1 : ¢ is even.
Thus, eg«(0) = g+ (1) = € in G and ey« (0) = ey (1) = 25 in P,. Therefore ey+(0) = £+ 251 and eg+ (1) = £ + 251 in G1.

2
Now |eg=(0) — eg=(1)| = [(£ + %5*) — (£ + 251))| = 0 in G1. Thus in this case G is a SD - prime cordial graph.

Sub Case 1.2 : ¢ is odd and eg- (0) + 1 = eg+ (1) = £
Thus, eg+(0) = eg+ (1) = L= in G and eg+ (0) = ey (1) = 25L in P,. Therefore eg«(0) = 4% + 271 and ey (1) = 44+ + 21

in G1. Now [eg=(0) —eg+ (1)] = |(55F + 252) — (4* + 251))| = 1 in Gi1. Thus in this case G1 is a SD - prime cordial graph.

Sub Case 1.3 :q¢ is odd and ey« (0) = eg+(1) + 1 = X1,

Thus, eg+(0) = eg+ (1) = L1 in G and €4+ (0) = ey (1) = 25L in P,. Therefore eg«(0) = 22 + 21 and eg- (1) = 45+ + 251
in G1. Now |eg=(0) — eg=(1)] = [(Z2* + 51) — (452 + 252))| = 1 in G1. Thus in this case G is a SD - prime cordial graph.
Case 2 : n =0 (mod 4) and eg+(0) # eg+ (1) + 1 in G.

p+i ifi=0,1 (mod 4) and 1 <i < n,
gui) =< p+1+4i ifi=2 (mod4)and1<i<n,

p+i—1 ifi=3(mod4)and1<i<n.

Then induced edge labels are

. 0 if ¢ is odd,
g (si) =
1 if 4 is even.
In view of the above defined labeling pattern, we have, e4«(0) = e4+(1) = 5 and [eg«(0) — eg=(1)] < 1.

Sub Case 2.1 : ¢ is even.
Thus, eg+(0) = eg(1) = % in G and ey« (0) = eg» (1) = 5 in P,. Therefore eg«(0) = £ + 5 and e« (1) = 2 + 5 — 1 in G1.

2

Now |eg«(0) —eg«(1)| = (£ 4+ %) — (£ + % —1))| = 1 in G1. Thus in this case G; is a SD - prime cordial graph.

2

Sub Case 2.2 : ¢ is odd and eg«(0) + 1 = eg- (1) = L.

Thus, ey« (0) = ey« (1) = 22 in G and ez (0) = e, —1in

- (1) = Z in P,. Therefore ey« (0) = a1 4 5 and eg+ (1) = atl 4

n
2 2 2 2

*

—1))| =0in G;. Thus in this case G; is a SD - prime cordial graph.

w3

Gi. Now |eg»(0) — eg=(1)| = |(552 + 2) — (£ +
Case 3 : n =0 (mod 4) and eg+(0) = eg+(1) + 1 in G.

p+i ifi=1,2 (mod 4) and 1 <i < mn,
gui) =4 p4+1+i ifi=3 (mod4)and1<i<n,

p+i—1 ifi=0(mod4)and 1 <i<mn.
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Then induced edge labels are

1 if 4 is odd,

g (s:) =

In view of the above defined labeling pattern, we have, ey« (0) + 1 = eg« (1) = % and |eg=(0) —

Thus, eg+(0) = eg«(1) +1 = ¢ is odd and eg+(0) = eg+(1) + 1 = LEL.

eg-(0) +1 =eg-(1) = 3

(45 -1 - (55

in P,. Therefore eg+(0) = 22 + 2 — 1 and ey+ (1) =

0 if 4 is even.

eg+ (1) < 1.
Then eg+(0) = eg+(1) +1 = 22 in G and

g—1

5 + 5 in G1. Now |eg=(0) — ey« (1) =

+ %)) =0in Gi. Thus in this case G1 is a SD - prime cordial graph.

Case 4 : n =2 (mod 4) and eg+(0) + 1 # eg+ (1) in G.

p+i

p+1-+14
g(ui) =

p+i—1

p+n

Then induced edge labels are

0
g (si) =191

1

In view of the above defined labeling pattern, we have, eg«(0) + 1

Sub Case 4.1 : ¢ is even
Thus eg (0) = eg+(1) = £

21in G and eg+ (0) + 1 = eg+ (1)

ifi=0,1 (mod4) and1<i<n-—1,

ifi=2(mod4)and 1<i<n-1,

ifi=3(mod4)and 1 <i<n-—1,
if i =n.
ifiisoddand 1 <¢<n—2,

ifiisevenand 1 <i<n —2,

ifi=n-—1.

eg« (1) = 5 and |eg+(0)7eg+(1)] < 1.

=n

5 in P,. Therefore e+ (0) = 2+ 4§ —1 and ey« (1) = £+ 5 in G1.

Now |eg«(0) —eg«(1)| =[(£ + % —1) — (2 + %))| = 1 in G1. Thus in this case G; is a SD - prime cordial graph.

Case 4.2 : ¢ is odd and ey« (0) = eg+ (1) +1 = L.
Thus, eg+(0) = eg+(1)+1 = 2t% in G and ey« (0)+1

in G1. Now |eg=(0) — eg=(1)|

(45 -1 - (53

eg«(1) = T in P,. Therefore ey« (0) =

G2 Jlandegs(l) = 1 +2

+ g))| = 1in G1. Thus in this case G1 is a SD - prime cordial graph.

Case 5 : n =2 (mod 4) and eg+(0) + 1 = ey« (1) in G.

p+i
p+141
gui) =9 p+i—1

p+n
p+n—1

Then induced edge labels are

0
o) =1
0
1

ifi=0,1 (mod4) and 1 <i<n-—2,
ifi=2(mod4)and 1<i<n—2,
ifi=3(mod4)and1<i<n-—2,
t=n—1,

T =n.

ifiisoddand 1 <i<n—3,
ifiisevenand 1 <i<n-—3,
if 4
if ¢

In view of the above defined labeling pattern, we have, eg+(0) = eg«(1) + 1 = 5 and [eg+(0) — g+ (1) < 1.

Thus, eg«(0) + 1 = eg«(1) = ¢ is odd and eg=(0) + 1 = eg=(1) = LEL. Then ey (0) + 1 = eg+(1) =

eg+(0) = eg«(1) +1 = § in P,. Therefore ey« (0)

gt1

2

in G and
L 4+ 2 and eg+(1) = 22 + 2 — 1in Gi. Now |eg=(0) — eg=(1)] =
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(552 +2)— (%2 + 2 — 1)) = 0 in G1. Thus in this case G1 is a SD - prime cordial graph.
Hence G U P, is a SD - prime cordial graph, where n > 2. O

Example 3.8. The SD prime cordial labeling is in Figure 4 for K188 U Ps

Figure 4.

4. Conclusion

Labeling of graph is the topic of current interest for many researchers as it has diversified applications. It is also very
interesting to investigate graph or families of graph which admits particular type of labeling. We derived four new results
by investigating SD prime cordial lableing of graphs. Similar investigations are possible for other graph families and parallel

results can be investigated corresponding to other graph labeling techniques.
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